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Abstract
Jet breakup is strongly affected by fluid rheology. In par-

ticular, small amounts of polymer can cause substantially differ-
ent breakup dynamics compared to a Newtonian jet, influencing
in-flight fragmentation and detachment from the nozzle. Signif-
icant concentrations may also impede jettability. Furthermore,
most commercial and industrial inks are inherently colloidal due
to the presence of pigment and other additives. Fluids contain-
ing a particulate phase are normally shear-thinning and so may
have a different characteristic viscosity within the nozzle com-
pared to the ejected ligament. We have developed numerical sim-
ulations using a Lagrangian finite element method that captures
the free surface automatically, and admits a variety of viscosity
dependences, e.g. on the local shear rate (generalized Newtonian
fluid) or on the particle concentration (Krieger-Dougherty type
models), in addition to several viscoelastic models for polymeric
fluids. This method has been benchmarked against experimen-
tal data for Newtonian jets. Appropriate rheological models are
discussed, and results are presented alongside comparisons with
experimental work.

Introduction
Among the major challenges in contemporary inkjet research

are the enhancements of the speed, resolution, and material diver-
sity of the process in order to broaden the range of industrial and
commercial applications. These challenges may be addressed in a
number of ways depending on the extent to which each constituent
part of the process may be modified, for example, by changing the
nozzle shape or the drive waveform, or by adjusting the (Newto-
nian) fluid properties of the ink. Another approach is to exploit
non-Newtonian fluid effects, and this has led to several new ap-
plications of inkjet technology [1]; viscoelasticity can profoundly
influence jetting behaviour [2] [3], as can the presence of a partic-
ulate phase [4] [5].

In a drop-on-demand (DOD) inkjet printer, each drop is
formed by ejecting an individual ligament of ink from a nozzle;
the ligament subsequently either disintegrates into a large main
drop and a series of smaller ‘satellite’ drops, or, preferably, con-
tracts to form a single drop, before impacting on the printing sub-
strate. The fate of the ligament depends on the speed of printing
and on the ink viscosity and surface tension (i.e. the Reynolds,
Weber, and Ohnesorge numbers of the flow) which control its rate
of thinning [6].

Experimental studies of DOD printing are challenging due to
the small scales and high speeds involved (a typical nozzle size is
50 µm in diameter with drop speeds of 5 m s−1 or above) and the
inaccessibility of the flow within the printhead. Recent work has
concentrated on controlling ligament lengths and satellite forma-
tion [7] [8] [9], reducing drop size [10], and emulating the flow
with larger-scale apparatus [11]. Numerical methods have been
used to investigate slow pendant drop formation [12] [13] and

industrial-speed jetting [14].
The introduction of a polymeric component, even at a low

concentration, may significantly alter the breakup behaviour of a
fluid thread [15]. Indeed, capillary thinning flows have been used
to provide fluid rheometry [16] and to establish the validity of
numerical methods [17]. Elasticity accelerates the growth of the
capillary instability, but prolongs the lifespan of a thinning thread
[2]; the thread thins at an exponential rate while the polymer
stretches [18], before breaking when finite extension is reached
[19]. During its thinning phase a viscoelastic thread may develop
the ‘beads on a string’ structure [20]. In DOD jetting a variety
of breakup types have been observed depending on the concen-
tration and molecular weight of the polymer [21] [22] [23]; these
have been reproduced qualitatively in simulations [24].

Shear-thinning fluids may also exhibit different thinning
rates to the purely Newtonian case [25] [26]. Fluids with a partic-
ulate phase are generally shear-thinning, and as most inks contain
either pigment or other additive particles, their rheological char-
acterization [27] [28] is of great importance in understanding and
manipulating their jetting behaviours [29]. The shear rates in the
nozzle and the thinning ligament may differ by an order of magni-
tude, and advantage may be taken of this to optimize the effective
viscosity of the ink at each stage. Experiments on pendant drop
formation of particle suspensions have shown the potential to re-
duce satellite numbers [4] [5].

In this work we consider the inverse problem of designing
an ‘ideal ink’ based on common industrial requirements. We use
a Lagrangian finite element method to simulate DOD printing of
shear-thinning and polymeric fluids with the aim of understanding
the influence of rheology and making quantitative improvements
in printing quality.

Formulation
The simulations use a Lagrangian finite-element method first

developed for the study of creeping flow of dilute polymer solu-
tions [30]. The method has since been extended to inertial flows
and has been applied to inkjet printing of Newtonian and vis-
coelastic fluids [11] [24] [31]; details of the computational algo-
rithms may be found in these references.

The shape of the printhead nozzle used in the simulations
is identical to that in reference [24], which may be considered a
companion paper to the present work; the dimensions are based
on those of a Xaar 126 printhead with a nozzle radius R = 25µm.
At the nozzle inlet a time-dependent velocity boundary condition
is imposed in the form of a ‘pull/push/pull’ drive waveform of
approximately 30µs duration; see [24] for further details. In this
work we retain the nozzle shape and the drive waveform as con-
stants throughout, except for an overall amplification of the wave-
form in order to attain the required drop speed U = 6m s−1. As a
consequence of this amplification, the total volume of ejected ink
is not fixed.
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For a Newtonian fluid of density ρ , viscosity μ , and sur-
face tension γ we define the Reynolds number Re = ρUR/μ ,
the Weber number We = ρU2R/γ , and the Ohnesorge number
Oh = μ/

√
ργR =

√
We/Re; the values of these dimensionless

quantities determine the relative importance of competing fluid
dynamical effects in the flow. Here we keep density and surface
tension constant, with We = 27, and we vary viscosity (hence Re
and Oh); typical values are Re = 13 and Oh = 0.40 for a real ink.
Alternative choices of scalings can result in different dimension-
less groupings [6]. For flows without an externally imposed ve-
locity scale it is common to define a capillary time tc =

√

ρR3/γ
as the relevant timescale for inertio-capillary breakup [20]. Our
timescale is the ratio of length and velocity scales, T = R/U , and
this is related to the capillary time by tc/T =

√
We.

Gravity is negligible on the lengthscales considered in this
study. Drag due to air resistance was also neglected in the sim-
ulations, as were temperature variations. We assume that the jet
is axisymmetric, so that it may be fully described by a cylindrical
coordinate system {r,θ ,z} with all flow variables independent of
θ . The origin is taken as the centre of the nozzle outlet, and the
fluid is initially at rest.

The boundary conditions at the free surface are those of zero
shear stress and the pressure jump due to surface curvature,

n̂ ·σ · t̂ = 0 ,
[

σ · n̂]jet
air = − 1

We

(

1
R1

+
1

R2

)

n̂ ,

where σ is the dimensionless stress tensor, n̂ is the unit outward
normal to the interface, t̂ is the unit tangent in the rz-plane, and R1
and R2 are the principal radii of curvature. External air pressure
is neglected. Symmetry conditions on the z-axis are ur = 0 and
σrz = 0, and conditions of no-slip are applied at the rigid interior
printhead boundaries. The contact line between the free surface
and the printhead is held pinned at the nozzle edge throughout.

The location of the free surface at each time-step is deter-
mined implictly via a kinematic condition. In the simulations this
is realized automatically, since the mesh is Lagrangian and the
mesh nodes are advected with the local fluid velocity.

Fluid models
The governing equations are the conservation of momentum

and mass, given in dimensionless form by

Du
Dt

= ∇ ·σ , ∇ ·u = 0 , (1)

where t, u, and σ are the dimensionless time, fluid velocity, and
stress respectively. For a Newtonian ink, the stress tensor is

σ = −pI+
2

Re
E = −pI+

1
Re

(

∇u+(∇u)T
)

, (2)

where p is pressure and E is the rate of strain tensor; together
Eqs. 1 and 2 are the Navier-Stokes equations.

Viscoelastic fluid models have an additional term in the
stress tensor; in this work we consider dilute polymer solutions
represented by a single-mode FENE-CR model based on a sus-
pension of dumbbell molecules which react as finitely extensible
springs [32]. The dimensionless stress tensor for this fluid is

σ = −pI+
1

(1+c)Re
(2E−c

�
A) , (3)

where A is a symmetric structure tensor which evolves in time as

�
A≡ DA

Dt
−A·∇u−(∇u)T ·A =− 1

Wi

(

L2

L2 −Trace(A)

)

(A−I) .

Here L is the dumbbell extensibility and Wi is the Weissenberg
number, which measures the polymer relaxation time τ against the
characteristic flow timescale T = R/U , i.e. Wi = τ/T . In Eq. 3 the
viscoelastic parameter c may be interpreted as a measure of the
concentration of dumbbell molecules [24]. The viscosity in the
Reynolds number is then the steady shear viscosity μ = μs(1+c),
where μs is the solvent viscosity. The FENE-CR fluid does not
shear-thin.

To investigate shear-thinning effects, we also consider a gen-
eralized Newtonian fluid model for which the viscosity depends
on the local shear rate γ̇ =

√
2E : E via a response function η .

The stress tensor is

σ = −pI+
2

Re
η(γ̇)E .

In particular we use the Carreau fluid model [33], which describes
a smooth transition from a zero shear rate viscosity μ0 to a limit-
ing infinite shear rate viscosity μ∞. The response function is:

η(γ̇) = β +(1−β )
(

1+(αγ̇)2
)(n−1)/2

, (4)

where β = μ∞/μ0, α is a constant associated with the onset of
shear-thinning, and n is an index which determines the degree
of shear-thinning in the transition; throughout this work we set
n = 0.3. The viscosity in the Reynolds number is the zero shear
rate viscosity μ0.

In addition to the models discussed above, we have consid-
ered several other viscoelastic fluid models and also a colloidal
model with viscosity dependence on local particle concentration
(cf. Krieger-Dougherty); results are omitted here for brevity.

Shear-thinning results
As our numerical method has already been validated for

Newtonian DOD inkjet flows [11] [14] we omit benchmarking
details here and proceed directly to the consideration of non-
Newtonian effects. The Carreau function η , as defined in Eq. 4, is
graphed in Fig. 1 for six values of α (2.4, 4.1, 7.2, 13, 24, and 72,
from right to left respectively) with β fixed at 0.06 and Re = 3.4,
Oh = 1.6. Other Carreau fluids with different values of β (i.e. μ0
and μ∞) were also considered, but results are not included here.
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Figure 1. The Carreau fluid response function η(γ̇) for six values of α .
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The two vertical lines plotted in Fig. 1 represent characteris-
tic values of the dimensionless shear rate during key stages of the
flow. The right-hand line (γ̇ = 4) is an approximate maximum rate
in the nozzle (achieved during the ‘push’ phase of the driving),
and the left-hand line (γ̇ = T/tc) is an estimate of the relevant
shear rate during the capillary thinning of the ejected ligament.
The interval between the two lines corresponds to the range of
shear rate variation during the critical stages of ligament ejection
and breakup.

Each of the six Carreau fluids was simulated, with the value
of the drive amplification factor being calibrated to attain the re-
quired drop speed in each case. By comparing these amplification
values to those required by Newtonian fluids, we define an ef-
fective ‘printing viscosity’ for each shear-thinning fluid. Results
are shown in Fig. 2; the x-coordinates of the shear-thinning data
points (squares) are Ohnesorge numbers based on these printing
viscosities, which may be considered as empirical measures of
resistance to jetting.
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Figure 2. Drive amplification necessary to attain the required drop speed.

Amplification factors for a spectrum of Newtonian inks with
Ohnesorge numbers between 0 and 1 are shown as circles in
Fig. 2. The Newtonian data is roughly linear in Oh apart from a
jump after the first four data points (the least viscous fluids); this
jump corresponds to a transition in the breakup pattern. In the
four least viscous cases the ligament breaks up early into a main
drop, a large satellite of comparable volume, and several smaller
satellites, whereas in the more viscous cases the large satellite is
not formed as the extended ligament lifetime is sufficient for the
equivalent part of the fluid to merge with the head of the liga-
ment prior to pinch-off, significantly increasing the volume of the
main drop and also slowing it down, so that greater amplification
is needed to attain the required printing speed.

The same transition in breakup can also be seen in Fig. 3,
which shows the distribution of drop volumes (main drop and ma-
jor satellites), on a logarithmic scale, for each of the fluids con-
sidered. Minor satellite drops with smaller volumes have been
ignored in the analysis. As discussed previously, the four least
viscous Newtonian cases produce a very large satellite drop, while
in the more viscous cases a substantially larger main drop is ob-
served.

It should be noted that for the purposes of this study we did
not incorporate any collisions or coalescence of drops after lig-
ament breakup. In some of the simulations it was apparent that
such collisions would occur, which could potentially result in mi-
nor alterations to the drop volume distributions in Fig. 3. How-
ever, our main focus in this work is to consider non-Newtonian

effects on the flow dynamics prior to ligament breakup.
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Figure 3. Distribution of drop volumes (main drop and major satellites).

Data for the six Carreau fluids are also included in Fig. 3,
again using the Ohnesorge numbers based on their effective print-
ing viscosities (as in Fig. 2). For the lower values of Oh, the
distribution of drop volumes is similar to the adjacent Newtonian
cases. However, for the two largest values of Oh there is a qual-
itative difference in the breakup pattern: rather than a series of
five or six medium-sized satellite drops (as seen in the neighbour-
ing Newtonian cases), we find instead that only one or two sig-
nificant satellites are formed. In addition the main drop size is
increased, but only marginally. The reduction in the number of
satellite drops for these cases is not an anomaly; by design, the
Carreau fluids exhibit a slower rate of capillary breakup than the
nearest Newtonian cases due to their relatively higher viscosity
at the shear rates encountered in the ligament thinning phase of
the printing, and consequently pinch-off is suppressed and fewer
satellites are produced.

The extent to which such a reduction in satellite numbers
may be considered an improvement in an industrial context de-
pends on the details of any particular application, but typically it
is desirable to suppress the ‘quantity’ of satellites, both in the dis-
crete sense (as discussed above) and in the continuous sense as
follows. For a given printing speed, a simple measure of print-
ing efficiency (or quality) may be defined as the proportion of the
total ejected ink which is ultimately contained within the main
drop. Although fewer satellites are produced in the more viscous
Carreau cases, it is not immediately clear from Fig. 3 whether the
efficiency is increased relative to the Newtonian cases because the
major Carreau satellite is of greater volume than any of the corre-
sponding Newtonian satellites.

The situation is clarified by Fig. 4: the printing efficiencies
of the two most viscous shear-thinning fluids are indeed signifi-
cantly higher than any of the Newtonian cases. This constitutes a
quantitative improvement in printing behaviour, in addition to the
qualitative change in satellite distribution. In contrast, the four
other Carreau fluids show relatively lower efficiencies, indicating
a strong non-Newtonian influence on the printing outcome.

The efficiency for Newtonian fluids initially increases with
viscosity before reaching a plateau of around 80%. Again there
is a significant jump at around Oh = 0.25, after the first four data
points, as a result of the transition in breakup dynamics described
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Figure 4. Efficiency : proportion of total ejected ink within the main drop.

earlier. It should be emphasized that the results presented here
conform to an externally imposed restriction on the speed of the
main drop, which is a realistic requirement in many inkjet ap-
plications. If this requirement is relaxed, the proportion of ink
in the main drop can be increased significantly above the values
shown in Fig. 4 even in the Newtonian case, but at the expense
of a drastically slower printing speed. However, using the same
shear-thinning fluids as described earlier, we have found it possi-
ble to achieve up to 100% efficiency at an intermediate printing
speed (results not shown here); further exploration of the Carreau
model parameter space is ongoing.

Viscoelastic results
Previously our simulations of viscoelastic DOD printing

have shown qualitative agreement with jet behaviours observed
in experiments [24]. However, no direct correlation was made be-
tween the FENE model parameters and the rheological properties
of real polymer solutions. Furthermore the jetting speed was not
fixed: instead the amplitude of the drive waveform was held con-
stant, meaning that more strongly elastic fluids jetted slower or
even retracted into the printhead.

In order to establish quantitative agreement between experi-
ments and simulations of a given fluid at a given printing speed,
we apply Zimm theory to linear rheology data obtained via PAV
measurements [34] to extract ‘best fit’ values of the FENE-CR pa-
rameters [35]. Details of the Zimm analysis are omitted here for
brevity. For two solutions of monodisperse polystyrene (PS210)
in diethyl phthalate (DEP) we find L = 20 and a relaxation time
of around 20µs (Wi = 4.8), with c = 0.023 and c = 0.046 for
1000 ppm and 2000 ppm solutions respectively. In Figs. 5 and
6 simulation results (white background) are overlaid on pho-
tographs of a real DOD printhead with an array of periodically
synchronized nozzles. The close similarity between jet shapes
and lengths demonstrates the capacity of both the simulations and
the FENE-CR model to quantitatively represent viscoelastic inkjet
printing.

Conclusions and future work
Our preliminary investigations have confirmed the potential

of shear-thinning effects to positively influence ligament breakup.
For some of the cases considered the printing quality was im-
proved in the sense that the overall proportion of ink contained
within the main drop was raised significantly, while the number
of satellite drops was simultaneously reduced. These improve-
ments were achieved without compromizing on printing speed.

Figure 5. Comparison for 1000 ppm PS210 in DEP.

Figure 6. Comparison for 2000 ppm PS210 in DEP.

In the cases presented here we have enforced a fixed final
drop speed by amplifying the driving waveform appropriately, and
consequently the total amount of ejected ink is not a constant of
the printing for different fluids. However for some applications it
may be more appropriate to impose restrictions on the net ejected
volume of ink, or on the volume of the main drop, instead of or in
addition to maintaining a consistent drop speed. Further criteria of
this nature would necessitate adjustments in the shape of the drive
waveform, which could in turn result in qualitative differences
in ligament breakup patterns. Such adjustments have not been
considered in this work, as the principal aim was to isolate the
contribution of non-Newtonian fluid effects.

It remains to be established whether the implications of our
findings can be applied directly to the formulation of inks with
superior overall printing performance. At present, the Carreau
model parameter values used here are not based directly on any
real fluid measurements, and there are often practical difficulties
associated with the production of an ink designed to adhere to
a given theoretical model. In collaboration with industrial and
academic experts in the relevant fields, we hope to continue to
explore ways of achieving desirable printing consequences by ex-
ploiting rheological effects in a manner consistent with the devel-
opment of real printable inks. In addition we will undertake fur-
ther investigation of the suitability of other colloidal fluid models.

For viscoelastic fluids we have shown that it is possible to
use conventional linear rheology to characterize a given polymeric
ink, establish appropriate values of the model parameters, and ac-
curately model its jetting behaviour in simulations. This quantita-
tive validation of our method complements earlier work in which
viscoelastic inkjet printing was reproduced qualitatively [24].
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