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Abstract
Detecting and aligning structured signals such as point

grids plays a fundamental role in many signal processing ap-
plications. Joint determination of non-grid points and estima-
tion of non-linear spatial distortions applied to the grid is a key
challenge for grid alignment. This paper proposes a candidate
solution. The method described herein starts from a small nearly
regular region found in the point set and then expands the list
of candidate points included in the grid. The proposed method
was tested on geometrically transformed point sets and sets of
locations derived from imagery of 3D prints. It is shown that a
low-complexity grid alignment method can nonetheless achieve
high grid alignment accuracy.

Introduction
The identification and interpretation of regular structures

or patterns plays a role in many signal processing applications.
One structure of interest is a two-dimensional array of regularly
spaced locations, a point grid. Even when on the surface of an
three-dimensional object, for instance, a point grid forms a reg-
ular structure. It is straightforward to find instances this struc-
ture, i.e, lines present in a small number of points if minimal
displacement from the line is allowed [1]. It can be more diffi-
cult, however, when the grid is interwoven with a larger number
of non-grid points. Applications such as image restoration [2],
3D surface registration [3], and data embedding [4], have uti-
lized point grids. And in these examples, grid alignment, or the
mapping of a detected grid to a standard coordinate system, plays
an important role.

Many grid alignment methods, representing a special case
of point alignment schemes, are discussed in the context of 2D
points, as are the algorithms herein. Grid alignment schemes can
suffer from both the existence of non-grid points and the presence
of nonlinear geometric distortion, and many approaches separate
the two obstacles and focus on one. Based on prior knowledge,
rule-based approaches [2, 5, 6] can analyze the geometric dis-
tortion and then simply align the grid after distortion correction.
One solution using CNNs [7] does show that prior knowledge
of the distortion is not necessarily required. Nevertheless, these
techniques assume the presence of relatively few non-grid points.
In fact, non-grid points often exist in acquired signals: they can
occur due to noise effects or may be present by intent, such as
when the grid serves as a fiducial pattern [4]. An alternative ap-
proach is to find the regular grid from a mixed point set. The
method in [4] proposed a robust regular-grid alignment method
but it does not scale well with grid size, and can become unstable
even under distortions due to image perspective.

Joint determination of non-grid points and estimation of
non-linear distortions affecting the grid can be a challenge: dis-
tortion must be estimated using the grid points but grid points
cannot be reliably distinguished from the non-grid points if the
distortion is unknown, and vice versa. A piece-wise planar dis-
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tortion estimation scheme [4] via breadth-first search (PP-BFS)
was used to solve this joint problem, which breaks the image into
overlapping sub-images. Based on an initial regular grid region
found in one sub-image, the distortion is estimated and points
within it are classified. The process repeats for adjacent sub-
images until all the grid points present are aligned. This method,
however, can require tuning to select a sub-image size for ro-
bust alignment, and further, can suffer when aligning edge grid
points. The proposed approach provides a more adaptive and
precise alignment strategy, able to interpret grid signals under a
wider range of conditions, such as non-linear transformations or
non-contiguous sets of candidate points.

This paper is organized as follows. First, Section 2 for-
mally introduces the grid alignment problem and key assump-
tions. Then, Section 3 outlines a solution, which implements
atomic (instead of piece-wise) growth of the candidate grid. Sec-
tion 4 discusses the performance in different use cases.

Grid Alignment Problem
Figure 1a is an example 2D point set P = {x1,x2, · · · ,xN},

and is a typical input for the grid alignment problem. When
solved, grid points and non-grid points can be classified cor-
rectly; Figure 1b shows respective examples, as red and blue
dots. Point sets such as these may represent SIFT-like key-points
[8] extracted from an image, such as is the case here. Our pur-
pose is to find a subset PG from the entire point set P, such that
PG contains as many grid points as possible, which is the process
of determining grid points. We assume that PG only contains a
single grid. We also must determine a mapping g between the
grid points and standard (integer, rectified) coordinate system. In
other words, we assign a standard coordinate mi to each xi ∈ PG
such that g[mi] = xi. The standard coordinate system describes
the topological relationship between grid points, i.e., g[mi] and
g[mi + (1,0)] are two adjacent grid points along one direction
and g[mi] and g[mi +(0,1)] are two adjacent grid points along
another direction. This also helps to estimate the non-linear ge-
ometric distortion. In this paper, we define the k-distance neigh-
borhood of a grid point mi to be all the grid points mi +ni such
that ||ni||1 ≤ k.

We assume that most of the grid points are arranged subject
to two local constraints, even if the grid is geometrically dis-
torted. In particular, if xi−1, xi, and xi+1 represent three neigh-
boring candidate grid points, the first constraint indicates a simi-
lar spacing, i.e.,∣∣||xi−1−xi||2−||xi−xi+1||2

∣∣≤ ε1. (1)

The second constraint specifies that the triangle formed by the
three neighboring grid points has a largest angle θ such that

θ ≥ π− ε2. (2)

The first constraint describes the locally regular spacing; and the
second one describes the local orientation along a line. In fact,
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(a) sample perturbed grid,
interspersed with spurious points

(b) spherical perturbation,
after alignment/classification

(c) sinusoidal perturbation (d) quasi-random perturbation

Figure 1: Examples of transformed/perturbed point sets, where 1a and 1b compare the points before and after alignment (and then
classification) with the proposed method; grid points are presented as red dots, and non-grid points are shown in blue.
one can employ a more conservative constraint. Let

x′i+1 = 2xi−xi−1, (3)

and choose a sufficiently small ε . If ||xi+1−x′i+1||2 ≤ ε , then (1)
and (2) both hold. Those constraints often conveniently describe
sets of three adjacent grid points along a given direction. Equa-
tion (3) gives a method to estimate xi+1 from xi−1 and xi that is
key to our method.

Atomic Growing
A grid alignment algorithm that features atomic growth of

the candidate list of aligned points is described below. In essence,
it expands an initial grid a point at a time, based on the inferred
local geometric structure. The initial regular grid is found using
the method in [4] from the given point set P. The initial grid can
be small, i.e., four grid points forming the corners of a grid cell
are sufficient. In addition, the standard coordinates are derived
using the same conventions as in [4].

Algorithm 1: Atomic Growing
Result: Map g
Determine a set of initial grid points and associated

image and grid coordinates.
Initialize a map g to relate the grid coordinate m to the

image coordinate x of each grid point.
Create a queue Q and a hash set S.
Push all the grid coordinates in g into Q.
while Q is not empty do

m = Q.pop()
if m is not in S then

Estimate x̂ associated with m.
Find an x from M which minimizes ||x− x̂||2.
if ||x− x̂||2 ≤ T then

Set g[m] = x
S.add(m)
Q.push(grid coordinates of m’s k-distance

neighbors)
Remove x from M

The step to estimate the original coordinate xi associated
with a standard coordinate mi may depend on the local availabil-
ity of known aligned and candidate points. One method uses four
pairs of adjacent grid points of mi: one pair immediately above,
to the left, to the right, and below mi. For each pair, we denote
the closest point by xi+1 and the second one by xi+2. If any of
the two points are not defined in g, this pair is not valid. Each
valid pair produces an estimated coordinate x̂i = 2xi+1 − xi+2
and an estimated local spacing ||xi+1− xi+2||2. We may obtain

up to four different estimates for x̂i (based on the neighboring
points) and simply average them to compute a final value. This
approach minimizes the effect of non-linear geometric distortion
since it estimates the coordinate based on extremely local in-
formation. This is the first method. A second method uses a
k-distance neighborhood of mi that is defined in the dictionary
g. A homography H from the standard coordinate system to
the original system is calculated based on those points. Next,
we project the standard coordinate mi to its estimated original
coordinate x̂i with this homography. Then, we calculate the lo-
cal grid spacing as the average of ||x̂i − g[mi + ∆m]||2, where
∆m ∈ {(0,−1),(−1,0),(0,1),(1,0)}. If any of those points are
not defined via g, we use the homography H to estimate an orig-
inal associated coordinate instead.

The first method is the primary method in our algorithm.
If it fails, the second method is used. Every time a new grid
point is determined, all of its k-distance neighborhoods become
candidates, ensuring that this grid point has another chance to be
determined once the information of its surrounding grid points is
updated. This option helps the algorithm to bypass gaps (missing
rows and/or columns) resulting in non-contiguous sets of valid
grid points. On the other hand, it is also more likely to introduce
a larger error to x̂i as k increases, due to the presence of non-
linear geometric distortion. The threshold T is adaptive instead
of being fixed. It is set to the local spacing described above,
scaled by a factor εs, and thus adjusts with each candidate point.

Results and Discussion
The proposed algorithm was evaluated using both point sets

generated under geometric transformations and point sets ex-
tracted from real images of 3D printed parts. In addition to
evaluating point alignment performance, we employ a form of
object marking to test it further. Various object tagging scheme
exist [9, 10, 11, 12], and we selected a flexible approach based
on point positioning: the grid is used as fiducial markers, and
the non-grid point positions encode data as in [13, 14]. Thus,
the data decoding accuracy reflects the alignment performance.
We use this system to generate grid and non-grid points for both
types of tests, and chose alignment parameters suitable for most
use-cases, i.e., εs =

1
8 , k = 7.

The data embedding system operates as follows. A set of
non-grid points are interspersed between points in a regular grid,
with each non-grid point representing several bits, present in-
side each square delimited by the four corner points of every grid
cell. The decoding process to extract these bits relies heavily
on the grid alignment algorithm for two reasons. First, the grid
alignment classifies grid points and non-grid points so that the
data-bearing points are determined. Second, the grid alignment
can correct any distortion introduced to the point set, i.e., print-
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spherical sinusoidal quasi-random
mean distance 0.0078 0.0027 0.0030

std. dev. distance 0.0109 0.0013 0.0014

Table 1: Distances statistics between real and predicted (non-grid) data point positions in the standard coordinate system.
ing distortion, camera lens distortion, surface distortion and so
on. After the distortion correction, the non-grid points can be
located and interpreted as data bits.

Geometrically transformed point sets
The point set P containing a regular grid is generated by the

data embedding system. Although it contains non-grid points,
we still induce further non-linear distortion by applying a trans-
formation simulating surface rendering. Instead of adding white
noise perturbation, we apply smooth perturbation in order to
mimic the distortion of applying the grid to a non-flat surface.
Figure 1 demonstrates three kinds of perturbation: spherical, si-
nusoidal, and quasi-random. The quasi-random variant is formed
from a generated random perturbation smoothed by a low pass
filter. Five different levels of distortion were induced using each
type of perturbation.

Let PG represent the ideal grid and P̂G our estimate. Cor-
rectly aligned grid points, missing grid points and falsely aligned
grid points, respectively, are given by PG∩ P̂G, PG−PG∩ P̂G, and
P̂G−PG ∩ P̂G. The performance was measured by the alignment
match rate and misalignment rate,

alignment match rate =
|PG∩ P̂G|
|PG|

×100%, (4)

misalignment rate =
|P̂G−PG∩ P̂G|

|P̂G|
×100% (5)

where denotes | · | the set cardinality. Figures 1b, 1c, and 1d
feature examples of grid points P̂G aligned using our method.

The proposed method is compared to two other methods:
PP-BFS [4], specifically designed for grid alignment, and a more
general point set registration scheme CPD [15] (adapted for our
problem). We generated 10 point sets with different messages,
i.e., non-grid points, for each kind of perturbation and each per-
turbation level, 150 point sets in total, to compare the three al-
gorithms. Each point set consists of 29×29 grid cells, 900 grid
points in total.

The results are displayed in Figure 2. The proposed method
yields strong, consistent performance in comparison to the other
two approaches, even if extra information is provided, such as
the tuned sub-image size for PP-BFS and the (exact) grid size
for the CPD method. In tests with sinusoidal perturbation level
above four, the alignment matching rate of PP-BFS drops to 0%
because it fails to find the initial regular grid points in all sub-
images. But atomic growing can endure such perturbation since
the initial nearly regular grid points can be found from the entire
point set. For the other perturbations, PP-BFS yields better per-
formance than the CPD method. Every technique demonstrated
good alignment for low levels of distortion. For the proposed ap-
proach, Table 1 suggests spherical distortions presented the most
difficult test as the variation in non-grid position estimates was
an order of magnitude higher, though all messages were success-
fully decoded under each perturbation.

Features from images of surfaces
We designed parts with controlled patterns of surface fea-

tures, embossed bumps, to test the ability interpret grid-like ar-
rangements of surface structures. Fiducial grids composed of
these features are interspersed between non-grid features repre-
senting data as in previous tests, where the positions of the bumps

(a) spherical perturbation level

(b) sinusoidal perturbation level

(c) quasi-random perturbation level

Figure 2: Comparison between the proposed approach, PP-BFS
[4] and CPD [15] methods applied to geometrically perturbed
points. With severe perturbation, the alignment rate of the pro-
posed method is still close to 100%. Note also that the consis-
tence of the proposed approach is superior in most tests.
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(a) 3D printed plank, proposed

(b) 2D print on cylinder, PP-BFS (left) v. proposed (right)

Figure 3: Example test objects with red dots representing de-
tected grid points, aligned on a 3D printed part 3a by the method
herein, with blue dots indicating non-grid data points, and on a
label applied to a cylinder 3b.

are determined using the fiducials. Ten designs were rendered
and 3D printed, and test images were captured with an IPEVO
Ziggi-HD Plus camera. The point sets were extracted as feature
positions via a modified SIFT algorithm; the grid points were
subsequently aligned, and the data extracted. The printing and
capture process resulted in grid structures that suffered mainly
from projective (capture) distortion and pure random (printing)
perturbations. Since the test parts were nearly flat, surface ir-
regularities only resulted in minor yet noticeable distortion. A

Figure 4: Example non-flat 3D printed test objects that moti-
vate the distortions tested in this paper. Cylindrical, spherical
and quasi-randomly perturbed parts surfaces are created to stress
the proposed grid alignment technique in different ways, i.e., us-
ing strong curvature, 2D non-affine warping, and non-monotonic
spatial distortion, respectively.

similar set of tests were applied to 2D printed labels on cylindri-
cal surfaces to isolate alignment behaviors from such 3D printing
artifacts.

The proposed algorithm successfully decoded all ten 3D
printed planks (zero decoding errors). Despite this result, point
sets extracted from real images of printed parts contained a
greater number of non-grid points than in the previous test based
on geometrically transformed point sets. In Figure 3a, for in-
stance, there are several spurious points on the example plank
due to surface irregularities, and many non-grid points on the
example label in 3b from the 2D print tests due to contrasting
backgrounds and strong edge curvature. In practice, finding 3D-
printed features on a surface with the same degree of curvature
would be difficult, but testing confirms that alignment can pro-
ceed even with it present. On average, the proposed method
yielded a 1.1% misalignment rate on the planks, while missing
just a few points to achieve a 92.3% alignment matching rate.
Most misses were due to feature detection failures near the plank
edges(see Figure 3a).

By comparison, the PP-BFS algorithm [4] yielded, on av-
erage, a 80.8% alignment matching rate and 0.3% misalignment
rate, indicating that this method classifies points as grid points
less conservatively than the proposed approach. Figure 3b pro-
vides some intuition as to why its alignment matching rate was
lower. Due to the need to tune the sub-image size, PP-BFS can-
not grow the grid to include many of the points present, and
whereas tuning could help in this case, the efficiency does not
improve. Similar trends were observed imaging the cylinder at
six-, eight- and ten-inch capture distances.

Future work will involve extending such comparisons to use
features distributed across more complex surfaces,such as those
in Figure 4. Preliminary studies indicate it is possible to extract
the same data from aligned grids on curved surfaces as has been
shown herein to be possible with flat planks. Figure 4 includes a
sphere, a cylinder and a wave-like quasi-random generated sur-
face, each with grid-like structures coding data, and in fact, real-
time scanning of these objects can be achieved. Figure 5 illus-
trates frames from a dynamic live video feed processed by the
proposed approach: as the cylinder comes into frame and auto-
focus adjusts to the object, surfaces features are detected, the grid
is aligned, and the underlying message is decoded.

Society for Imaging Science and Technology76



Figure 5: Video frames depicting real-time alignment and decod-
ing of patterns on a cylindrical surface. As the surface features
move into view and the imaging device adjusts focus, the pro-
posed grid alignment scheme enables correct detection and inter-
pretation of the surface features, despite the fact that they appear
as a part of a temporally and spatially varying low-contrast sig-
nal.
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