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Abstract
In this paper, we explore both the physical and mathematical

models of electrostatic adhesion. Addressed topics include, re-
view of the dipole and analytical field expansion models of adhe-
sion, addition of an applied field in the analytical model for elec-
trostatic detachment, parametric studies of adhesion and detach-
ment, and analysis of the model for non-uniform particle charge
distribution.

Introduction
Toner adhesion affects development, transfer, and cleaning,

and thus, it a significant issue in electrophotography [1]. Dis-
crepancies between predictions and measurements have ignited a
debate over toner particle adhesion. An understanding of both
electrostatic and non-electrostatic components of adhesion signif-
icantly benefits the development of electrophotographic printing
systems and also have implications to other powder processing
industries.

Chemically processed toners used in electrophotographic
printing are fairly uniform micro-particles with repeatable and
predictable ability to become electrostatically charged. Present
toner particles made for office printing systems are generally 5
to 7 μm in diameter, composed of a resistive polymer base and
an outer coating of small silica additives to reduce cohesion and
improve system performance. Significant controversy has arisen
as to the relative magnitude of the electrostatic forces as com-
pared to the Van der Waals or dispersive forces also acting on the
particles. Measurement of adhesion in toner has taken multiple
forms, including ultracentrifuge, electrostatic removal, microcan-
tilever testing, and blow-off devices [2]. All of these methods
have indicated forces on the order of 10x what would be predicted
from a simple Coulombic attraction model to a substrate [3]. Re-
cent experimental studies aim to understand the electrostatic and
non-electrostatic mechanisms of adhesion as well as the relation-
ship between the mechanisms [2, 4, 5]. In this correspondence,
we further explore both the physical and mathematical models of
electrostatic adhesion.

Electrostatic Force Models
In toner transfer, particle detachment is accomplished pri-

marily by electrostatic forces. The substrates considered herein
are intermediate transfer belts. Intermediate transfer belts gener-
ally have complex charge transport mechanisms, but for practical
purposes, their electrical properties can be summarized by bulk
electrical characterization measurements [6]. These belts are elec-
trically semi-insulating, but behave as image planes as long as the
time between toner attachment and detachment is longer than the
electrical relaxation time. The simple Coulombic attraction model
assumes a uniform charge distribution on a single spherical par-

ticle with unity dielectric constant resting on an image plane. In
this situation, the adhesion force is given by

F0 =
Q2

16πε0R2 (1)

where Q is the total charge, R is the particle radius, and ε0 =
8.85 · 10−12 F/m is the permittivity of air. Several modifica-
tions to this model have been made which increase the predicted
electrostatic adhesion. First, it has long been suspected that non-
uniform charge distribution on a toner particle increases adhesion
force [7]. Second, the effect of dielectric polarization has been
studied analytically [8], and the inclusion of a dielectric constant
of ε = 3 gives about 50 % enhancement over F0 for a single spher-
ical particle [9]. Third, considering multiple particles in the at-
traction model can give a 5 to 7x enhancement over F0. Finally,
the proximity force yields an enhancement of 1+ 4/π ≈ 2x as
compared to F0 and is due to the discrete nature of charge [10].
Recently, it was shown that inclusion of dielectric polarization,
multiple particles, and non-uniform charge together in a single an-
alytical model can account for nearly a 10x increase over F0 [9].
These results explain how electrostatic interactions between be-
tween multiple, non-uniformly charged dielectric micro particles
and a substrate can explain the order-of-magnitude difference be-
tween measurement and theory [11]. In this section, we explore
both the full analytical field expansion model and the dipole ap-
proximation [11, 12].

Dipole Model
For polarizable particles, interactions between the monopole

and dipole response is often modeled by

Fd =−α
q2

16πε0R2 +βqE0 − γπε0R2E2
0 , (2)

where the dimensionless coefficients α , β , and γ are often used
to fit experimental data [13]. Using a dipole approximation, the
coefficients in Eq. (2) can be approximated by [12]

α ≈ 1+
1
2

ξ +
3

32
ξ 2 (3a)

β ≈ 1+
1
2

ξ +
3

16
ξ 2 (3b)

γ ≈ 3
2

ξ 2, (3c)

where ξ = (ε − 1)/(ε + 2) is the Clausius-Mossotti factor. The
dipole approximation is more accurate when either the particle is
weakly polarizable (i.e. ε is close to one) or when the distance be-
tween the particle and the substrate is large. Because of this, the
model may be useful, but the values may significantly differ from
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the exact solution in adhesion and detachment studies. While this
model is approximate, the analytical model previously presented
in Refs. [11, 9] is an exact solution for the force on a charged
spherical particle near an image plane as the number of spheri-
cal modes N approaches infinity. In other words, by increasing
the number of terms in the summation, one can achieve a desired
precision. The analytical model has been expanded to include a
z-directed applied electric field E0. This uniform field has been
added by expansion in the spherical basis and can be used in de-
tachment studies [12]. Such parametric studies reveal interesting
physics of particle adhesion and detachment.

Analytical Expansion Model
The exact model of multiple spherical particles in an applied

field is obtained by application of the multi-scattering technique
to electric fields. The surface charge density on particle j is ex-

panded in the spherical basis and defined by the coefficients α( j)
nm ,

ρ( j)
s (θ ,φ) =

N

∑
n=0

n

∑
m=−n

α( j)
nm P|m|

n (cosθ j)e
imφ j . (4)

In previous studies [9, 11, 12], φ symmetry of the surface charge
ρs limited the nonzero values of the coefficient to αn0. Here, this
restriction is lifted such that, in general, αnm are all nonzero coef-
ficients determined by mode matching with the input charge dis-
tribution. Also, a uniform applied electric field E0 is given by the
potential ψ0(r j,θ j,φ j)≡−E0z so that

ψ0(r,θ ,φ) =
N

∑
n=0

n

∑
m=−n

γ( j)
nm rn

j P
|m|
n (cosθ j)e

imφ j , (5)

where γ( j)
nm = 0 except for γ( j)

10 =−E0. The potential internal and
external to particle j is expanded in the spherical basis and are
given by

ψ int (r,θ ,φ) =
N

∑
n=0

n

∑
m=−n

A( j)
nmrn

j P
|m|
n (cosθ j)e

imφ j (6a)

ψext(r,θ ,φ) =
N

∑
n=0

n

∑
m=−n

[
B( j)

nmr−(n+1)
j +W ( j)

nm rn
j

]

× P|m|
n (cosθ j)e

imφ j . (6b)

The coefficients give the magnitudes of the spherical modes in-

ternal to particle j (A( j)
nm), external to the jth particle due to scat-

tering from particle j (B( j)
nm), and external to the jth particle due

to all other sources besides particle j (W ( j)
nm ). The mode coeffi-

cient W ( j)
nm =∑k L( jk)

nm +γ( j)
nm , therefore, includes scattering from all

other particles, all particle images, and the applied electric field.
A unique solution is obtained by invoking a translational theo-
rem [14] and the boundary conditions at the surface of each parti-
cle. Details of the electric field expressions, boundary conditions,
and solutions for the expansion coefficients have been previously
reported [9, 11].

The total force on each particle can be obtained by direct ap-
plication of any variation of electromagnetic force density [15] or,
equivalently, by integration of the the Maxwell stress tensor [16].
The force on each particle has been shown to reduce to a simple
sum of it’s mode coefficients [17]. Here, we choose to numeri-
cally integrate the stress tensor to determine the force density and

torque on the particle. The local electrostatic surface force den-
sity f̄ (r̄) in [N/m2] at each point along the surface of a particle
is determined by the divergence of the Minkowski stress tensor
across the boundary [18, 19]. The local electromagnetic moment
density is μ̄(r̄) = r̄′ × f̄ (r̄) in [N/m], which is computed by taking
r̄′ as the moment arm measured from the center of the particle to
the surface. The total electromagnetic force F̄ in [N] and torque
τ̄ in [N ·m] are determined by numerical integration of the force
density and moment density, respectively [20].

Discussion of Adhesion and Detachment
In the following discussion, the exact analytical solution of

electrostatic forces for spherical particles above an image plane is
applied to illustrate the physics of particle adhesion and detach-
ment in an applied field. We also include calculations of torque
on a non-uniformly charged particle to aid in the discussion of
the physical model which leads to a 10x enhancement in adhesion
force over F0 [9, 11].

Effect of Charge, Size, and Applied Field
Figure 1 shows typical plots of the z-directed force versus

applied electric field. The dependence is nonlinear [12], in agree-
ment with experiment [13]. For the case of a weakly charged
6 μm particle in Fig. 1 (a), the electrostatic adhesion force, that
is the force holding the particle to the substrate under zero ap-
plied field, is very small. However, the maximum detachment
force is also small. It reaches a maximum value of just a cou-
ple of nN at about an applied field of E0 = 3 V/μm. This means
that if the non-electrostatic component of adhesion is greater than
a few nN’s, this particle cannot be removed by an electrostatic
field. Higher applied fields actually reverse the electrostatic force
and produce an attachment force. Although the dipole approxi-
mation does not fit the curve with a great deal of accuracy, the
general shape of the approximate curve agrees, and we can use
monopoles and dipoles to describe the physics [12]. First, the low
field region of particle adhesion is dominated by Coulombic at-
traction between the particle charge and its image as well as the
charge and image induced dipole with its dipole image. Second,
under moderate field, the field induced dipole starts to cancel the
charge induced dipole in the particle and image. Here, the qE0
force and Coulombic attraction of the charge and its image oppose
each other. As the applied field becomes larger, the field induced
dipole becomes very strong and attraction between this dipole and
its image causes the force to reach a maximum. Eventually, this
attractive force between the field induced dipoles dominates, and
the force on the particle becomes negative, attracting the parti-
cle back to the substrate. For the highly charged particle plot in
Fig. 1 (b), the detachment force maximum is shifted far to the
right (not shown). However, the effect of the charge and applied
field induced dipole is evident. Since the adhesion force is about
Fa = 50 nN, it would be reasonable to assume that an applied field
of E0 = Fa/Q = 50nN/10 fC = 5V/μm would be required to just
bring the electrostatic force to zero. However, the electrostatic
force actually crosses zero at about 3 V/μm, indicating a detach-
ment force for fields just greater than this value. This explains
why transfer of toner occurs at fields smaller than predicted by
the simpler equation Fa/Q, where Fa is the adhesion force under
zero applied field.

Figure 2 shows the relationship between the z-directed force
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Fz and the ratio of particle charge to diameter squared (Q/D)2.
The three cases shown are for (a) E0 = 0 V/μm, (b) E0 = 1 V/μm,
and (c) E0 = 10 V/μm with the uniform surface charge density
held constant at ρs = 1 nC/cm2. In all three cases, the relation-
ship is linear. However, the slope of the linear relationship varies
according to the applied field. When the applied field is zero, and
the particle becomes more attached as Q/D is increased. How-
ever, when an electric field of E0 = 1 V/μm is applied, the par-
ticle becomes more detached with increasing Q/D. The reason
for this can be seen in Fig. 1 (a); moving from E0 = 0 V/μm
to E0 = 1 V/μm crosses the horizontal axis from negative Fz to
positive Fz. Fig. 2 (c) shows that the slope once again becomes
negative under the load of an increased applied electric field. The
dipole approximation fails in this case as the sign Fz and even the
sign of the slope are incorrectly predicted to be positive.

Effect of Non-uniform Charge on Adhesion
In printer systems, recharging typically occurs to the top of

the particle by electrostatic breakdown of air during the passage of
toner on an intermediate transfer belt through additional transfer
nips. Such recharging commonly occurs post-nip due to Paschen
discharge at downstream first transfer stations in color transfer
systems. This results in toner which has been transferred to an
intermediate belt having additional charge on the air side of the
toner particles post nip. Such charge imbalances can result in a net
torque on the particle causing a spherical particle to rotate so that
majority of charge will be oriented closest to the image plane [21].
The chemically processed toners typically have a mean circularity
very near one. In previous adhesion measurement experiments,
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Figure 1. Electrostatic force Fz on a single particle versus applied ẑ-directed

electric field E0 for a 6μm diameter particle with dielectric constant ε = 4. The

charge on each particle is (a) Q = 1 fC and (b) Q = 10 fC. The solid lines

indicate calculations from the analytical expansion [11, 9], and the markers

give calculations using Eq. (2). N = 10 modes were used in the analytical

expansion.

the charge is increased by adjusting the first transfer voltage on
downstream first transfer rollers [2, 4, 5]. As the analytical ex-
pansion model is applied here, a toner particle is assumed to be
charged uniformly to some base charge density ρ0. Additional
charging occurs via a uniform ion stream which impacts only the
exposed top half of the particle. Because the particle is spherical,
the resulting additional charge distribution Δρ on the top half will
be a cosine function with respect to the zenith angle. The charge
on the top of the particle (0 < θ < π/2) is then described by

ρ = ρ0 +Δρ cos (θ ) (7)

and ρ0 on the bottom of the particle (π/2 < θ < π), where θ is
the usual spherical coordinate. This charge distribution is used to
study force and torque on the particle as a function of rotations
about the y-axis. This charge distribution is shown in Fig. 4 along
with rotations of 0◦, 45◦, 135◦, and 180◦.

The analytical expansion model was used to compute the
fields under various rotations of a single non-uniformly charged
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Figure 2. Electrostatic force Fz on a single particle versus (Q/D)2. The

applied ẑ-directed electric field is (a) E0 = 0, (b) E0 = 1 V/μm, and (c)

E0 = 10 V/μm. The calculations are based on a constant surface charge

density ρs = 1 nC/cm2 on particles with dielectric constant ε = 4 and varying

diameters D = 2R. The solid lines indicate calculations from the analytical

expansion [11, 9], and the markers give calculations using Eq. (2). N = 10

modes were used in the analytical expansion.
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particle resting on a substrate. The force and torque were com-
puted by numerical integration using the stress tensor method as
previously described [15, 16, 18, 19, 20]. Figure 4 (a) shows an
example calculation of force on a particle versus rotation angle.
As the particle rotates, both Fx and Fy remain zero, and Fz in-
creases as the bulk of the charge distribution reorients closer to
the substrate. Figure 4 (b) gives the torque on the same parti-
cle. The torque is in the y direction. τy is zero at 0◦ and 180◦,
but reaches significant positive values for angles in between. This
indicates that the particle will tend to rotate so that the major-
ity of the charge distribution will be located at the substrate. In
other words, the rotation angle θ = 0◦ is a nonstable equilibrium,
and the rotation angle θ = 180◦ is a stable equilibrium. Under
such non-uniform charge distribution, the particle will tend to re-
orient to the stable equilibrium state. This reorientation due to
nonuniform charge has been determined to be a factor in bridging
the order-of-magnitude gap between theory and measurements of
particle adhesion [11].

Conclusions
In conclusion, the analytical expansion model of charged

spherical particle force has been applied to analyze the physics
of electrostatic attachment and detachment in an applied static
field. Although a linear response model is used for the materi-
als, the particle-substrate interaction force is a nonlinear function
of the applied field. There is a maximum detachment force which
can be obtained by applying an electric field for a given adhered
particle. The applied electric field required to offset the electro-
static adhesion force of a charged particle is less than the adhesion
force divided by the particle charge. This is due to the effective
canceling of the dipole moment by the applied field. The exact
mathematical solution of a charged sphere above an image plane
was used in the analysis. This analytical expansion model was
used to evaluate the effectiveness of the dipole approximation.
While the dipole approximation is very useful in describing the
physics of particle attachment and detachment, the quantitative
results are poor in many instances. Finally, we provide mathe-
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Figure 3. Surface charge density on toner particles for various rotations

about the y-axis. The color map indicates the charge density in nC/cm2.

From top to bottom, the rotations are 0◦, 45◦, 135◦, and 180◦.

matical and physical reasoning for the nonuniform charge distri-
bution applied to toner particles in the electrophotographic pro-
cess. This model results from post-nip ionic charging at transfer.
The result of this charging is a non-uniform surface charge dis-
tribution that causes the particle to reorient under an electrostatic
moment. This non-uniform charge model is a factor in bridging
the order-of-magnitude gap between particle adhesion theory and
experiments.
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