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Abstract. On-demand electrohydrodynamic jetting also called
electrohydrodynamic atomization (EHDA) is a method to jet small
amounts of fluid out of a nozzle with a relatively large diameter
by switching on and off an electrical field between the nozzle and
the substrate. The total amount of volume deposited is up to 5 pL.
The set-up consists of a vertically placed glass pipette with a small
nozzle directed downward and a flat substrate placed close to the
end of the nozzle. Inside the pipette, an electrode is mounted close
to the entrance of the nozzle. The electrode is connected to a high
voltage power amplifier. Upon switching on the electrical field, the
apparent surface tension drops, the meniscus deforms into a cone
and fluid starts to flow toward the nozzle deforming the meniscus. At
a certain moment the cone reaches the Taylor cone dimensions and
from its tip a jet emerges that decomposes into a stream of charged
fL droplets that fly toward the substrate. This process stops when the
pulse is switched off. After switching off, the meniscus returns slowly
to its equilibrium position. The process is controlled by different time
constants, such as the slew rate of the power amplifier and the RC
time of the electrical circuit composed of the electrical resistance
in the fluid contained in the nozzle between the electrode and the
meniscus, and the capacitance of the gap between the meniscus
and the flat substrate. Another time constant deals with the fluid flow
during the growth of the meniscus, directly after switching on the
pulse. This fluid flow is driven by hydrostatic pressure and opposed
by a viscous drag in the nozzle. The final fluid flow during droplet
formation is governed by the balance between the drag of the charge
carriers inside the fluid, caused by the current associated with the
charged droplets leaving the meniscus and the viscous drag. These
different phenomena will be discussed theoretically and compared
to experimental results. c© 2021 Society for Imaging Science and
Technology.
[DOI: 10.2352/J.ImagingSci.Technol.2021.65.4.040405]

1. INTRODUCTION
1.1 Statement of Problem
There are two principally different ways to generate an
electrospray—a spray of small electrically charged droplets
generated by applying an electrical potential between a
pending fluid meniscus of an electrically conducting fluid
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and a grounded plate. The size of the pending meniscus
is much larger than the droplets generated. Electrical
conduction in liquids is due to mobile ions [1]. The first way
of working is to generate a constant flow rate by means of
a pump through a nozzle made of metal [2–4] and subject
themeniscus to a constant or periodically changing electrical
field. This method is used, e.g., for coating purposes, where
large amounts of charged droplets are deposited onto a
substrate. Because of the large distance between the nozzle
and the substrate, the charged droplets form a spray rather
than a jet because of Coulomb repulsion. The second one is
to generate droplets on demand from a pending meniscus
attached to the inner rim of a small nozzle at the end of an
electrically insulating glass capillary. The substrate is placed
at a short distance from the nozzle, in this way we avoid the
electrospray formation and stay in the jetting mode. Inside
the capillary, an electrode is mounted close to the entrance
region of the nozzle. During idling, the fluid contained in the
capillary is kept in place by surface tension. In this case, no
syringe pump or any other fluid flow control system is used
to generate the flow rate. It is simply a pressure driven system
of fluid flow. Upon pulsing, between the electrode inside the
capillary and the plate kept at ground potential, a square
voltage pulse is applied [5–13]. In this way, it is possible to
generate on demand an electrified jet that decomposes into
a stream of small fL droplets by Rayleigh–Plateau–Weber
instability [14, 15]. As the nozzle is placed close to the
substrate, the jet and the droplets follow an almost straight
trajectory as Coulomb repulsion has no time to become
active. The total volume deposited is composed of a number
of these small droplets and can be as large as several picoliters.
Small in this context means small with respect to the nozzle
radius. On its turn the radius of the nozzle is small with
respect to the capillary length [16], so gravity effects on the
shape of the meniscus can be ruled out. The time between
pulses can be variable making it possible to print patterns
or images on a moving grounded substrate. Electrospraying
is one of the possibilities to make small droplets; see the
extensive review report ofMontanero andCañán-Calvo [17].

J. Imaging Sci. Technol. 040405-1 July-Aug. 2021



Dijksman and Stachewicz: On-demand electrohydrodynamic jetting of an ethylene glycol and water mixture—system...

As there is no flow control device present, the flow
generated depends solely on the change in effective surface
tension due to charging of the pending meniscus, the
hydrostatic pressure, the surface tension high up in the
capillary and electrostatic and electrokinetic forces. In metal
capillaries, the electrokinetic force is absent, because the
current is directly guided to the meniscus through the
low resistance metal nozzle. Glass is electrically insulating;
therefore, in a liquid-filled glass capillary the current has to
flow from the tip of an electrodemounted inside the capillary
through the liquid toward themeniscus, dragging along ions.
Draggingmeans force, which in this case is the electrokinetic
force [18].

Generating on-demand electrohydrodynamic jetting by
electrical pulsing is sometimes referred to as Single Event
Electrospraying or a Single Electrospraying Event (SEE) [5–
11]. Applications are the deposition of extremely small
amounts of solvents for the manufacturing of biosensors,
controlled electrospraying of substances dissolved in water,
e.g., for the treatment of patients suffering from COPD,
etc. [19]. Electrohydrodynamic jetting is an important pro-
cess in Electrospinning, especially for manufacturing hollow
fibers [20], printing of ultrafine tracks of conductingmaterial
on printed circuit boards and glass substrates [21–23]. It is
often called direct electrospinning [23] or writing [24] where
various more viscous fluids are used in the form of polymer
solutions, which is often affected by the experimental
settings [25–27]. This method has a wide range of applica-
tions to produce scaffolds for tissue engineering [28], skin
patches [29], drug delivery systems [30, 31], in energy [32],
water harvesting [33] and smart textiles [34].

On-demand electrohydrodynamic jetting is character-
ized by:

• Driven by a single pulse.
• Distance between nozzle front and substrate is small.
• Fluid flow controlled by the equilibrium of hydrostatics,
capillary effects, viscous drag, capacitance and elec-
trokinetic forcing. No volume rate of flow controller is
needed.
• Within the time interval of the pulse (the pulse time) it
takes considerable time after switching on the potential
before the jetting actually starts. In the meantime, fluid
flows downward deforming the meniscus strongly.
• The electrohydrodynamic jetting starts with a thin jet
emerging from the tip of a cone. The jet decomposes
into small droplets. As the distance between the nozzle
and the substrate is small, the effect of Coulomb
repulsion is negligible and the trajectory of jet and
droplets is almost straight.
• The droplets have much smaller dimensions compared
to the size of the meniscus or the diameter of the
nozzle. The volume deposited is the result ofmany small
droplets.
• By adjusting the pulse time, the amount of fluid
deposited can be controlled.

• Pulses can be applied after each other. Up to a certain
frequency, on-demand electrohydrodynamic jetting (or
SEE) is not dependent on the repeat rate of the electrical
pulses. This holds true up to a few hundreds of Hz.

In this article, we will develop a theoretical model
that explains in detail all aspects of on-demand electro-
hydrodynamic jetting, also known as Single Event Electro-
spraying. It is about understanding the hydrostatics and
electrostatics of the equilibrium state during the time interval
in between pulses and the hydrodynamic effects powered
by electrodynamical and electrokinetic phenomena during
applying the electrical pulse. Next to the hydrostatic pressure
head, electrokinetic forcing is a key effect that powers
this on-demand deposition method. As current is directly
coupled to the time rate of change of capacitance, detailed
analyses are given of the capacitances of a spherical fluid
dome surface and a conical surface. Electrokinetic effects
are controlling the start-up (‘‘kick-start’’) and the strong
deceleration of the fluid column directly after switching off
(‘‘emergency stop’’). Reference will be made to experimental
results obtained by us previously [5–11].

The analyses are confined to Newtonian liquids. This
theory also applies to poorly electrically conducting fluids.
Jet break-up and the stability of a stream of charged droplets
is outside the scope of this article; see [35] for a detailed
analysis.

2. MATERIALS ANDMETHODS
2.1 Experimental Set-up
In order to compare our theoretical findings, we will refer
to a number of experiments carried out by Stachewicz [11].
The experiments were done with Microdrop Autodrop
AD-H-501 glassmicropipettes (Germany),mountedwith the
nozzle pointing downward. At a small distance a plate is
fixed, kept at ground potential. A schematic of the set-up
is shown in Figure 1 together with additional data. The
electrical scheme is depicted in Figure 2. The nozzle has a
diameter of 50 µm (Rnozzle = 25 µm), the inner diameter of
the glass capillary is 0.8 mm (Rcap = 0.4 mm). Inside the
micropipette the change from capillary to nozzle is gradual.
Although not perfectly straight, the length of narrowest part,
referred to as nozzle length, measures Lnozzle = 1.2mm. The
micropipette is connected to an under-pressure controller via
a Teflon tube. Under-pressure control is sometimes needed
to fix the meniscus position or to prevent the nozzle from
leaking. The length of the fluid column inside the capillary
measures 21.3 cm. The fluid column extends into the Teflon
tube.

Inside the fluid column, an electrode is mounted of
which the tip is close to the nozzle entrance, the distance
between the tip and the nozzle front equals Dtip = 1.6 mm.
By means of a power amplifier (Trek Inc Model 5/80, Acal
Bfl, Sweden), an electrical square pulse can be applied to the
system. The pulse is given by its height in volts and duration
in µs. A critical parameter is the slew rate, the rate at which
the set pulse height is reached.
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Figure 1. Geometrical details of the on-demand electrohydrodynamic jetting (Single Event Electrospraying) set-up with meniscus attached to inner rim of
nozzle. Upper case symbols refer to constant values, lower case symbols vary during jetting. The fluid displacement (co-ordinate) x starts at the nozzle
front and is positive downward. The schematic is based on the Autodrop AD-H-501 single nozzle glass capillary without piezo actuator from Microdrop
Technologies, Norderstedt, Germany. The distance between nozzle front and the grounded plate measures Dg = 0.8 mm.

The fluid used is Newtonian and is a mixture of
70% ethylene glycol (Merck, purity GC > 99.5%) and 30%
demineralized water (percentages by volume, see [36] for
material data). The properties of the fluid are presented in
Table I. The conductivity of the fluid has beenmeasured with
a Meterlab IOM 450 using a 4-point probe.

On-demand electrohydrodynamic jetting starts from an
equilibrium situation characterized by a fluid column of
certain length supported by a pending meniscus formed at
the end of a nozzle at the bottom end of a capillary and
surface tension at the top of the fluid column in the capillary.
The statement about surface tension high up in the capillary
holds true as long as the contact angle φ between the liquid
and the inner wall of the capillary is smaller than 90◦. The

Table I. Characteristic values of ethylene glycol (70%) and demineralized water (30%)
mixture.

Parameter Value Units

Density ρ 1079 kg/m3

Viscosityµ 0.0072 Pa.s
Surface tension γ 0.0554 N/m
Relative permittivity εr 56 —
Conductivity κ 2.76× 10−4 S/m

equilibrium may include a gauge pressure to prevent the
device from dripping during idling or to control the shape
of the pending meniscus and a bias voltage.
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Figure 2. Components of the electrical circuit used for on-demand electrohydrodynamic jetting and definition of U1 and U2 and current leaving the
meniscus during droplet emission i. The applied voltage is U =U1+U2. The current i is associated with the jet leaving the meniscus and that decomposes
into a stream of charged droplets flying toward the grounded plate. There is no bias voltage set. The height of the pulse is 2800 V and its duration 300 µs.
The dielectric strength of air is about 3 kV/mm. For the experiments the applied voltage should remain below this value.

The meniscus is attached to the inner rim of the
nozzle. To manage this the nozzle front is covered with an
anti-wetting self-assembled 1H.1H.2H.2H perfluorodecyl-
trichlorosilane-based monolayer [7].

By applying a pulse, an electrical field is created between
the meniscus and the grounded plate and at some time after
switching on the pulse, jetting starts. The jet decomposes
into small droplets. Almost directly after switching off the
pulse, droplet emission stops. There are no additional means
to reshape the meniscus after pulsing and jetting other
than hydrostatics and surface tension. All fluid motions are
governed by the pressures involved: hydrostatic pressure,
capillary pressure (effective capillary pressure at the pending
meniscus and capillary pressure high up in the capillary) and
viscous drag. From the electrical point of view, it is about

electrostatics during the idle state and electrodynamics and
electrokinetics during pulsing.

Fig. 3 shows a typical experimental result. In the
caption, the experimental settings are given together with the
volume deposited. Jetting starts after a period of hundreds
of microseconds. Apparently after stopping the pulse jetting
continues for a while. This is because of the limited velocity
of the droplets at themoment they detach from themeniscus.
As there is no electrical field anymore, they will not be
accelerated and travel slowly toward the substrate.

Clearly, it is visible that initially a jet emerges from the
tip of the cone. At some distance from the tip of the cone
the jet decomposes into a stream of small droplets. The
trajectory of the droplets stays straight and maintains its
directionality. This experimental result gives an indication
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Figure 3. Series of photographs displaying different stages of a single
electrospraying event from a meniscus attached to the inner rim of the
nozzle (diameter 50 µm) at the end of a capillary [7]. Shown is the
process of jet formation and decomposition into droplets from a capillary
filled with a fluid column of 21.3 cm placed at a gap height 0.8 mm
from the substrate, driven by a 2800 V pulse of 300 µs. Volume deposited
≈ 5–6 pL. Jetting starts at 204 µs from the leading edge of the pulse. Jetting
frequency 1–10 Hz. Note that after switching off the pulse, droplets are
visible.

what small means for the distance between the nozzle and
the substrate, in this case about 1 mm.

3. STATIC EQUILIBRIUM CONSIDERATIONS IN THE
NON-CHARGED AND CHARGED STATE

The radius of the nozzle is small, so small that gravity does
not play any role to shape the meniscus. This can be checked
by examining the capillary length [16, 37]. The capillary
length κ−1 is defined by:

κ−1
=

√
γ

ρg
. (1)

Here γ is the surface tension, ρ the density and g the earth
gravitational acceleration (9.81 m/s2). The capillary length is
for common liquids of the order of magnitude of mm’s. Thus
for a nozzle with a radius of 25 µm and fluidic details of the
same order of magnitude or smaller, the influence of gravity
can be ruled out.

The effect of charging the meniscus by applying an
electrical field between the meniscus and the grounded plate
is that the apparent surface tension will be reduced. Surface
tension results from the difference in attraction between
molecules at the interface fluid/air and in the fluid. Equally
charged particles on the surface repel each other. On the
surface of a conductor (an equipotential surface), the lines
of force are perpendicular. The tension along such a line of
force meeting the conductor surface with charge density σ is
given by [38] (ε = ε0εr , ε0 being the permittivity of free space

ε0 = 8.842× 10−12 F/m and εr the relative permittivity, in
air εr = 1, in the ethylene glycol–water mixture εr = 56):

F =
σ 2

2ε
. (2)

Note that the charge density is measured in C/m2 and that
the unit of ε is C2/N/m2. Thus the unit of F is N/m2

= Pa
(unit of stress, pressure). The tension does not depend on
the sign of the charge. Using Young’s equation, the pressure
behind the meniscus is (a radius of curvature of meniscus):

p=
2γ
a
− F =

2γ
a
−
σ 2

2ε
. (3)

The effective surface tension is defined by:

γeffective = γ

(
1−

σ 2a
4εγ

)
. (4)

Charge on the meniscus will reduce the effective surface
tension and consequently the capillary length. Even when
the effective surface tension has been reduced with a factor
of hundred, the capillary length is still much larger than the
radius of the nozzle (25 µm), meaning that the shape of the
blob of fluid under the nozzle is still controlled by the low
effective surface tension only and will stay spherical.

Static equilibriumwithout electrical field means that the
pressure at nozzle front in fluid column equals the capillary
pressure behind the pending meniscus:

−Pgauge−
2γ
Rcap

cosφ+ ρgL=
2γ
a
. (5)

Above the meniscus high up in the capillary, a pressure
Pgauge is maintained to keep the fluid column in place and
prevent leakage from the nozzle during idling. Also Pgauge
can be used to control the equilibrium shape of themeniscus.
The second term in the left hand side gives the surface
tension pressure at the top meniscus. The third term is the
hydrostatic pressure at the nozzle front coming from the fluid
column in the capillary. The right hand side is the meniscus
pressure at the nozzle opening.

In case an electrical field is applied, two effects must be
taken into account:

• Decrease of effective surface tension.

• Attraction between the meniscus and the grounded
plate of the capacitor formed by the meniscus and the
grounded plate.

Following the treatise of Smythe [38], the charge
density on the spherical cap loaded by a potential U
is given by (the relations between variable parameters
a, d and θ0, and fixed parameters Rnozzle and Dg are:
a= Rnozzle/ sin θ0, and d =Dg + a cos θ0), see Figure 4:

σ ≈ ε
1
a

[
1+

a
2d

(
1+ a

2d
)(

1− a
2d
)2
]
U . (6)
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The approximation holds true for a� d . The total charge on
the dome surface is equal to the charge distribution (being
approximately constant) times the surface area of the dome:

Q≈ 2πεa (1− cos θ0)

[
1+

a
2d

(
1+ a

2d
)(

1− a
2d
)2
]
U . (7)

The capacitance of the capacitor formed by a spherical dome
and a grounded plate is the ratio of the total charge and the
applied potential:

C =
Q
U
= 2πεa

{
(1− cos θ0)

[
1+

a
2d

(
1+ a

2d
)(

1− a
2d
)2
]}

. (8)

The attractive force between the meniscus and the plate
follows from (using the approximate formula for large gaps):

F =−
1
2
U 2 ∂C
∂Dg
=−

1
2
U 2 ∂C

∂d
≈

1
2
πε (1− cos θ0)

a2

d2U
2.

(9)
In the charged state the equilibrium equation of pressure at
the nozzle front consists of the following terms (note that
the static pressure inside the pending meniscus equals the
sum of the hydrostatic pressure, the gauge pressure and the
capillary pressure high up in the capillary. The dimension of
the pendingmeniscus is small comparedwith the fluid height
in the capillary, its contribution to the hydrostatic pressure is
neglected):

• Upward pressure due to reduced surface tension of
meniscus:

2γ
a

(
1−

σ 2

4εγ
a
)
=

2γ
a

(
1−6U 2

)
,

6 =
1
4
ε

γ

1
a

[
1+

a
2d

(
1+ a

2d
)(

1− a
2d
)2
]2

. (10)

• Static pressure acting downward:

pstatic =
(
−Pgauge−

2γ
Rcap

cosφ+ ρgL
)
. (11)

• Capacitance pressure acting downward:

8U 2, 8=
1
2
ε (1− cos θ0)

R2
nozzle

a2

d2 . (12)

For equilibrium in the charged state it holds:

2γ
a

(
1−6U 2

)
=

(
−Pgauge−

2γ
Rcap

cos8

+ ρgL
)
+8U 2. (13)

This equation delivers an expression for the square of the
applied voltage U , being the voltage across the capacitor

Figure 4. Spherical fluid cap filled with a conducting liquid of which the
meniscus is kept at potential U .

formed by the meniscus and the grounded plate:

U 2
=

2γ
a −

(
−Pgauge− 2γ

Rcap cosφ+ ρgL
)

8+
2γ
a 6

. (14)

The result is shown in Figure 5. Here the voltage U for
equilibrium is given as a function of the volume displacement
x defined as the ratio of the volume contained in the dome of
fluid and the surface area of the nozzle:

x =
Volume dome
πR2

nozzle
=

1
3
Rnozzle

2− cos θ0− cos2 θ0

sin θ0 (1+ cos θ0) .
. (15)

The position x = 0 gives the situation with a flat meniscus.
For the experimental case (L = 0.213 m), the fluid is

partly contained in the Teflon tube. As Teflon is neutral-
wetting, the contact angle measures 8 = 90◦. Instead of
holding up the fluid column, the meniscus inside the Teflon
tube does not contribute at all to support the fluid column. In
static equilibrium the height of the fluid column has pushed
the meniscus at the nozzle downward over a distance of
xequilibrium = 3.5 µm. At the verge of stability, the effective
surface tension is still about 51% of γ . In case a bias voltage
is chosen, its value must be set below the equilibrium curve.
Otherwise, the liquid column cannot be kept in position.

4. EQUATIONOFMOTIONOF FLUID COLUMN
4.1 Introduction
Upon switching on the voltage across the fluid column from
the tip of the electrode placed inside the capillary and the
grounded plate, there are three possibilities:

• The voltage is lower than the equilibrium value. The
fluid column adapts its position to the lower effective
surface tension and after a while the motion of the fluid
column stops. This case has been discussed in Section 3.
• The voltage is between the equilibrium value and the
value at which the effective surface tension vanishes.
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Figure 5. Equilibrium result for charged state. The no-charged starts at
x = 3.5 µm (contact angle fluid/Teflon 8= 90◦). Two lines are shown.
The black continuous line give the maximum voltage at which the fluid
column is just kept in position. The dashed line gives the voltage at which
the surface tension completely vanishes.

The effective surface tension is not able to hold the fluid
column in position and it starts to move downward.
Themeniscus grows in size, but stays spherical. At some
moment in time the meniscus has become so curved
that it passes the vanishing effective surface tension
limit.
• The voltage is higher than the value at which the
effective surface tension has become zero. The effective
surface tension becomes negative generating a negative
pressure behind a spherical meniscus. Such a situation
is unstable and the spherical meniscus will collapse to
a cone that can withstand much higher voltages than a
spherical dome.

The last possibility applies to the case described in this article.
The applied voltage is high, far higher than the maximum
voltage a spherical fluid dome can carry. When no voltage is
applied, the meniscus bulges outward in order to support the
fluid column. Upon charging the spherical meniscus beyond
the value at which the effective surface tension vanishes, its
shape changes into a cone with the same content. The cone is
depicted in Figure 6.

In the idling state, there is no charge shift in the system.
Upon switching on the pulse, first of all the capacitors in
the system (see Fig. 2) must be loaded. This effect takes
place in a short time, so short that there is hardly any
fluid displacement and we assume that the content of the
meniscus does not change. The current during start-up is
large and causes the fluid to start to flow with considerable
velocity (‘‘kick-start’’). When the capacitors are loaded, the
liquid column starts to move downward and the meniscus

Figure 6. Geometry of a pending fluid cone of height h and base radius
Rnozzle. Half the apex angle measures α0. The axis of the cone is placed
at right angles with respect to a grounded plate. The distance between
nozzle front and plate equals Dg. The distance between tip of the cone
and the grounded plate is given by d =Dg− h. With respect to the tip of
the cone a spherical co-ordinate system (r , θ, ϕ) is defined.

changes shape and consequently the capacitance of the
capacitor made out of the meniscus and the grounded
plate. The time rate of change of a capacitor induces an
electrical current. Finally, the droplet emission starts and the
current through the capillary between the tip of the electrode
and the meniscus equals the charge per unit time carried
away with the droplets. At the end of the pulse the field
disappears almost instantaneously, generating a large current
that decelerates the fluid column (‘‘emergency stop’’).

Loading, unloading, adapting capacitors and generating
droplets means a time rate of change of charge and
consequently current. The electrical conduction in the fluid is
coupled to mobile ions rather than electrons as in metals [1,
18]. The current is coupled to moving ions, more precisely
to the motion of excess positively or negatively charged ions
that accommodate the current considered. We postulate that
the ions are generated at the electrode by electrolysis of water
in the mixture, so it is about hydrogen or hydroxyl ions
(H+ and OH−). Hydrogen ions may also be present due to
the dissolution of CO2. In other fluids, such as electrolytes,
conduction is due to dissolved dissociated ions [18].

Moving charged ions cause an internal force in the fluid
(body force), called the electrokinetic force defined by [18]:

Felectrokinetic = i0
Dtip

k
k=

ze
6πµaion

, (16)

where i0 is the current through the capillary between the
tip of the electrode and the nozzle front, Dtip is the distance
between the tip of the electrical wire in the capillary and the
nozzle front and k is the mobility of the charged particles
given in m2/V/s. In the definition of k, ze stands for the
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elementary charge e times the valency z , µ for Newtonian
viscosity and aion for the hydraulic radius of the ion. The
current i0 is a measure for the number of moving ions
involved. The body force acts on the whole fluid contained
in the converging space between the tip of the electrode and
the meniscus. Part of the force is supported by the wall of the
converging space and the remaining part will be effective for
the dynamics of the fluid inside the nozzle. To account for
this effect, the effective electrokinetic force is defined by:

Felectrokinetic, eff = i0
Anozzle
Acapillary

Dtip

k
= i0

R2
nozzle

R2
capillary

Dtip

k
= i0

Dtip

keff

keff = k
R2
capillary

R2
nozzle

. (17)

The mobility k is inversely proportional to the viscosity µ.
The values for the mobility k of ions in water that can be
looked up in text books [39]: e.g. for H+k = 36.23× 10−8

m2/s/V and OH−k = 20.64 × 10−8 m2/s/V. The mixture
tested contains 30% of water and the viscosity is 7.2 mPas.
A guess for k that makes sense regarding the values in water
and that ends up with a reasonable correspondence between
the experiments and the outcomes of our calculations is
k = 5 × 10−8 m2/V/s. Using the data for the set-up, the
mobility keff equals to 1.28× 10−5 m2/V/s. This value will
be used in the next paragraphs. It will be shown that the
electrokinetic force is important to understand the details of
the on-demand electrohydrodynamic jetting method.

In order to analyze the start-up and shutting-off,
characteristics of the high voltage amplifier are crucial. In the
experiments reported previously by Stachewicz et al. [5], a
Trek Model 5/80 has been used; the slew rate of this device is
higher than 1000 V/µs. We show that the start-up with such
a steep pulse gives the fluid column a ‘‘kick-start’’ effect and
likewise for shutting off an ‘‘emergency stop’’ effect.

The layout of this section is as follows. We start with
deriving expressions for the properties of the electrical
components in the system with special attention to the
capacitance of the capacitor made out of the meniscus
outside the nozzle and the grounded plate (in the air). Then
the ‘‘kick-start’’ phenomenon directly after the leading edge
of the pulse will be analyzed. The results of start-up analysis
will be used as an initial condition for the flow during
filling of the meniscus up to the moment droplet emission
starts. It is assumed that droplet emission starts when the
meniscus has reached the shape of a Taylor cone [40]. After
switching off the pulse in the fluid again large currents are
present to remove almost instantaneously the charge from
the capacitors and fluid flow is stopped abruptly. The surface
tension is restored and pushes the fluid column slowly back
to its equilibrium position.

4.2 Capacitances of the On-demand Electrohydrodynamic
Jetting System
When dealing with the dynamics of on-demand electrohy-
drodynamic jetting (single event electrospraying), it is about
changing capacitances and related shifts in charge. The time

rate of change of charge means current and current means
electrokinetic forcing.

As depicted in Fig. 2, the basic electrical diagram of
the circuit used for electrospraying consists of a capacitor
Ccap and a resistor Rcap in the capillary between the tip of
the electrode and the nozzle front. In the free space (air)
between the fluid meniscus and the grounded plate, there
is a capacitor with capacitance Cgap. The value of Rcap and
Ccap follow from (series connection of infinite small resistors
and capacitors with dimensions dx and πr2

x following the
dimensions of the capillary used):

Rcap =
1
κ

∫ D

0

dx
πr2

x
,

1
Ccap
=

1
ε0εr

∫ Dtip

0

dx
πr2

x
. (18)

The conductivity of the fluid is denoted by κ , measured
in S/m. Both Rcap and Ccap do not change during the
operation of the device. For the set-up used, the values
of the resistance and capacitance in the capillary are [5]
(εr = 56, κ = 2.7× 10−4 S/m):

Rcap = 7.07× 108�, Ccap = 2.3× 10−15F = 2.3fF .
(19)

The dome case has been discussed in Section 3. For higher
voltages the dome cannot carry any further the charge and
changes shape to a cone. First the properties of the classic
Taylor cone will be discussed ([40], see Appendix 6.1 and
Fig. 6).
The total charge on the Taylor cone and its capacitance are
given by (see Appendix 6.1.):

QTaylor = 1.878× 10−5Rnozzle
√
γRnozzle.

CTaylor =
Q
U
=

1.878× 10−5Rnozzle
√
γRnozzle

U
= 0.197

[
fF
]

for U = 2800V . (20)

The capacitance force turns out to be zero.
The total charge on the Taylor cone does not depend on

the applied potential and gap between nozzle and substrate. It
is solely determined by the equilibrium between electrostatic
tension and surface tension. This equilibrium does not
induce any pressure inside the cone and does not contribute
to the overall equilibrium.

In equilibrium, the spherical meniscus has moved out
over a volume displacement distance xequilibrium, which is
usually much smaller than the volume displacement of
the Taylor cone: xequilibrium � xTaylor (for the experiment
3.5 µm� 7.17 µm). Upon charging above the charge limit,
the dome flips to a cone with half apex angle α > αTaylor,
called a pseudo-Taylor cone. Such a cone can carry much
higher charges, without its shape becoming unstable.

The charge carried by the pseudo-Taylor cone and the
capacitance of a pseudo-cone/flat plate arrangement read:

Q= 2πεARnozzle
[
∂Pν (cos θ)

∂θ
|θ=π−α

]
1

ν+ 1

(
Rnozzle
sinα

)ν
Cpseudo cone =

Q
U
. (21)
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Figure 7. Capacitances of a spherical fluid dome and a fluid cone scaled
with the capacitance of a Taylor cone as functions of the fluid displacement
x/xTaylor. For reference purposes the capacity of a parallel plate capacitor
in air is given (plate radius Rnozzle = 25 µm,Dg = 0.8 mm. The
capacitance of the pseudo-cone does not depend on the gap distance
Dg. The capacitance of a parallel plate capacitor, however, does.

In Figure 7, the capacitance of the capacitor (in air)
made out of the meniscus and the grounded plate is shown
as a function of the fluid displacement x (content fluid
outside the nozzle divided by the cross-section of the nozzle,
Eq. (15)). There are two branches. The steep dashed curve
represents the dome capacitance (Eq. (8)). The continuous
curve shows the cone capacitance. For reference purposes,
the capacitance of a plate–plate capacitor in air with area
being the cross-section of the nozzle placed at a distance
of 0.8 mm has been determined and equals 0.0217 fF [41].
In calculations it will be assumed that the capacitance
will never be lower than the capacitance of a parallel
plate capacitor. Clearly it is visible that the dome behaves
differently from the cone. The dome curve is steep and
therefore a dome-shapedmeniscus is not able to carry a large
voltage. The pseudo-Taylor cone capacitance is much less
steep and is able to withstand high voltages.

An important parameter is the derivative of the capaci-
tance Cpseudo cone with respect to x . As can be seen in Fig. 7,
the capacitance of the pseudo-Taylor cone is almost a straight
line, a good approximation of the derivative is given by:

∂Cpseudo cone

∂x
=

CTaylor−Cparallel plate

xTaylor
. (22)

4.3 Start-up of Pulse
Upon applying the step in voltage, in a short while the
meniscus changes from dome shaped to a cone. A short
while can be specified as the quarter of the periodic time
of the axisymmetric free oscillation of a pending meniscus.
In Appendix 6.3, the analysis of the dynamics of a fluid
meniscus is given. For a dome with mean displacement
x = 3.5 µm (θ0 = 0.534 rad), the resonance frequency is
76 kHz and the periodic time 13 µs. In a quarter of the

periodic time, the dome flips to an ellipsoid that in the end
turns into a cone. During this time interval the capacitance
of the gap capacitor changes from the dome value to the cone
one. For the calculation we will use the mean value:

Cgap = (Cdome+Ccone) /2. (23)

The dome capacitance is given by Eq. (8) and the
truncated cone capacitance by Eq. (21). The electrical and
hydrodynamic phenomena in the capillary and on the
meniscus are governed by different time constants. The
viscous time constant is defined as the ratio of the mass in
the capillary and the viscous drag concentrated in the narrow
part of the nozzle (M mass scaled to nozzle, K damping in
nozzle region, K follows from Poiseuille’s law [1] assuming
the fluid is Newtonian):

τviscous =
M
K
,

M = ρ

[
Acap (L− Lnozzle)

A2
nozzle
A2
cap
+AnozzleLnozzle

]
,

Kviscous = 8πµLnozzle. (24)

Filling in the data of the experiment τviscous = 19.8 µs.
This time is short with respect to the pulse time of 300µs. The
charge relaxation time constant in the capillary is defined by:

τcap =RcapCcap =
ε0εr
κ
. (25)

The RC time is given by:

τRC =Rcap
(
Ccap+Cgap

)
. (26)

The charge relaxation time constant of the capacitor
made out of the meniscus and the grounded plate and the
resistance in the capillary is:

τgap =RcapCgap. (27)

The values of the electrical time constants are of the
order of magnitude microseconds. The slew rate of the high
voltage power amplifier is described by a slew rate time
constant τTrek. Based on the specifications of the amplifier,
we will use τTrek = 1 µs.

Using Kirchhoff’s law [42] it holds (with i0 the current
though the resistor, i1 the current toward the capacitor
Ccapillary and i2 the current toward the capacitor Cgap):

i0+ i1 = i2. (28)

With Ohm’s law and the equations relating the time rate of
change of capacitance and current [42]:

i0 =
U1

Rcap
, i1 =Ccap

dU1

dt
, i2 =U2

dCgap

dt
+Cgap

dU2

dt

Ccap
dU1

dt
+

U1

Rcap
=U2

dCgap

dt
+Cgap

dU2

dt
. (29)

During start-up, the capacitanceCgap given by Eq. (23) stays
constant. The applied voltage is given by (U0 set voltage):
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Figure 8. Voltage U1 across the capillary between the tip of electrode
and meniscus for the settings of the experiment. The slew rate time
constant entered is τTrek = 1 µs. The applied voltage equals 2800 V.
The capacitance of the capacitor made of the meniscus and the flat
grounded plate is Cgap = 2.5× 10−16F (mean value of pseudo-Taylor
cone capacitance and the corresponding dome value, Eq. (8)).

U =U0

(
1− e−

t
τTrek

)
. (30)

As U1 +U2 = U , with U the applied voltage generated by
the power amplifier, Eq. (29) can be rewritten as:(

Ccap+Cgap
) dU1

dt
+

U1

Rcap
=Cgap

dU
dt
=

CgapU0

τTrek
e−

t
τTrek .

(31)
The solution is given by (U1 (0)= 0):

U1 (t)=
τgap

τTrek− τRC
U0

(
e−

t
τTrek − e−

t
τRC

)
. (32)

See Figure 8 for results valid for the experimental situation.
Upon substitution of the experimental data, we see that the
voltage goes up to≈130 V and then quickly drops to zero.

All motions are referred to the volume displacement in
the nozzle, being defined as ratio of the volume displaced
with respect to the nozzle front and the cross-section of the
nozzle. During start-up, the electrokinetic force is dominant
(Eq. (17)). The current through the fluid inside the nozzle
and the equation of motion of the fluid inside the capillary
(all forces scaled to the cross-section of the nozzle) are given
by:

i1 (t)=
U1(t)
Rcap

=
τgap

τTrek− τRC

U0

Rcap

(
e−

t
τTrek − e−

t
τRC

)
Mv̇ =−Kviscousv+ i1(t)

Dtip

keff
=

−Kviscousv+
Dtip

keff
τgap

τTrek−τRC

U0

Rcap

(
e−

t
τTrek−e−

t
τRC

)
.

(33)

With solutions for the velocity of the fluid in the nozzle
v(t) and the corresponding fluid displacement x(t) (v (0)=
0, x (0)= x0):

v (t)=
Dtip

keff
τgap

τTrek− τRC

U0

KRcap
−

(
τTrek

τTrek− τviscous
−

τRC
τRC − τviscous

)
e−

t
τviscous

+
τTrek

τTrek−τviscous
e−

t
τTrek

−
τRC

τRC − τviscous
e−

t
τRC

 (34)

x (t)=
Dtip

keff
τgap

τTrek− τRC

U0

KRcap

τviscous

(
τTrek

τTrek− τviscous
−

τRC
τRC − τviscous

)
e−

t
τviscous

−
τTrek

2

τTrek− τviscous
e−

t
τTrek

+
τRC

2

τRC − τviscous
e−

t
τRC + τTrek− τRC


+ x0.

The result is shown in Figure 9.
After say 6 µ s, the velocity reaches a maximum. At that
moment in time, the voltage has dropped to almost zero.
This maximum velocity v0 and corresponding displacement
x0 will be used as initial conditions for the next section.

The initial filling of the capacitors in the system causes
a ‘‘kick-start’’ to the fluid in the nozzle. This kick-start
effect depends on the capacitance of the capacitor formed by
the meniscus and the grounded plate. The gap capacitance
depends on the curvature of the meniscus. The more curved
the meniscus, the higher the gap capacitance and the larger
the ‘‘kick-start’’ effect.

4.4 Filling of the Meniscus
The applied voltage is so high that the spherical dome flips
to a cone. With respect to the pulse time of several 100 µs,
there is an instant charge communication between the tip of
the electrode and the meniscus (all electric time constants
are of the order of magnitude µs’s). The influence of the
capacitor in the capillary can be ruled out, as its value does
not change during operation. AsU1 has to start at almost zero
(from the kick-start result), initially U1�U . This simplifies
Kirchhoff’s law to:

i0 = i2,
U1

Rcap
=U0

dCcone
dt

. (35)

The conduction in the fluid is coupled to mobile ions rather
than electrons as in metals. As soon as there is an ionic
current flowing through the fluid inside the capillary, an
electrokinetic force is generated given by Eq. (16):
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Figure 9. Fluid velocity in the nozzle. The distance between the tip of
electrode and meniscus measures Dtip = 1.6 mm. For the ion mobility we
have used: keff = 1.28×10−5 m2/V/s.

Fcone =
i0Dtip

keff
=U0

dCcone
dt

Dtip

keff
=

U0
dCcone
dx

Dtip

keff
dx
dt
=U0

dCcone
dx

Dtip

keff
v =Kconev. (36)

In this section, we let the time run from themoment that
during start-up the velocity has gone through a maximum
and the voltage has dropped almost to zero.

To continue, it is supposed that the fluid is incompress-
ible. Effects of travelingwaves, initiated by steep pulse shapes,
in the capillary will be neglected [43]. In order to derive
the equation of motion of the fluid column contained in
the capillary, the following short scripts are used (the inertia
effects in the capillary above the nozzle are scaled to the
nozzle):

M = ρ

πR2
cap (L− Lnozzle)

(
πR2

nozzle
)2(

πR2
cap

)2 +πR
2
nozzleLnozzle

,
Kviscous = 8π µLnozzle,

Fstatic =
(
−

2γ
Rcapillary

cos8− Pgauge+ ρgL
)
πR2

nozzle. (37)

Viscous drag is significant only in the nozzle. The equation
of motion of the fluid contained in the capillary reads:

Mv̇ =−Kviscousv+ Fcone+ Fstatic =
(−Kviscous+Kcone) v+ Fstatic. (38)

The solution of this first-order non-homogeneous linear
differential equation is given by (with v (0)= v0, x (0)= x0,
v0 and x0 are the results of the start-up calculation):

v (t)=
(
v0− vpart

)
eλt + vpart = v0eλt + vpart

(
1− eλt

)
x (t)=

1
λ

(
v0− vpart

) (
eλt − 1

)
+ vpart t + x0

λ=
(−Kviscous+Kcone)

M
, vpart =−

Fstatic
(−Kviscous+Kcone)

.

(39)

This solution is valid as long as the volume associated with
the volume displacement x has not reached the volume of
the Taylor cone (for the experiments x = 7.17 µm). As will
be explained in the next section, this will the instant droplet
formation starts.

Calculating the values of the different K ’s:

Kviscous = 2.17× 10−4 kg
m
,Kcone = 8.57× 10−6

[
kg
m

]
.

(40)
The electrokinetic forcing term is much smaller (≈5%). The
driving force during the filling of the meniscus comes from
the static force. This means that the velocity strives to a
constant value for large t :

v (t→∞)=−
Fstatic

(−Kviscous+Kcone)
≈

Fstatic
Kviscous

Experimental situation : v (t→∞)= 0.0212
m
s
,

τfilling =−
1
λ
= 20.6 µs. (41)

The filling time constant is smaller than the pulse time, so
the stationary value of the velocity will be reached within
the time window of the pulse. As the electrokinetic forcing
is small, viscous drag is dominant and the fluid velocity will
become a constant. The displacement, however, increases
indefinitely.

4.5 Equation of Motion of Fluid Column with Droplet
Emission
At themoment the pseudo-Taylor cone has reached the shape
of a Taylor cone, a jet with radius Rjet starts to emerge from
the tip of the cone, dragging alongwith it charge. The amount
of charge dragged along with the jet is supposed to be the
charge density at the transition zone of cone to the jet (see
for specifics of the Taylor cone Appendix 6.1):

σjet = ξεA

√
sinαTaylor

Rjet

∂P 1
2
(cos θ)

∂θ
|θ=θ0 . (42)

The constant ξ gives the fraction of the charge density
actually transferred to jet from the cone surface [2, 35].
Throughout this section, we take ξ = 0.6. The charge
distribution is assumed to be uniform over the surface of the
jet. At some moment in time, the jet breaks up into droplets,
like as it happens in the dripping faucet experiment [44–47].
The force exerted by the charge on the surface of the
jet between the detachment of the cone and the break-up
point can easily be found by considering the integration of
projected force components on the surface area of the jet:
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Fcharge =
1
2

σ 2
jet

ε
πR2

jet

=
1
2
πε sinα0ξ

2A2

(
∂P 1

2
(cos θ)

∂θ
|θ=θ0

)2

Rjet.(43)

Substituting the known values for all constants, it appears
that Fcharge depends on the surface tension γ , the charge
transfer coefficient ξ and the radius of the jet Rjet:

Fcharge = 2.05ξ2γRjet. (44)

In the cone sink flow is assumed. Sink flow is characterized by
the fact that all velocity vectors are directed toward one point,
the sink. The sink will be the origin of a spherical co-ordinate
system (r, α, ϕ); see Fig. 6. Along the surface of the cone there
is no friction; therefore, it is reasonable to suppose that the
velocity does not depend on α and ϕ, it is only a function of
r . As the volume rate of flow through the cone is constant,
the velocity vr (r) is given by:

vr =−
vπR2

nozzle
2πr2 (1− cosα0)

=−
1
2

R2
nozzle

r2 (1− cosα0)
v. (45)

From the equation of motion for a Newtonian fluid with
constant density and viscosity [48], it can be concluded that
for the sink flow kinematics the pressure gradient equals zero.
The deviatoric stresses at entrance and exit are:

τrr |exit = 2 µR2
nozzle

sin3 α0

(1− cosα0)

1
R3
jet
v,

τrr |entrance = 2 µR2
nozzle

sin3 α0

(1− cosα0)

1
R3
nozzle

v. (46)

At the entrance, the elongational stress loads the fluid inside
the nozzle and opposes its motion (Rjet� Rnozzle):

Fcone,nozzle = 2π µR2
nozzle

sin3 α0

(1− cosα0)

1
Rnozzle

v =

Kelongationv. (47)

The sink flow opposes the flow through the nozzle; its
influence, however, is much smaller than the effect of the
viscous drag in the nozzle and will be neglected in the
following. The force equilibrium is obtained through the
stretching at the end of the cone. Integration of the stress
component in z-direction over the cross-section at the
transition of cone to jet delivers the elongational force:

Felongation = τrr |exitπR2
jet = 2πµR2

nozzle
sin3 α0

(1− cosα0)

1
Rjet

v.

(48)
The charge force pulls the jet out of the cone. Equating
the charge force Fcharge and the elongational force Felongation
delivers an equation for the radius of the jet Rjet:

R2
jet = 2π

µ

γ

R2
nozzle

2.05ξ2
sin3 α0

(1− cosα0)
v = Cjet

1
ξ2πR

2
nozzlev. (49)

Reworking gives:

Cjet = 2
µ

γ

1
2.05

sin3 α0

(1− cosα0)
= 1.222

µ

γ
,

Rjet =
Rnozzle
ξ

√
πvCjet = 1.959

Rnozzle
ξ

√
µ

γ
v. (50)

This result leads to the conclusion that the jet velocity at the
position the jet leaves the cone is a constant:

vjet =
R2
nozzle
R2
jet

v =
ξ2

πCjet
=

ξ2

π1.222
γ

µ
= 0.2605ξ2 γ

µ
. (51)

For the experiments referred to and ξ = 0.6, vjet = 0.722m/s.
To be added to the description of the electrical scheme is
the current i associated with the stream of droplets. The
capacitance of the cone does not change anymore. Still the
voltageU1�UTaylor, so the relation of Kirchhoffs andOhm’s
law become:

i0 =
U1

Rcap
, i1 = 0, i2 = 0, i0 = i. (52)

The current associated with the charge carried away with the
jet follows from:

i= σ2πRjetvjet = 2πξεA
√
Rjet

√
sinα0

∂P 1
2
(cos θ)

∂θ
|θ=θ0vjet.

(53)
With the values of the known constants substituted:

i= 2.135× 10−5ξ
√
γRjetvjet. (54)

In the current expression, the radius of the jet and the jet
velocity can be eliminated:

i=

(
2.988× 10−5vjet

√
ξγRnozzle

√
µ

γ

)
v1/4
= Iv1/4. (55)

The equation of motion becomes:

Mv̇ =−Kv+
Dg

keff
Iv1/4
+ Fstatic. (56)

The initial conditions for this equation follow from the
final state ofmeniscus filling. Numerical integration gives the
velocity as a function of time. Integration once again gives the
fluid displacement in the nozzle (at t = 0, x = x0).

Returning to Eq. (56), the influence of the static load can
be calculated. By substitution of v∗ = v1/4, the right hand
side of the equation of motion 4–41 turns into a fourth-order
algebraic equation in v∗ of which solutions can be found by
standard means [43]. The only relevant solution returns:

v (t→∞)= 0.0229m/s. (57)

In Figure 10, the results of the different calculations are given.
During start-up, the ‘‘kick-start’’ effect is clearly visible.

In 6 µs, the velocity in the nozzle has reached a value of
0.0157 m/s. The limiting value for the filling, v (t→∞)=
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Figure 10. Fluid displacement and velocity in the nozzle of the
capillary containing the fluid column of 21.3 cm. Ion mobility entered:
keff = 1.28 × 10−5m2/V/s and for Dtip = 1.6 mm. Combined are
the solution of the start-up phase (Section 4.3), followed by the filling
according to the pseudo-cone theory (Section 4.4) followed by the results
of the solution with droplet emission. The start-up phase lasts 6 µs. The
droplet emission starts at x = 7.17 µm and t = 182 µs. At the end of the
pulse at t = 300 µs the emitted volume equals 5.24 pL. The jet radius
starts at 4.29 µm and grows to 4.45 µm. The jet velocity at the transition
cone to jet is constant and equals 0.722 m/s. The current and voltage
drop across the capillary during jetting are i ≈ 4.5×10−9A,U1 ≈ 3.2 V,
respectively. The voltage drop across the resistor is much smaller than the
applied voltage of 2800 V.

0.0212 m/s, is larger than the start-up velocity. As the
time constant for the filling τfilling = 20 µs, the limiting
velocity is quickly reached even within the pulse time.
The limiting velocity for the jetting case (Eq. (57)) is
larger than the limiting velocity during filling because of
the extra electrokinetic forcing due to the current of the
charged droplets leaving the Taylor cone. The velocity goes
to a constant value, the displacement increases indefinitely
with time. In that respect, electrohydrodynamic jetting is a
run-away process.

The picture described so far for on-demand electrohy-
drodynamic jetting as depicted in Fig. 3 describes in detail
what has been found experimentally. It takes indeed a long
time, about 200µs, for the process to start with jetting, at
the moment the pulse has switched off, the volume deposited
equals 5.24 pL (experimentally 5–6 pL).

4.6 Shutting off Pulse
During shutting off charge is removed from themeniscus and
its surface tension is restored. The shape changes from the
Taylor cone to a dome with the same content. As explained
for the ‘‘kick-start,’’ the capacitance used to analyze the
electrodynamics and the hydrodynamics of switching off the
mean value of the capacitances of the Taylor cone and a dome

with equal volume will be used:

Ccap =
CTaylor+Cdome

2
. (58)

The Taylor cone capacitance is given by Eq. (20)
(CTaylor = 0.197fF), the equal volume dome capacitance
equals Cdome = 0.745fF .

Shutting off means adding a negative step in voltage to
the system (for the analysis t starts at the trailing edge of the
pulse):

for t > 0 : U (t)=U0−U0

(
1− e−

t
τTrek

)
=U0e

−
t

τTrek .

(59)
The potential decays exponentially. The effect of such a
negative potential step on the dynamics of the fluid column
follows the same reasoning as used for the start-up (see
Section 4.3). As we have explained in Section 4.3, switching
on has a strong effect on the dynamics of the fluid column,
so it is reasonable to suppose that jetting stops immediately.
No current is leaving the meniscus anymore. Returning to
Kirchhoff’s law and Ohms law:

i0 =
U1

Rcap
, i1 =Ccap

dU1

dt
, i2 =U2

dCgap

dt
+Cgap

dU2

dt
,

Ccap
dU1

dt
+

U1

Rcap
=U2

dCgap

dt
+Cgap

dU2

dt
. (60)

It is assumed that during shutting off the capacitance Cgap
(Eq. (58)) stays constant. With U1+U2 =U :

U1+U2 =U =U0e
−

t
τTrek

(
Ccap+Cgap

)
,

dU1

dt
+

U1

Rcap
=Cgap

dU (t)
dt
=−

CgapU0

τTrek
e−

t
τTrek .

(61)

The solution is given by (U1 (0) = i(tpulse)Rcap, the current
belonging to jetting at the end of the pulse):

U1 (t)=U1 (0) e
−

t
τRC −

τgap

τTrek− τRC
U0

(
e−

t
τTrek − e−

t
τRC

)
i1 (t)=

U1 (0)
Rcap

e−
t

τRC −
τgap

τTrek− τRC

U0

Rcap

(
e−

t
τTrek − e−

t
τRC

)
.

(62)

The voltage as a function of time measured after the trailing
edge is given in Figure 11.
The equation of motion of the fluid inside the capillary (all
forces scaled to the cross-section of the nozzle) is given by:

Mv̇ =−Kviscousv+ i1 (t)
Dtip

keff
+ Fstatic− 2γ

sin θ0

Rnozzle
πR2

nozzle.

(63)

The fluid displacement x as a function θ0 is given by Eq. (15).
With high precision, the inverse function namely the angle θ0
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Figure 11. Voltage as a function of time. As the capacitance of the
capacitor Taylor cone and grounded plate is much larger than the
capacitance of the gap at the beginning of the pulse, the voltage change
is much larger compared to the start-up result (see Fig. 8).

Figure 12. Velocity in the nozzle as a function of time measured from the
trailing edge of the pulse. The initial velocity equals the velocity of the end
of the jetting case.

as a function of x can be found by curve fitting:

θ0 = − 0.9308
(

x
Rnozzle

)3

− 2.627
(

x
Rnozzle

)2

+ 4.2218
x

Rnozzle
− 4.291× 10−3. (64)

The equation of motion is non-linear because of the
dependence of θ0 on x , its solution is found by numerical
integration starting from the initial conditions v (0) =
v
(
tpulse

)
, x (0) = x

(
tpulse

)
(v
(
tpulse

)
and x

(
tpulse

)
are the

velocity and displacement in the nozzle at the end of the
pulse, respectively) (see Fig. 10).
As shown in Figure 12, the braking effect of the switching-off
effect is strong, due to the electrokinetic forcing. It looks like

Figure 13. Fluid displacement in the nozzle as a function of time after
switching off the pulse. The time is measured from the leading edge of the
pulse.

an ‘‘emergency stop.’’ Almost immediately the velocity goes
to zero and becomes negative. The voltage goes equally fast
to zero as depicted Fig. 11. After say 10 µs, the voltage has
disappeared completely as well as the electrokinetic force.
The driving force during returning to equilibrium is the
surface tension and is counter-acted by the static force and
viscous drag. In Appendix 6.3, the equations governing the
oscillations of a fluid column supported by a surface tension
spring has been derived. It appears that this system is strongly
overdamped and takes a long time to return to equilibrium as
depicted in Figure 13.
The timewindowused in Fig. 13 ismuch larger than the pulse
time applied. After 1.3 ms (pulse time plus damping time),
the meniscus has returned to its original position. As this
vibrational system is strongly overdamped, the repeat rate
of on-demand electrohydrodynamic jetting is limited to 0.77
kHz.

4.7 Results and Discussion
In Figure 14, in a large time window the overall result of
the previous calculations is shown, from the kick-off start
directly after the leading edge of the pulse up to returning to
the equilibrium position a long time after the trailing edge.
As the velocity becomes constant during jetting, it can be
concluded that the volume deposited is proportional to the
jetting time. The longer the pulse, the longer the jetting time
and the larger the volume jetted.

We also considered the effect of the length of the
fluid column above the nozzle on the performance of
on-demand electrohydrodynamic jetting. The results of these
calculations are listed in Table II, which shows different
fluid lengths. A shorter fluid column means a reduced static
pressure head and a reduced driving during cone filling, and
therefore an extended cone filling time. To compensate for
the loss of volume deposited, the pulse time has been taken
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Figure 14. Total overview of fluid velocity and displacement in the nozzle
during on-demand electrohydrodynamic jetting. The process starts with a
kick-start at the leading edge of the pulse followed by a gradual increase
of the velocity and displacement during filling of the pseudo-cone until
jetting starts. After switching off, the velocity quickly goes to zero and even
becomes negative starting the slow process of returning to equilibrium. The
jetted volume is 5.24 pL.

Table II. Data showing the experimental settings and results for the various fluid column
lengths.

Length fluid Pulse time Cone filling time Volume deposited
column [cm] [µs] [µs] [pl]

21.3 300 182 5.24
20 300 205 3.97
17.5 300 258 1.52
17.5 400 258 5.28
15 400 328 2.3
15 500 328 5.58
12.5 500 426 2
12.5 600 426 4.8

longer. The height of the pulse stays 2800 V and all other
geometrical and fluid details are kept the same.

The influence of the height of the pulse is predicted to
be small. The height of the pulse must be above the value at
which the apparent surface tension vanishes (see Figure 5).
During the filling of the cone, electrostatics do not play a role,
it is the static pressure head that drives the fluid flow. During
jetting, the voltage drop across the liquid is only a few volts,
so here also a minor effect is expected of the height of the
pulse. In our calculations, we can take the height of the pulse
as low as 2000 V observing minor changes in the results.

Importantly, we checked the importance of electroki-
netic forcing. Leaving out the effect of the electrokinetic
forcing leads to the result shown in Figure 15. Although the

Figure 15. Overview of the results of the calculations without electrokinetic
forcing. There is no kick-start effect. The transition from cone filling to jetting
takes place at t = 200 µs. The difference between displacement during
cone filling up to the end of the pulse and the displacement during shutting
off is the volume deposited. In this case 4 pL.

overall picture looks similar, there are distinct differences.
First of all, neglecting the electrokinetic forcing skips the
‘‘kick start’’ and ‘‘emergency stop.’’ Secondly the volume
deposited is about 30% less. This is because of the fact that the
fluid velocity in the nozzle during jetting is smaller compared
to the case with electrokinetic forcing. It clearly indicates that
on-demand electrohydrodynamic jetting can be delivered
from metal nozzles as well.

We finally discuss what happens with an almost
insulating ink. We repeated the calculation with a fluid of
which the resistance between the tip of the electrode and
the meniscus turns out to be Rcap = 7.07× 1010� (hundred
times the resistance used earlier). The results of the start
calculation, the filling of the cone and jet formation and
the shut-off analysis are shown in Figure 16. Roughly the
picture has not changed much. But because of the much
higher resistance, the electrical time constants have changed
and the start-up phase takesmuch longer. Therefore, the time
needed to fill the cone and jetting is shorter and consequently
the volume deposited is less. The theory predicts that it is
possible to electrospray with high resistance fluids. As the
jetting does not depend on the applied voltage, the current
needed to form the jet does not depend on the applied voltage
as well. In case the resistance of the fluid increases further, the
voltage drop in the nozzle becomes so large that the applied
voltage is not able anymore to pass the vanishing surface
tension limit (see Fig. 5).

5. CONCLUSIONS
On-demand electrohydrodynamic jetting, described also as
Single Event Electrospraying (SEE), without external flow
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Figure 16. Results of calculations with a high resistance fluid
Rcap = 7.07× 1010 �. Pulse length tpulse = 300 µs. Jetting starts at
t = 239 µs. The volume jetted equals 27 pL. During jetting the voltage
drop in the nozzle is 324 V, still smaller than the applied voltage of
2800 V.

control appears to be a valuable and effective method to
dispose small quantities of fluid out of a large nozzle. For our
experiments, we used an electrically insulating glass capillary.
In such a set-up, the electrical current has to flow through the
liquid. Conduction in a liquid is governed by moving ions.
Applying an electrical field in the fluid let the ions move.
Moving ions generate drag. This is not the case in a system
with a metal nozzle with a very low electrical resistance.

In order to describe the details of the process, under-
standing the effects of electrokinetic forcing is important.
This force is generated by the ion current through the
capillary between the tip of the electrode and the meniscus.
During start-up, the current comes from loading the
capacitors. This causes a ‘‘kick-start’’ of the fluid in
the capillary. During the ‘‘kick-start,’’ the dome-shaped
equilibrium meniscus flips into a pseudo-Taylor cone. This
is a cone with a larger aperture than the Taylor cone. During
subsequent filling of the meniscus, the time rate of change
in capacitance is not important. In between the kick-start
and the start of the jetting only the static head, consisting
of the hydrostatic pressure, the capillary pressure high up
in the capillary and gauge pressure, and viscous drag must
be taken into account in the equation of motion. Following
G.I. Taylor jetting starts at the moment the cone shaped
meniscus has reached the Taylor cone dimensions. A small
jet starts issuing from the tip of the Taylor cone. This jet
quickly decomposes into a stream of small droplets by the
Rayleigh–Plateau–Weber instability. The velocity of the jet
leaving the cone is a constant only depending on the viscosity,
surface tension and the fraction of surface charge transported
alongwith the jet. The current linked to the streamof charged
droplets again loads the fluid inside the capillary through the

electrokinetic effect and supports pumping the fluid through
the capillary. Upon switching off the pulse, the electrokinetic
force stops the fluidmotion as it was an ‘‘emergency stop’’ and
the fluid column slowly returns to static equilibrium. This
allows driving on-demand electrohydrodynamic jetting up to
say 1 kHz. Any frequency up to 1 kHz is allowed, making the
process usable for printing patterns on a moving substrate.

The concept needed to understand why a meniscus can
carry such a high voltage as reported about in this article
is the Taylor cone. This concept can be also used for cones,
called pseudo-Taylor cones, slightly different from the Taylor
cone. This assumption makes it possible to calculate the
capacitance during the filling of themeniscus and to calculate
the ‘‘kick-start’’ effect.

The ion mobility is an important parameter. Choosing
the right value of the ionmobility k is critical. Our hypothesis
is that ions are generated at the tip of the electrode by
electrolysis of water in the mixture with ethylene glycol. It is
about hydrogen and hydroxyl ions. The value of k is inversely
proportional to the viscosity. The data listed, for instance in
Physical Chemistry handbook by Atkins [39] (Table 21.6 on
page 1019), are valid for ions in water. The viscosity of the
liquid used in this article equals 7.2 mPas. Moreover, the
electrokinetic force is a body force, its effect on the fluid
flow depends on the shape of the channel between the tip
of the electrode and the nozzle front. For the calculations
keff = 1, 28× 10−5

[m2/(Vs)] has been entered. Using this
value gives good agreement with experiments and this choice
makes sense compared to the values in water for the mobility
of hydrogen and hydroxyl ions.

On-demand electrohydrodynamic jetting is an ex-
tremely well-controllable process depending on the precise
adjustment of the pulse, namely the pulse height and
time. The slew rate of the power amplifier determines the
‘‘kick-off start’’ and ‘‘emergency stop’’ effects. It takes a
while for the meniscus to adapt its shape prior to droplet
formation. During the last part of the pulse, the velocity
goes to a constant value; the displacement, however, increases
indefinitely with time in a run-away manner. Importantly,
the volume jetted can be controlled by the fluid height in the
capillary and the pulse length.

This study describes the principle of on-demand elec-
trohydrodynamic jetting with importance in applications
beyond the fluid deposition in biosensor technologies.

6. APPENDICES
6.1 Capacitance of Taylor Cone and Flat Plate
In order to calculate the capacitance of a conducting cone
kept at potential V0 and a grounded conducting flat plate
mounted at right angles with respect to the axis of the cone,
we have adapted the theory developed by Taylor in his article
on the ‘‘Disintegration of water droplets in an electrical
field’’ [40]. The height of the cone measures h, its half the
apex angle α. The distance between the tip of the cone and
the plate is given by d . For the analysis a spherical co-ordinate
system is defined. The origin is at the tip of the cone. See
Figure 17.
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Figure 17. Cone defined with respect to spherical co-ordinate system
Orθϕ. The tip of the cone coincides with the origin of the co-ordinate
system. The semi apex angle is denoted by α, the height by h. The distance
of the apex of the cone to the plane is given by d .

G.I. Taylor’s analysis starts with the observation that the
tension due to an electrical field must balance the surface
tension pressure on the surface of the fluid cone. The tension
is given by (ε = εrε0 and σ the charge density):

F =
σ 2

2ε
.

This tension (unit pressure) counterbalances the surface
tension pressure on the conical surface given by:

psurface tension =
γ

r tanα
.

As σ is proportional to the derivative of the potential V , the
potential along the surface of the cone should depend on
r1/2. The potential is the solution of a bipotential equation
∇.∇V = 0, of which the solution can be expressed as:

U =U0+Ar
1
2 P 1

2
(cos θ) .

Here P 1
2
(cos θ) is the Legendre function of fractional

order 1/2. The cone consists of a conducting material,
consequently the potential along the surface must be
constant. This can only be reached for the angle θ0 for which
it holds:

P 1
2
(cos θ0)= 0.

From the ‘‘Handbook of Mathematical Functions’’ (8.13.11)
[49], and from M.C. Gray’s ‘‘Legendre Functions of Frac-
tional order’’ ([50], formula 7) an expression is found that
enables the evaluation of this function:

P 1
2
(cos θ)=

2
π

[
2E
(

sin
θ

2

)
−K

(
sin

θ

2

)]
,

Figure 18. Fractional Legendre function P 1
2
(cos θ) as function of θ .

where E and K are the complete elliptic integrals of the
first and second type, respectively. Using the approximate
polynomial solutions given in ‘‘Handbook of Mathematical
Functions’’ (17.3.34 and 17.3.36), the result is shown in
Figure 18. For the sake of completeness the elliptic integrals
are given here:

K (k)=
∫ π

2

0

dϑ√
1− k2 sin2 ϑ

,E (k)=
∫ π

2

0

√
1− k2 sin2 ϑdϑ.

For the calculation of the charge density, the derivatives of
the E and K functions with respect to θ are needed (see Byrd
and Friedman, 710.00 and 710.02 [51]):

dK (x)
dx

=
E (x)−

(
1− x2)K (x)

x
(
1− x2

)
dE (x)
dx
=

E (x)−K (x)
2x

.

The derivative of the Legendre function reads:

∂P 1
2
(cos θ)

∂θ
=

1
2π

1

tan θ
2

[
1− 2 sin2 θ

2

1− sin2 θ
2

E
(

sin
θ

2

)
−K

(
sin

θ

2

)]
.

The charge density on the cone θ = θ0 follows from:

σ = ε
1
r
∂U
∂θ
= εAr−

1
2
∂P 1

2
(cos θ)

∂θ
|θ=θ0 .

With definition of tension and the formula for the surface
tension, the equilibriumcondition at the cone surface enables
the calculation of A (α = π − θ):

γ

r tanα
=

1
2

1
ε

[
εAr−

1
2
∂P 1

2
(cos θ)

∂θ
|θ=θ0

]2

γ

tanα
=

1
2
ε

[
A
∂P 1

2
(cos θ)

∂θ
|θ=θ0

]2

.
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For free space from this equation A can be determined
(Taylor result θ0 = 130.71◦ = 2.281 rad,):

∂P 1
2
(cos θ)

∂θ
|θ=θ0 =−0.9747,

tanα0 = tan (π − θ0)= tan 49.29◦ = 1.1622

ε = εrε0 = 8.85× 10−12
[
F
m

]
,

A=±4.523× 105√γ

[
V
√
m

]
.

With the charge distribution now known, the total charge on
the cone can be calculated:

Q=
∫ h

cosα

0
σ2πr sinαdr = ε2πA sinα

∂P 1
2
(cos θ)

∂θ
|θ=θ0∫ Rnozzle

sinα

0
r

1
2 drQ= 1.878× 10−5Rnozzle

√
γRnozzle [C] .

The total charge on the Taylor cone does not depend on the
applied voltage and does not depend on the gap height Dg .
It follows solely from the equilibrium between the surface
tension and the electrostatic tension. Inside the cone the
pressure equals zero. The capacitance of the fluid cone in
equilibrium with the applied field is given by (free space):

Ccone =
Q
U
=

1.878× 10−5Rnozzle
√
γRnozzle

U
[F] .

As the capacitance of the cone does not depend on Dg , the
capacitance force follows from:

Fcap,cone =
1
2
∂Ccone
∂Dg

U 2
= 0.

The integral of electrostatic tension over the surface area
of the cone is in equilibrium with the surface tension force
acting along the rim of the cone attached to the rim of the
nozzle and does not contribute to the capacitance force. This
statement can be proved as follows. The electrostatic tension
force is given by:

Ftension =∫ Rnozzle/ sinα0

0

1
2
ε

(
A
∂P 1

2
(cos θ)

∂θ
|θ=θ0

)2
1
r

2πr sin2 α0dr =

πε

(
A
∂P 1

2
(cos θ)

∂θ
|θ=θ0

)2

Rnozzle sinα0 =

π
2γ

tanα0
Rnozzle sinα0 = 2πγRnozzle cosα0.

The expression after the last equal sign is equal to the surface
tension force acting upward along the rim to support the
cone. As the generatrix of the cone is a straight line, charge
does not influence the surface tension. This also means that
the pressure inside the cone equals zero.

6.2 Capacitance Pseudo-Taylor Cone
The calculations so far are valid for the Taylor cone with
θ0 = 130.71◦ = 2.281 rad, α0 = 49.29◦. During charging,
the cone starts at angles θ < θ0, or α > α0. Such a cone is
referred to as a pseudo-Taylor cone. The potential is given by
(A is a constant):

U =U0+ArνPν(cos θ),

where Pν(cos θ) a Legendre function of fractional order ν.
For a Taylor cone ν = 1/2. For a pseudo-Taylor cone with a
larger half apex angle α > α0: ν > 1/2.
On the surface of the cone the potential is constant. This can
only be true as long as:

Pν (cos θ)= 0.

Gray has given an approximate expression for Pν(cos θ)
using the recurrence formula [formula 1, ν = 1+ δ]:

Pν (cos θ)=
(1+ 2δ) cos θ − δ

1+ δ
+ 2δ

(1+ 2δ) cos θ + δ
1+ δ

ln cos
1
2
θ.

From this expression the zero of Pν(cos θ) can be derived
([50], formula 20):

ln
(

cos
θ

2

)
=−

1
2δ

(1+ 2δ) cos θ − δ
[(1+ 2δ) cos θ + δ]

, ν = 1+ δ.

For givenα δ follows from a quadratic equation in δ. The root
with the minus sign for the square root term makes sense.
The charge density on the cone surface follows from (see
Gray [50], formula 26):

∂Pν (cos θ)
∂θ

|θ=π−α =−
2δ (1+ δ)

sin θ [(1+ 2δ) cos θ + δ]

σ = ε
1
r
∂U
∂θ
= εArν−1 ∂Pν (cos θ)

∂θ
|θ=π−α.

At the surface of the pseudo-Taylor cone, the electrostatic
tension must be in equilibrium with the surface tension
pressure and the internal pressure p(r) in the cone (for the
Taylor cone the internal pressure is zero):

γ

r tanα
= p (r)+

1
2
σ 2

ε
=

p (r)+
1
2
εA2r2(ν−1)

[
∂Pν (cos θ)

∂θ
|θ=π−α

]2

p (r)=
γ

r tanα
−

1
2
εA2r2(ν−1)

[
∂Pν (cos θ)

∂θ
|θ=π−α

]2

.

The constant A can be found by putting a condition on
the pressure p(r). Here it is assumed that the pressure
generated by electrostatic forces at the entrance is zero
p(Rnozzle/ sinα)= 0. This leads to an expression for A:

A=±
1(

Rnozzle
sinα

)ν [
∂Pν (cos θ)

∂θ
|θ=π−α

]√2
γ

ε

cosα
Rnozzle

.
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With the constant A determined, the total charge on the
pseudo-Taylor cone and its capacity can be found by
evaluation of:

Q=
∫ Rnozzle

sinα

0
σ2πr sinαdr = 2πεA sinα

∫ Rnozzle
sinα

0
rνdr

= 2πεARnozzle
[
∂Pν (cos θ)

∂θ
|θ=π−α

]
1

ν+ 1

(
Rnozzle
sinα

)ν
Cpseudo cone =

Q
U
.

Again, the total charge does not depend on the applied
potential.

6.3 Surface Tension Driven Meniscus Oscillations
We will discuss two surface tension driven modes in the
capillary: the slosh mode and the first higher-order mode.

Slosh-mode Frequency of a Wave Guide Type Print Head
The slosh-mode kinematics is characterized by the fact that
the fluid column in the capillary (total length L) and nozzle
(radius Rnozzle, cross-section Anozzle = πR2

nozzle and length
Lnozzle) moves against the spring action of the surface tension
acting on the meniscus [43].
The capillary pressure is given by the Young–Laplace
equation (with a= R1/ sin θ0):

pcap =
2γ
a
= 2γ

sin θ0

Rnozzle
.

The force associated with the capillary pressure follows from:

Fcap = pcapAnozzle = 2πγRnozzle sin θ0.

As all other force contributions are constant, the stiffness of
the surface tension spring follows from:

C =
∂Fcap
∂x
=
∂Fcap
∂θ0

∂θ0

∂x
.

The relation between the volume displacement x and θ0
reads:

x =
Volume dome
πR2

nozzle
=

1
3
Rnozzle

2− cos θ0− cos2 θ0

sin θ0 (1+ cos θ0)
.

From:

dx
dx
= 1=

1
3
Rnozzle

d
dθ0

[
2− cos θ0− cos2 θ0

sin θ0 (1+ cos θ0)

]
dθ0

dx

= Rnozzle
1

(1+ cos θ0)
2
dθ0

dx
.

We derive:
dθ0

dx
=

1
Rnozzle

(1+ cos θ0)
2 .

And the stiffness becomes:

C =
∂Fcap
∂x
=
∂Fcap
∂θ0

∂θ0

∂x
= 2πγ cos θ0 (1+ cos θ0)

2 .

The stiffness depends on θ0. At a certain fixed position x0 and
small deviations |1x| � x0 C can be considered a constant
and the equation of motion for small deviations from the
fixed position can be derived and is given by (all motions
scaled with respect to the surface area of the nozzle and
viscous drag only present in the nozzle):

M = ρπ

[
R2
cap (L− Lnozzle)

A2
nozzle
A2
cap
+R2

nozzleLnozzle

]
,

K = 8πµLnozzle )
M1̈x =−K 1̇x −C1x.

Although M andK are constants, the stiffness C depends
on x and therefore the equation of motion is non-linear.
Only when the deviations from equilibrium are small C can
be considered a constant, although depending on the value
of x (and θ0) and thus on the shape of the meniscus. This
equation defines the undamped natural resonance frequency
and damping factor:

fslosh =
1

2π
ω0 =

1
2π

√
C
M
=

1
2π

√√√√√ 2γ cos θ0 (1+ cos θ0)
2

ρ

[
R2
cap (L− Lnozzle)

A2
nozzle
A2
cap
+R2

nozzleLnozzle
]

ζ =
K

2
√
MC

.

There is a direct relation between the viscous time constant
τviscous and ζ :

τviscous =
M
K
=

1
2ζω0

.

Higher-order Symmetric Meniscus Oscillations
For higher-order meniscus resonance, we consider only fluid
motions close to the meniscus; this is in contrast to the
slosh mode for which all fluid in the system must be taken
into account [52, 53]. The analysis will hold true for a
frictionless fluid (dynamic viscosity µ= 0). To describe the
flow, a spherical co-ordinate system will be used with r , the
co-ordinate measuring the distance from the meniscus away
from the nozzle and θ , the anglemeasuring the distance from
the center line of the nozzle. See Figure 19.

For the fundamental meniscus mode we pose the
following ansatz:

w (r, t)= B [1+ λJ0 (kaθ)] sinωt,w� Rnozzle.

The supposed small amplitude of the harmonic motion with
radian frequency ω is given by B [1+ λJ0 (kaθ)]. J0(kθa) is
a zeroth-order Bessel function of the first kind [54, 55]. The
constant λ follows from the argument that at the rim of the
nozzle wall the displacement of the meniscus equals zero:

λ=−
1

J0 (kaθ0)
.
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Figure 19. Definition of a spherical co-ordinate system attached to nozzle
and meniscus.

The constant k is given by the fact that the fluid motion
is local and that there is no net volume displacement (V
volume, a= Rnozzle/ sin θ0):

V = 2πBa2
∫ θ0

0
[1+ λJ0 (kaθ)] sin θdθ =

2πBa2
[
(1− cos θ0)+ λ

∫ θ0

0
J0 (kaθ) sin θdθ

]
.

The integral cannot be solved in closed form, so we have to
expand sin θ into a Taylor series:

V ≈ 2πBa2
[
(1− cos θ0)+ λ

∫ θ0

0
J0 (kaθ)

(
θ −

1
6
θ3
)
dθ
]
.

The integral can now be found:

I =
∫ θ0

0
J0 (kaθ)

(
θ −

1
6
θ3
)
dθ

= θ2
0


J1 (kaθ0)

kaθ0
−

θ2
0
6

[
2kaθ0J0 (kaθ0)+

(
(kaθ0)

2
− 4

)
J1 (kaθ0)

]
(kaθ0)

3

 .
Substitution of the expression λ delivers the condition for
which the volume V becomes zero:

(1− cos θ0)−

θ2
0

J0(kaθ0)


J1 (kaθ0)

kaθ0

−
θ2

0
6

[
2kaθ0J0(kaθ0)+

(
(kaθ0)

2
−4
)
J1(kaθ0)

]
(kaθ0)

3

= 0

θ0 < 1 : θ2
0

[
1
2
−

J1 (kaθ0)

kaθ0J0 (kaθ0)

]
= 0.

From these equations the value of kaθ0 = k1aθ0 can be found
for which the net volume displacement equals zero. Also, the
value of λ1 is now known. The values for kaθ0 and λ1 are
listed in Table III for different values of θ0.

Table III. The calculated values of kaθ0 and λ1 for different values of θ0. First
approximation refers to result using the first term of the series expansion of sin θ , the
second approximation to the inclusion of the third power of θ .

θ0 k1aθ0 k1aθ0 second λ1 first λ1 second
first approximation approximation approximation approximation

0.01 5.1356 5.1356 7.56 7.56
0.1 ,, 5.1360 ,, 7.567
0.3 ,, 5.1386 ,, 7.618
0.6 ,, 5.1477 ,, 7.802
1 ,, 5.1712 ,, 8.323

Below θ0 = 0.1 there is hardly any difference between the first
and second approximation.
The displacement and velocity distributions at the meniscus
surface are given by:

w (θ)= B [1+ λ1J0 (k1aθ)] sinωt
∂w (θ)
∂t
=ωB [1+ λ1J0 (k1aθ)] cosωt

Suppose the component of the velocity vector in the fluid in
radial r direction away from the meniscus is (separation of
variables):

vr (r, θ, t)=ωBF (r) [1+ λ1J0 (k1aθ)] cosωt, F (a)= 1.

Using the equation of continuity, the component of the
velocity vector in θ-direction can be determined:

1
r2
∂

∂r

(
r2vr

)
+

1
r sin θ

∂

∂θ
(vθ sin θ)= 0

vθ (r, θ, t)=−ωB
[

2rF (r)+ r
dF (r)
dr

]
θ2

sin θ

[
1
2
+

λ1

k1aθ
J1 (k1aθ)

]
cosωt

θ0 < 1 : vθ (r, θ, t)=−ωB
[

2rF (r)+ r
dF (r)
dr

]
θ

[
1
2
+

λ1

k1aθ
J1 (k1aθ)

]
cosωt .

Substitution of the expressions for the components of
the velocity vector into the components of the equation
of motion yields (neglecting viscosity and skipping the
convective terms, this last action can be justified by the fact
that only small deviations from the equilibrium meniscus
position are considered, so B small):

− ρω2BF (r) [1+ λ1J0 (k1aθ)] sinωt =−
∂p
∂r

ρω2B
[

2rF (r)+ r
dF (r)
dr

]
θ

[
1
2
+

λ1

k1aθ
J1 (k1aθ)

]
sinωt =−

1
r
∂p
∂θ
.

Differentiation of the r-component of the equation
of motion with respect to θ and differentiation of the
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θ-component of the equation of motion with respect to r
yields:

ρω2BF (r) [λ1k1aJ1 (k1aθ)] sinωt =−
∂2p
∂r∂θ

ρω2B
[

2F (r)+ 4r
dF (r)
dr
+ r2 d2F (r)

dr2

]
θ[

1
2
+

λ1

k1aθ
J1 (k1aθ)

]
sinωt =−

∂2p
∂θ∂r

.

We remove the dependence on r in both equations
by averaging over θ from θ = 0 to θ = θ0 (by definition
λ1J0 (k1aθ0)=−1, for the first order approximation k1aθ0 =

5.1356) and the function F must obey:[
2−

(k1a)2

1+ 1
4 (k1aθ0)

2

]
F (r)+

4r
dF (r)
dr
+ r2 d2F (r)

dr2 0, F (a)= 1.

This differential equation can be solved by standard means:

F =
( r
a

)ν
, ν =

−3+

√
1+ 4

[
(k1a)2

1+ 1
4 (k1aθ0)

2

]
2

=
−3+

√
1+ 0.52676 (k1a)2

2
.

The function F vanishes for r → 0. Indeed, the fluid
motion belonging to the first axisymmetric higher-order
oscillatory mode has a limited reach. The components of the
velocity vector are:

vr (r, θ, t)=ωB
( r
a

)ν
[1+ λ1J0 (k1aθ)] cosωt,

vθ (r, θ, t)=

ωB (2+ ν)
( r
a

)ν
θ

[
1
2
+

λ1

k1aθ
J1 (k1aθ)

]
cosωt .

In order to calculate the resonance frequency, we make
use of Rayleigh’s principle [56]. This principle states that
for a harmonically moving non-damped system (no viscous
losses), the sumof the potential energy and the kinetic energy
stays constant. The potential energy is the excess surface
energy and will be calculated at maximum deformation
of the meniscus using a kinematic plausible guess of the
deformation of the meniscus. For the kinetic energy a
dynamic plausible estimate of the inner deformation field of
the fluid dome evaluated at maximum deformation rate (no
deformation of meniscus) will be used.

The maximum potential energy equals the increase
in surface energy at maximum displacement (ωt = π/2+
nπ, n= 1, 2, . . .). With respect to the spherical co-ordinate
system we have:

Umax = γ1Amax

1Amax = 2π
∫ θ0

0
(a+w)2 sin θ

√
1+

1

(a+w)2

(
dw
dθ

)2

dθ − 2πa2
∫ θ0

0
sin θdθ.

For w� a and neglecting all small terms of higher order we
arrive at:

= 2π
∫ θ0

0

(
a2
+ 2aw

)
sin θ

[
1+

1
2

1
a2

(
dw
dθ

)2
]

dθ − 2πa2
∫ θ0

0
sin θdθ.

As the cross term aw equals zero by definition the final result
reads:

1Amax = π

∫ θ0

0

(
dw (θ)
dθ

)2

sin θdθ =

πB2λ2
1 (k1a)2

∫ θ0

0
J 2
1 (k1aθ) sin θdθ ≈

πB2λ2
1 (k1a)2

∫ θ0

0
J 2
1 (k1aθ) θdθ =

πB2λ2
1
k1aθ0

2

[
k1aθ0J 2

0 (k1aθ0)+ k1aθ0J 2
1 (k1aθ0)−

2J0 (k1aθ0) J1 (k1aθ0)

]
= 273B2.

The maximal kinetic energy calculated at ωt = 0+ nπ, n=
1, 2, . . . evaluated with respect to the cylindrical co-ordinate
system is given by:

Tmax =
1
2
ρ2π

∫ a

0

∫ θ0

0

(
v2
r + v2

θ

)
r2 sin θdrdθ

≈
1
2
ρ2π

∫ a

0

∫ θ0

0

(
v2
r + v2

θ

)
r2θdrdθ.

Per velocity component the contributions to the kinetic
energy are calculated:

Tmax,vr =
π

(3+ 2ν)
ρω2B2a3θ2

0{
1
2
+

2λ1

k1aθ0
J1 (k1aθ0)+

λ2
1

2

[
J 2
0 (k1aθ0)+ J 2

1 (k1aθ0)
]}

Tmax,vθ = π

(
4+ 4ν+ ν2)

3+ 2ν
ρω2B2a3θ4

0
1

16
+

λ1

(k1aθ0)
3 [2J1 (k1aθ0)− k1aθ0J0 (k1aθ0)]

+
1
2

λ2
1

(k1aθ0)
3

[
k1aθ0J 2

0 (k1aθ0)+ k1aθ0J 2
1 (k1aθ0)

−2J0 (k1aθ0) J1 (k1aθ0)

]
 .

Substituting the equations for vz and vz after a
lengthy calculation involving many manipulations with
integrals involving Bessel functions and products of Bessel
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functions [55], the maximum kinetic energy becomes:

Tmax = f (θ0) ρB2ω2R3
nozzle.

Applying Rayleigh’s theorem we find for different angles:

θ0 = 1 : Umax = Tmax→ f1 = 1.096

√
γ

ρR3
nozzle

[Hz]

θ0 = 0.5 : Umax = Tmax→ f1 = 1.334

√
γ

ρR3
nozzle

[Hz]

θ0 ≤ 0.1 : Umax = Tmax→ f1 = 1.433

√
γ

ρR3
nozzle

[Hz].

For a nozzle of 50 µm diameter and the test fluid used
in this article (γ = 0.0554N/m and ρ = 1079 kg/m3), the
resonance frequencies for the cases listed above are 63 kHz,
76.5 kHz and 82 kHz, respectively.
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