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Abstract 
Continuous-type inkjet printers (CIJPs) can be used to print 

on surfaces with various shapes at high speeds without 

contacting the printing target. Recently, the need for CIJPs with 

higher speeds and quality to speed up industrial production lines 

has been increasing. By increasing the exciting frequency of the 

piezo element, the ink droplet generation cycle can be shorter, 

thereby increasing the printing speed. However, as the distance 

between each charged ink droplet becomes shorter, forces such 

as air drag and Coulomb repulsion can greatly affect the 

trajectories of the droplets and may deteriorate the printing 

quality. To determine the optimal particle injection pattern, we 

developed an automatic design technique with a multi-objective 

genetic algorithm (MOGA) and ink droplet trajectory simulation 

and applied it to the character “7” in a 5 × 5 dot matrix. A 

MOGA with 20 populations and four generations was performed, 

and it was confirmed that the developed technique could 

automatically improve the printing quality of the character. 

Additionally, correlation analysis was applied to the data 

obtained from the optimization and some printing control rules 

to improve the quality were extracted. By applying the rules to 

the character “3” and “5,” it was revealed that the printing 

qualities of those characters could be also improved. 

Introduction 
Continuous-type inkjet printers (CIJPs) can be used to print 

on surfaces with various shapes at high speeds without 

contacting the printing target. In addition, it can be applied to 

several materials such as metal, paper, glasses, etc., by selecting 

an appropriate ink. Therefore, CIJPs are widely used to print 

barcodes and production dates on industrial production lines.  

Recently, the need for CIJPs with higher speeds and quality 

to help speed up industrial production lines has been increasing. 

By increasing the exciting frequency of the piezo element, the 

ink droplet generation cycle can be shorter, thereby increasing 

the printing speed. However, as the distance between each 

charged ink droplet becomes shorter, forces such as air drag and 

Coulomb repulsion can greatly affect the trajectories of the 

droplets and may deteriorate the printing quality.  

The authors have developed a technique for predicting the 

trajectories of the ink droplets using a multi-physics simulation, 

which considers particle-fluid-electric interaction, and 

investigated how printing quality could be improved [1]. To 

improve the printing quality, adjustments are needed to reduce 

air drag and Coulomb repulsion, which affect the trajectories of 

the ink droplets. However, these forces are non-linear, so the 

adjustments are complex. In this study, in order to automatically 

determine the correct adjustment procedure, we developed a 

design technique for the ink droplet injection pattern using a 

multi-objective genetic algorithm (MOGA [4]) and the ink 

droplet trajectory simulation method mentioned above that 

focuses on the distance between the charged ink droplets.  

 

 
Figure 1. Printing principle of CIJPs and the external forces on ink 

droplets. 

Optimization procedure  
In this study, the printing quality of a target character, “7,” 

expressed in a 5 × 5 dot matrix was optimized. The injection 

order of the charged ink droplets, which composes the character, 

was fixed, and the number and injection timings of the non-

charged ink droplets between the charged ink droplets were the 

optimization targets. 

 The sum of the height error of each droplet and that of the 

distance error of the adjacent ink droplets on the target were 

objective functions. These two errors were calculated from ideal 

hit positions on the printing target of each droplet and evaluated 

by the ink droplet trajectory simulation. A MOGA was 

performed to minimize these errors, improve the printing quality, 

and find the optimal ink droplet injection pattern which is the 

injection order of the charged and non-charged droplets. 

Correlation analysis was then applied to the data obtained 

in the optimization process, and the rules for improving printing 

quality were extracted. These rules were applied to other 

characters such as “3” and “5,” and the ink droplet trajectory 

simulations were performed. The details of these procedures are 

explained below. 

Simulation method 
To evaluate the hit positions of the charged droplets of a 

printing target, an ink droplet trajectory simulation developed by 

the authors was performed [1]. In this simulation, droplets were 

modeled as Lagrangian particles and a three-dimensional fluid 

simulation with incompressible and isothermal conditions was 

performed. Unsteady flow was calculated by using the pressure 

implicit with splitting of operator (PISO) method [5]. The 
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incompressible Navier-Stokes equation of fluid for laminar flow 

is 

 

 
𝜕𝛼𝒖𝑓

𝜕𝑡
+ 𝛻 ∙ (𝛼𝒖𝑓𝒖𝑓) − 𝛻 ∙ 𝛼𝝉 = −𝛻

𝑝

𝜌𝑓
−

𝑭

𝜌𝑓
, (1) 

 

where 𝛼 is gas volume fraction, 𝑡 is time, 𝒖𝑓 is fluid velocity, 𝛕 

is stress tensor, 𝑝 is fluid pressure, 𝜌𝑓 is fluid density, and 𝑭 is 

external forces on ink droplets. Additionally, the following 

continuity equation must be satisfied 

 

 
𝜕𝛼

𝜕𝑡
+ 𝛻 ∙ (𝛼𝒖𝑓) = 0. (2) 

 

The momentum exchange between the fluid and droplets are 

done via 𝑭 in Eq. (1). 𝑭 is the sum of the three external forces on 

droplets. 

 

1. Air drag 𝑭𝑑𝑟 

Assuming the droplets are spherical, the equation for air 

drag can be written as follows: 

 

 𝑭𝑑𝑟 =
3

4
𝑚𝑠𝐶𝑑𝑅𝑒𝑠

𝜇𝑓

𝜌𝑠𝑑𝑠
2 |𝒖𝑓 − 𝒖𝑠|, (3) 

 

where 𝑚𝑠 is the mass of a droplet, 𝐶𝑑 is air drag coefficient, 

𝑅𝑒𝑠 is the particle Reynolds number, 𝜇𝑓 is fluid viscosity, 

𝜌𝑠  is droplet density, 𝑑𝑠  is droplet diameter, and 𝒖𝑠  is 

droplet velocity. The particle Reynolds number is 

calculated as 𝑅𝑒𝑠 = |𝒖𝑓 − 𝒖𝑠|/𝜈𝑓 , where 𝜈𝑓  is fluid 

kinematic viscosity. 

Since the 𝑅𝑒𝑠  of ink droplets were less than 

approximately 200, we introduced Beard’s 𝐶𝑑  empirical 

equation, which is accurate within the range of 𝑅𝑒𝑠 < 1000. 

 

𝐶𝑑 = {

(24/𝑅𝑒𝑠)(1 + 0.102𝑅𝑒𝑠
0.955) (0.2 < 𝑅𝑒𝑠 ≤ 2.0)

(24/𝑅𝑒𝑠)(1 + 0.115𝑅𝑒𝑠
0.802) (2.0 < 𝑅𝑒𝑠 ≤ 21)

(24/𝑅𝑒𝑠)(1 + 0.189𝑅𝑒𝑠
0.632) (21 < 𝑅𝑒𝑠 ≤ 200)

. (4) 

  

Moreover, in accordance with the positions and flight 

directions of the droplets, the 𝐶𝑑  calculated by Beard’s 

equation was modified. Specifically, when two droplets are 

sufficiently near and flying in roughly the same direction, 

the 𝐶𝑑  of the following droplet decreases since it was 

influenced by the wake of the preceding droplet, thus, the 

𝐶𝑑 of the following droplet must be modified. In this study, 

a 𝐶𝑑 modification curve was introduced, which was fitted 

to Tsuji’s experimental results [3]. Figure 2 shows the 

relation between the non-dimensional distance and the 

modified coefficient for the 𝐶𝑑 calculated by Eq. (4). The 

non-dimensional distance 𝐿/𝑑𝑠 is the distance between the 

preceding droplet and the following droplet divided by the 

droplets’ diameter. Whether the following droplet is 

influenced by the wake of the preceding droplet was 

determined by the position and velocity vector of the 

preceding droplet and the position of the following droplet, 

as shown in Fig. 3. When 𝐿/𝑑𝑠  < 10  and the angle 

between the difference of the position vectors of the two 

droplets and the velocity vector of the preceding droplet 𝜃𝑤 

was within 175–180 degrees, the 𝐶𝑑  of the following 

droplet was modified using the curve shown in Fig. 2. 

2. Coulomb repulsion 𝑭𝑐𝑙 

Coulomb repulsion can be calculated as follows: 

 

 𝑭𝑐𝑙 = ∑
1

4𝜋𝜖0

𝑞𝑞𝑖

|𝒙 − 𝒙𝑖|3
(𝒙 − 𝒙𝑖)

𝑖

, (5) 

 

where 𝑖  is the droplet identifier, 𝜖0  is the permittivity of 

vacuum, 𝑞  is the charge of the focused droplet, 𝑞𝑖  is the 

charge of the 𝑖-th droplet, 𝒙 is the position vector of the 

focused droplet, and 𝒙𝑖  is the position vector of the 𝑖-th 

droplet. 

 

3. Electric force 𝑭𝑒𝑙 

Electric force can be calculated as follows: 

 

 𝑭𝑒𝑙 = 𝑞𝑬, (6) 

 

where 𝑬 is static electric field. 

 

The three forces are summed and substituted into Eq. (1). 

 

 𝑭 = 𝑭𝑑𝑟 + 𝑭𝑐𝑙 + 𝑭𝑒𝑙 . (7) 

 
Figure 2. Drag coefficient modifying curve for a following droplet. 

 

 
Figure 3. Values to determine whether the 𝐶𝑑 of the following droplet is to 

be modified. 

Optimization method 
 To improve the printing quality automatically, a real-coded 

multi-objective genetic algorithm (MOGA) was performed in the 

ink droplet trajectory simulation. The design variables controlled 

the number of non-charged droplets between the charged 

droplets. The objective functions were the sum of the height 

errors and the sum of the errors from the ideal distance between 

droplets on the printing target. 
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1. Design variables 

Figure 4 shows the character “7” in a 5 × 5 dot matrix. 

Hereafter, the dot in 𝑖-th column and 𝑗-th row is dot 𝑖𝑗.  

The injection order of the charged droplets was fixed 

in the order of 15, 25, 35, 32, 31, 45, 43, 55, and 54 as shown 

in Fig. 4. Moreover, two additional non-charged droplets 

were assigned to each column, bringing the number of total 

droplets of each column to 7. Design variables were defined 

to arbitrarily control the number of the non-charged droplets 

to the sequential charged droplets. The candidates 

representing the non-charged droplet injection timing were 

14 positions shown as ① – ⑭ in Fig. 5. 

The numbers of the non-charged droplet at each 

injection timing position were defined by the formulas 

shown in Table 1. The design variables of the MOGA, 

𝛼𝑖  (0 ≤ 𝛼𝑖 ≤ 1, 𝑖 = 1, ⋯ ,9) , define the remaining non-

charged droplets used in each column. “round” denotes the 

function that rounds the real value off to the nearest whole 

number. To fix the total number of charged non-charged 

droplets to 7, the number of non-charged droplets at the last 

injection timing position in each column was inductively 

determined depending on the number of droplets already 

injected. Defining the design variables as described above, 

all injection patterns can be expressed under two conditions; 

the injection order of the charged droplets is fixed, and the 

total number of the droplets for each column is fixed to 7. 

The baseline injection pattern as a comparison standard is 

shown in Fig. 6. The baseline is a pattern that injects two 

non-charged droplets at the beginning of each column and 

injects the charged and non-charged droplets following the 

dot matrix pattern shown in Fig. 4; the non-charged droplets 

were injected at the timing positions of the white space in 

the dot matrix.  

 

 
Figure 4. Character “7” in a 5 × 5 dot matrix. Arrows show injection order 

of charged droplets. 

 

 
Figure 5. Candidates of non-charged droplet injection timing. The design 

variables 𝛼1, ⋯ , 𝛼9 control the number of non-charged droplets at each 

timing position. 

 

 
Figure 6. Baseline injection pattern. White circles are non-charged 

droplets. 

Table 1: Number of non-charged droplets 

Timing 
Non-charged droplets 

Number Formula 

①  𝑁1 𝑟𝑜𝑢𝑛𝑑(7 − 𝑁𝑡𝑔𝑡1) × 𝛼1 

② 𝑁2 7 − 𝑁𝑡𝑔𝑡1 − 𝑁1 

③ 𝑁3 𝑟𝑜𝑢𝑛𝑑(7 − 𝑁𝑡𝑔𝑡2) × 𝛼2 

④ 𝑁4 7 − 𝑁𝑡𝑔𝑡2 − 𝑁2 

⑤ 𝑁5 𝑟𝑜𝑢𝑛𝑑(7 − 𝑁𝑡𝑔𝑡3) × 𝛼3 

⑥ 𝑁6 𝑟𝑜𝑢𝑛𝑑(7 − 𝑁𝑡𝑔𝑡3 − 𝑁5) × 𝛼4 

⑦ 𝑁7 𝑟𝑜𝑢𝑛𝑑(7 − 𝑁𝑡𝑔𝑡3 − 𝑁5 − 𝑁6) × 𝛼5 

⑧ 𝑁8 7 − 𝑁𝑡𝑔𝑡3 − 𝑁5 − 𝑁6 − 𝑁7 

⑨ 𝑁9 𝑟𝑜𝑢𝑛𝑑(7 − 𝑁𝑡𝑔𝑡4) × 𝛼6 

⑩ 𝑁10 𝑟𝑜𝑢𝑛𝑑(7 − 𝑁𝑡𝑔𝑡4 − 𝑁9) × 𝛼7 

⑪ 𝑁11 7 − 𝑁𝑡𝑔𝑡4 − 𝑁9 − 𝑁10 

⑫ 𝑁12 𝑟𝑜𝑢𝑛𝑑(7 − 𝑁𝑡𝑔𝑡5) × 𝛼8 

⑬ 𝑁13 𝑟𝑜𝑢𝑛𝑑(7 − 𝑁𝑡𝑔𝑡5 − 𝑁12) × 𝛼9 

⑭ 𝑁14 7 − 𝑁𝑡𝑔𝑡5 − 𝑁12 − 𝑁13 

 

2. Objective functions 

As indicators of the printing quality, the two objective 

functions were evaluated from the hit positions on a printing 

target obtained from the ink droplet trajectory simulation. 

 

(a) Height error sum 

For every charged droplet on a printing target shown 

in Fig. 7(a), the ideal hit heights were defined. Height errors 

were calculated as the distance between the ideal hit heights 

and the hit heights obtained from the ink droplet trajectory 

simulation. ℎ𝑗 (𝑗 = 1, ⋯ 5)  denotes the ideal hit height 

corresponding to the dot in the 𝑗-th row. The errors of each 

charged droplet were summed and minimized by the 

MOGA. 

 

(b) Adjacent distance error sum 

The ideal distances between sequential charged 

droplets, such as between dots 15 and 25, 25 and 35, 35 and 

32, and so on, were specified beforehand. The error was 

then calculated as the distance between the ideal distance 

and the distance obtained from the ink droplet trajectory 

simulation as shown in Fig. 7(b). 𝑑𝑘  (𝑘 = 1, ⋯ 8)  is the 

ideal distance between each combination of sequential 

charged droplets. For example, the error between dots 15 

and 25 is calculated with |𝑑1
′ − 𝑑1|. 𝑑1, 𝑑2, 𝑑4, 𝑑7 are the 

ideal horizontal distances and 𝑑3, 𝑑5, 𝑑6, 𝑑8 are the ideal 

longitudinal distances. 

 
Figure 7. Definitions of objective functions. Two summed errors from ideal 
hit positions and ideal distances were evaluated from the results obtained 
from the ink droplet trajectory simulation. 
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3. Optimization procedure 

Figure 8 shows the flow of the optimization. The 

details of each procedure are described below. The MOGA 

setting is shown in Table 2. 

 

(a)  Create initial generation 

The design variable set of the MOGA initial generation 

was created. As a design variable, 𝛼𝑖  (0 ≤ 𝛼𝑖 ≤ 1, 𝑖 =
1, ⋯ ,9) is introduced and the initial generation is created by 

Latin hypercube sampling [6]. 

 

(b)  Determine ink droplet injection pattern 

From the initial generation, the numbers of non-

charged droplet at each injection timing position shown in 

Fig. 5 are determined. 

 

(c)  Execute ink droplet trajectory simulation 

On the basis of the ink droplet injection pattern, the ink 

droplet trajectory simulation is executed.  

 

(d)  Evaluate objective functions 

The two objective functions described in Fig. 7 are 

calculated from the hit positions on the printing target of the 

simulation results. 

 

(e)  Determine finishing condition 

The optimization continues until the MOGA 

generation reaches the specified number. 

 

(f)  Create next generation 

The next generation is created by the MOGA, and the 

process leads back to (b). 

 

 
Figure 8. Printing quality optimization flow. 

Table 2: Optimization settings 

Algorithm Multi-objective genetic algorithm  

Generation 4 

Population 20 

Niching Goldberg’s sharing function [7] 

Crossover method BLX-α [4] 

Mutation method Non-uniform mutation [4] 

 

4. Printing control rules extraction 

To extract the printing quality improvement rules, 

correlation analysis was performed. The analysis calculates 

correlations between the numbers of non-charged droplets at 

each injection timing position shown in Fig. 5 and the height 

error sum from the ideal heights of each horizontal line. The 

sample Pearson’s correlation coefficients were calculated as 

follows: 

 

𝑟𝑥𝑖𝑥𝑗
=

𝑠𝑥𝑖𝑥𝑗

𝑠𝑥𝑖
𝑠𝑥𝑗

=
∑ (𝑥𝑖𝑘 − 𝑥�̅�)(𝑥𝑗𝑘 − 𝑥�̅�)𝑛

𝑘=1

√(∑ (𝑥𝑖𝑘 − 𝑥�̅�)
𝑛
𝑘=1 )(∑ (𝑥𝑗𝑘 − 𝑥�̅�)𝑛

𝑖=1 )

 
(8) 

 

where 𝑖, 𝑗  are the value identifiers, 𝑥𝑖 , 𝑥𝑗 are samples (𝑥𝑖 =

{𝑥𝑖𝑘}, 𝑥𝑗 = {𝑥𝑗𝑘}), 𝑟𝑥𝑖𝑥𝑗
 is the correlation coefficient, 𝑠𝑥𝑖𝑥𝑗

is the 

sample covariance, 𝑠𝑥𝑖
 𝑎𝑛𝑑 𝑠𝑥𝑗  are the standard deviations of 

𝑥𝑖  𝑎𝑛𝑑  𝑥𝑗 , respectively, 𝑛  is the number of samples, and 

𝑥�̅� 𝑎𝑛𝑑 𝑥�̅� are the sample means of 𝑥𝑖  𝑎𝑛𝑑 𝑥𝑗, respectively. 

For all combinations of the number of non-charged droplets 

and the height error sums of each line, the correlation coefficients 

were calculated using Eq. (8). The timing positions of non-

charged droplet injections strongly related to each height error 

sum were specified, and rules to reduce the height errors were 

extracted. Additionally, the extracted rules were applied to the 

characters “3” and “5,” in which the ink droplet trajectory 

simulation was performed and the rules were validated. 

Result  
 Figure 9 shows a scatterplot of objective function values. 

The plot of “baseline pattern” expresses the values obtained from 

the simulation with the baseline injection pattern described in Fig. 

6. Since two objective functions are both minimization targets, 

the orange rectangular region in Fig. 9 highlights values 

considered to be better than those of the baseline pattern in terms 

of objective function values. It was confirmed that the two errors 

as objective functions decreased during the MOGA generation. 

 The simulation results with the baseline pattern and the 

optimal injection pattern obtained by the MOGA shown in Fig. 

9 were then compared. Figure 10 shows the hit positions on the 

printing target of each injection pattern. Horizontal dot lines 

correspond to the ideal heights of each line. The horizontal 

positions of dots 15 and 25 were too close in the simulation result 

of the baseline pattern. However, in the simulation result of the 

optimal pattern, the distance between those dots was wider. 

Additionally, the longitudinal positions of dots 32 54 in the 

simulation result of the baseline pattern were shifted from the 

ideal heights, whereas those in the simulation result of the 

optimal pattern hit on the ideal heights. 

 

 
Figure 9. Scatterplot of two objective functions.  
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Figure 10. Simulation results of (a) the baseline injection pattern and (b) 

the optimal injection pattern of character “7”. The optimal pattern could 

improve the horizontal distance and the hit height. 

 

 Correlation analysis was then applied to the data obtained 

in the optimization process, and the rules for improving printing 

quality were extracted. These rules were applied to the characters 

“3” and “5” in a 5 × 5 dot matrix, and ink droplet trajectory 

simulations were performed. The simulation results are shown in 

Fig. 11. Figure 11 (a) and (c) are the simulation results of the 

baseline pattern of the characters “3” and “5” in which two non-

charged droplets at the head of each column are injected as with 

the baseline pattern of character “7”. Figure 11 (b) and (d) are 

the simulation results of the injection patterns of characters “3” 

and “5” to which the extracted rules were applied. Compared to 

the results of the baseline, although the hit positions of the lower 

dots were separate from the ideal heights, the highest dots hit 

close to the ideal height. Since the highest dots had a relatively 

large negative charge, the hit positions tended to be largely 

affected by Coulomb repulsion. Therefore, the adjustment of the 

hit position of the highest dots was more difficult than the lower 

dots. However, by using the extracted rules, the hit position of 

the highest dots could be adjusted automatically. As a result, the 

line distortions decreased and the printing qualities were 

improved. It was confirmed that the optimization procedure in 

this study is effective for improving the printing quality of CIJPs. 

 
Figure 11. Simulation results of the baseline injection patterns and those 

in which the printing quality improvement rules were applied to of 

characters “3” and “5.”  

Conclusion 
 A printing quality optimization technique with a MOGA 

and ink droplet trajectory simulation was developed. The 

technique was applied to the character “7” in a 5 × 5 dot matrix.  

 

1. The optimization technique could improve the printing 

quality of the character automatically, thus, it was 

confirmed that the developed technique worked 

appropriately. 

2. The rules for improving printing quality from the 

optimization results of the character were extracted and 

applied to the characters “3” and “5.” It was revealed that 

the extracted rules effectively improved the printing 

quality of the characters as well. 

3. The developed technique can be used to determine the 

printing control method of CIJPs. 
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