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Abstract
We perform numerical simulations of image defect at edges

of solid images in non-contact single-component development
systems using nonmagnetic toner. Line deletion at the leading
edge of halftone images when the image is placed below a solid
pattern often occurs in development systems in which the photo-
conductor drum surface and the development roller surface rotate
in opposite directions in the development gap. This defect is ex-
amined by simulating development process in the region between
the drum and the roller. The toner movement is traced by solving
the equation of motions for toner particles. The Green function
approach is used to calculate the electric Þeld in the gap. An efÞ-
cient numerical method is applied to integrate the Green function
over charge distributions over the photoconductor with numerical
stability.

Introduction
In single component development systems edges of solid im-

ages are one of the most frequent sources of image defects. This
is because there is an abrupt change of the charge density on the
photoconductor at the edges of solids so that electric Þeld lines
originating from one side near the edges on the surface of the pho-
toconductor cannot connect the photoconductor and the electrode
(or development roller) but bridge back to the other side of the
edges on the photoconductor. Defects which often occur at edges
are slow toner, line deletion, dark solid edges, etc [1, 2, 3, 4]. In
this paper we are concerned with one such defect in a non-contact
single component development system using non-magnetic toner
where triboelectriÞcally charged toner particles jump between the
photoconductor drum and the development roller for the devel-
opment of images onto the drum. Though deleted lines occur at
edges of a solid in many implementations of electrophotographic
systems, they could appear wider at the leading edge of halftone
images placed below the solid images (see Fig. 1) when the drum
and the roller rotate in the same angular direction such that their
surfaces move in opposite directions in the development gap.

We examine the image defect by simulating the toner move-
ment in the gap in two dimensions. To trace toner particles the
equation of motion is constructed with three force terms: elec-
trostatic force, Stokes viscous force, and random force. To cal-
culate the electric Þeld between the drum and roller the Green
function is found and is integrated over the charge distribution on
the photoconductor. For those integrations a numerical method is
developed which can give results of any accuracy with numerical
stability.

Electric Field
The electric Þeld between the photoconductor drum and the

development roller for a non-contact development system will be

calculated in a two dimensional geometry of the development gap.
Photoconductor drums and development rollers are metallic cylin-
ders coated with photoconductor and rubber, respectively. Here,
the drum and the roller are assumed to be inÞnitely long cylinders,
and the conformal transformation method will be used to Þnd the
electric Þeld in the gap between the two inÞnitely long cylinders.
The dielectric properties of the photoconductor will be ignored by
using the dielectric thickness for the photoconducting layer, and
similarly for the development roller. With a surface charge distri-
bution on the photoconductor, the electric Þeld in the gap can be
obtained as a sum of a homogeneous solution and an inhomoge-
neous solution of the Poisson equation for the conÞguration. One
can easily Þnd the homogeneous solution [5, 6]. The Green func-
tion is Þrst calculated and is integrated over the surface charge
density on the drum to Þnd the inhomogeneous solution.

As the drum and the roller are considered as two circles in
complex z plane (see Fig. 2), the two circles can be conformally
transformed into two concentric circles in complex t plane. The
transformation can be represented as [5]

reiθ + ct =
1

ρeiφ + cz
, (1)

where ρ and φ are polar coordinates with respect to the center
of the circle for the drum and real axis in z plane and cz is the
distance from the coordinate origin z = 0 to this center. r, θ and
ct are similarly deÞned with respect to the concentric center in t
plane. With the two concentric cylinders one can Þnd the Green

Figure 1. A deleted line of about 1mm width at the leading edge of a

halftone image below a black solid in a system in which the surfaces of the

photoconductor drum and the development roller rotate in opposite directions

in the development gap. The development proceeds from top to bottom.
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Figure 2. The circles for the photoconductor drum and the development

roller. The outer radii of the drum and the roller are 30mm and 16mm, re-

spectively, with a photoconductor layer of thickness 21µm on the drum and a

rubber layer of 1mm on the roller. The dielectric thicknesses for the two layers

are used in the calculations. The gap is 200µm, which is exaggerated in the

Þgure.
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where the notational convention in Ref. [7] is used for r< and
r>, and r1,r2 are radii for the drum and the roller in t plane, re-
spectively. The real Green function G(r,r′) can be analytically
continued into the complex Green function G(t, t ′) in t plane. The
differentiation of G(t, t ′) gives the electric Þeld as a function of
complex t: for r < r′
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The electric Þeld Eq. (3) and Eq. (4) from a single charged
particle source have to be integrated over the surface charge den-

sity on the photoconductor to obtain the Þeld for the charge den-
sity. This requires the integration of each term in Eq. (3) and (4)
over the charge density with respect to coordinate φ with ρ Þxed
at the drum radius. When one assumes that the charge distribution
consists of step functions only, these integrals result in the form,

Im =
∫ φ2

φ1

Cm
(

A+
1

Reiφ +B

)m
dφ , (5)

where R is the radius of the photoconductor drum, and A, B, and
C are complex constants. It can be shown that the integrals Im in
Eq. (5) satisÞes a three-term recurrence relation,

Im −
(
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B

)
Im−1 +A

(
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Im−2

= − i
(m−1)B

(
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1
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)m−1
, m = 2,3,4, · · · . (6)

Using the recurrence relation Eq. (6), one can compute the inte-
gral Eq. (5). The recurrence relation can be either stable or un-
stable depending upon the relationships among A, B, and C [8].
For the stable cases, repetitive applications of the recurrence rela-
tion Eq. (6) give the integral Eq. (5). For the unstable cases, one
can diagonalize the tridiagonal matrix constructed from the recur-
rence relation to obtain Im, which is numerically stable. Thus, in
either case the integral Eq. (5) can be computed with numerically
stable methods, which allows one to evaluate Eq. (5) to any given
accuracy. Using the methods described above we Þnd the electric
Þeld for the development gap between the photoconductor drum
and the development roller. Fig. 3,4,5 show electric potential and
electric Þeld lines obtained from this method.
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Figure 3. Electric potential at 5µm from the drum for an image of a line of

10mm thickness on the photoconductor with the line center at the position of

the smallest gap. The low and high potential areas on the photoconductor

have the surface charge densities equivalent to -700V and -100V in inÞnitely

extended free space, and the shaft of the development roller has the bias

voltage of -1100V. 1000 data points are obtained from calculations to plot the

graph.

Equation of Motion
To simulate the movement of toner particles in the gap in

the development process, one needs to model the force which
acts on the toner particles. The force is due to many different
sources with different nature of physics. The most dominant con-
tribution comes from the electrostatic force from bias voltages of
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Figure 4. Electric potential at 5µm from the drum for images of a line of

1mm thickness and Þve dots on the photoconductor with the line center at

the position of the smallest gap. The same charge densities as in Fig .3 are

used. 5000 data points are obtained from calculations to plot the graph.

Figure 5. Electric Þeld lines for the same conÞguration as in Fig. 4. The

bottom and top arcs show parts of the photoconductor and the development

roller, respectively. The thick lines on the photoconductor surface represent

images of a line and Þve dots. The Þeld lines are drawn by starting at evenly

distributed points on the photoconductor so that the density of the Þeld lines

are not proportional to the magnitude of the Þeld.

the drum and the roller which exerts on triboelectriÞcally charged
toner. The exact calculation of the electrostatic Þeld is not easy.
One reason is that there is the large effect of charged toner on the
Þeld, which could be about as large as 30 percent of the surface
charge on the photoconductor [1], which is ignored in our calcula-
tions. There are also inßuences of viscous force, adhesion force,
friction, collisions between toner particles, etc. Any approximate
inclusion of all the sources is very complex and becomes compu-
tationally intensive. Here we apply a simple model to capture the
essence of the toner movement in the gap.

The total force which toner particles experience in the region
between the drum and the roller can be divided into two groups.
One is terms for the force which is applied to a toner particle if
there exits only one particle in the development gap. The other
is correction terms to the Þrst group of terms from the existence
of many toner particles. While one particle ßies in the gap, the
force sources are the electrostatic Þeld and the viscosity of the air.
The electric Þeld calculated with the method described above will
be used for the former and the Stokes term [9, 10] for the latter.
When a particle contacts one of the surfaces, the image force and
the Van der Waals force only are assumed to exist, which plays as
the adhesion force.

The many-particle terms have to account for collisions be-
tween toner particles through mechanical and electrical interac-

tions. These collisions occur irregularly in short time intervals.
So in stead of considering exact particle collisions, many-particle
interaction terms are simpliÞed with a random force for the col-
lisions. SpeciÞcally, random Gaussian forces will be used in the
simulations. Then, the equation of motion for each toner particle
in the gap for the development process becomes a Langevin-type
equation [11],

m
dx
dt

= qE−6πrηv+ζ (t) , (7)

where m is the mass of a toner particle, q the toner charge, E the
electrostatic Þeld calculated from Eq. (3) and Eq. (4), −6πrηv the
viscous force in the air with the viscosity of air η and the radius
of the toner particle according to Stokes� law, and ζ (t) a random
force with a Gaussian distribution. With Eq. (7) the many-particle
process of image development between the drum and the roller
is modeled as a collection of many single particle processes. The
stochastic differential equation is solved numerically to obtain the
trajectories of toner particles in the development process.

Simulation
The simulation begins with the preparations of a charge dis-

tribution on the photoconductor drum corresponding to image pat-
terns to be developed, and a layer of charged toner on the devel-
opment roller. The photoconductor has a charge distribution for
an image consisting of a solid and a halftone below the solid. The
surfaces of the drum and the roller move in opposite directions
in the gap with an alternating square development bias applied
between the drum and the roller. In the development process, par-
ticles start jumping at a certain point on the development roller
and proceed through the gap as they keep jumping according to
the equation of motions Eq. (7), until the particles settle on the
drum surface.
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Figure 6. The outward normal component of the electric Þeld on the surface

of the development roller for a solid image and a halftone image. The graph

is plotted with 3000 data points. The horizontal line at the maximum value

for the halftone is drawn for reference purpose.

From the simulations it is observed that the region in which
toner particles jump shifts for a solid image and a halftone image.
This jumping region for halftones is narrower and closer to the
position of the smallest gap than for solids. As toner particles on
the development roller approach the development gap, the electro-
static force on the particles become stronger. When the outward
normal component of the electrostatic force becomes greater than
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the adhesion force which holds the particles onto the roller, the
particles leave the surface of the roller. The reversed relation-
ship between the electrostatic force and the adhesion force on the
photoconductor drum holds when the toner jumping ends. The
outward normal component of the electrostatic Þeld on the devel-
opment roller is shown in Fig. 6. One can see from the graph that
there exists a length difference between the positions of a same
outward normal component of the electric Þeld for a solid and a
halftone on the photoconductor. This causes the starting point of
the toner jumping for halftones shifts to the deeper inside of the
development gap compared to the case of solids. One can see the
shift of the onset point of the toner jumping by comparing the two
Þgures, Fig. 7 and Fig. 8, from the simulation data.
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Figure 7. Toner jumping in the development of a solid image. The onset of

the jumping is seen in the left.
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Figure 8. Toner jumping in the development of a halftone image. The

onset point of the jumping is moved toward the center of the gap compared

to Fig. 7.

The mechanism of the line deletion can be understood with
this shift of the onset piont of the toner jumping. As the interface
of the solid and the halftone enters the development gap, the start-
ing point of the jumping shifts to the inner side of the gap. While
this shifting occurs, the leading edge of the halftone on the pho-
toconductor keeps moving away from the gap, but the toner does
not start jump until the toner reach the starting point for halftone,
when the surfaces of the drum and the roller move in opposite di-
rections. Thus, there is not sufÞcient toner to be attracted to the
leading edge of the halftone.

Summary
An image defect at an interface between a solid and a

halftone was examined by numerical simulations of the toner
movement between the photoconductor drum and the develop-
ment roller in a two dimensional geometry. The occurrence of
line deletion at the leading edge of a halftone image placed be-
low a solid was analyzed for noncontact monocompoment sys-
tems with nonmagnetic toner in which the surfaces of the drum
and the roller move in opposite directions. It was argued that the
line deletion is due to the shift of the staring point of the toner
jumping between the developments of the solid and the halftone.
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