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bstract. CIECAM02 has gained significant interest within the field
f color management for its potential in achieving uniform percep-

ual color space. However, researchers have identified difficulties in
dopting CIECAM02 directly in an International Color Consortium
ICC) workflow as the profile connection space because of the non-
inear post-adaptation response functions as well as the perceptual
haracteristic functions. In this article, we will address the slight in-
onsistency in the CIECAM02 derivation under complete illumina-
ion adaptation, and a minimized modification on the Hunt–Pointer–
stevez transformation is derived to overcome this difficulty.
urthermore, a robust computation procedure will be suggested to
lleviate certain singularities occurring in the original numerical

mplementation. Finally, we will verify our proposed implementation
nd compare with the standard procedure within the scheme of the

CC workflow. © 2008 Society for Imaging Science and Technology.
DOI: 10.2352/J.ImagingSci.Technol.�2008�52:2�020603��

NTRODUCTION
color appearance model correctly predicting all of the per-

eptual color attributes, such as hue, brightness, and
hroma, is still being actively pursued by many scientists and
ngineers to be able to better communicate visual perception
ith one another.1 With the current rapid advances in image

apture and display technologies, such a model is even more
ritical to ensure the inter-operability among all equipment.
he current international standard supported by the Inter-
ational Color Consortium (ICC) is the latest effort to stan-
ardize the color communication specification.2 In the ICC
pecification, a color space, denoted as the Profile Connec-
ion Space (PCS), is selected from CIELAB or XYZ, and each
maging system is described by a color profile in the PCS.
he PCS is responsible to connect two different imaging

ystems: one input device and one output device.
Various color appearance models have been proposed

ver the years, such as CIELAB, the Hunt model, the RLAB
odel, and the latest CIECAM97s and CIECAM02 models.1

IECAM02 is considered to successfully accomplish two ob-
ectives: ease of use and offering comprehensive predictions
f all attributes of color perception.3 One advantage of
dopting CIECAM02 over CIELAB is that the predicted hue

eceived Feb. 20, 2007; accepted for publication Nov. 26, 2007; published
nline Apr. 2, 2008.
d062-3701/2008/52�2�/020603/6/$20.00.
ngle is better aligned with the perceived hue than that pre-
icted by CIELAB, especially in the blue color region.4 How-
ver, because of the adopted nonlinear post-adaptation func-
ion and nonrational definitions of perceived color
ttributes, researchers have identified several scenarios where
he forward and backward algorithms suggested by the
IECAM02 will create numerical irregularities.5,6 As a result,

pecial care has to be taken before adopting CIECAM02 di-
ectly into the future ICC workflow.7,8

In this article, we will address two issues encountered
hen adopting CIECAM02 in an ICC workflow: white point
nder the assumption of complete illumination adaptation,
nd a numerically robust backward CIECAM02 model. First,
lthough the CIECAM02 suggests a formula to estimate the
egree of adaptation, D, complete illumination adaptation is
sually the preferred choice in the current image reproduc-

ion workflow. However, under the current Hunt–Pointer–
stevez transformation defined in CIECAM02, the adapted
hite point under complete illumination adaptation as-

umption will not result in the estimated chroma being zero,
ven though it is very small, i.e., 10−5, but it is unlikely to
reate problems in actual application when adopting
IECAM02. Nonetheless, we feel that a rigorous color ap-
earance model like CIECAM02 should not produce such a
pecific prediction with respect to human perception under
omplete illumination adaptation without experimental veri-
cation in the literature. On the other hand, we also believe

hat the proposed Hunt–Pointer–Estevez transformation re-
ulted from decades of extensive research in human vision.
hus, our first objective is to make as little change as pos-

ible on the transformation matrix while imposing the afore-
entioned constraint of zero chroma. This objective will

esult in a modified formulation of the Hunt–Pointer–
stevez transformation matrix with minimized impact
y solving a simple quadratic optimization with linear
onstraints.

Second, researchers have indicated that the standard
IECAM02 inverse model has a numerical singularity when

onverting a point with chroma being zero to XYZ.5,6 Al-
hough this numerical singularity can be avoided by forcing
=b=0 at C=0, we will show that there still exist numerical

ifficulties at places with C�0 by deriving a set of necessary

020603-1
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0

onditions to achieving naturally realizable colors. We pro-
ose to solve this numerical difficulty by rearranging the
equence of the CIECAM02 backward model without com-
uting a, b, and obtain Ra�, Ga�, Ba� directly via solving a
ystem of linear equations. We will show that, although

athematically equivalent, this algorithm is more robust nu-
erically by adopting the truncated singular value decom-

osition algorithm, TSVD, in solving the 3�3 linear system
s shown in Eqs. (11) and (12) including the colors with
ero chroma by predefining a minimum singular value
hreshold.9 Moreover, this matrix formulation will provide a
oundation to derive the necessary conditions in CIECAM02
or naturally realizable color. To verify if it is possible to
xtend the current PCS in an ICC workflow to include
IECAM02, we verify our proposed algorithm in two differ-

nt routes: CIELAB�XYZ�→CIECAM02→CIELAB�XYZ�
nd CIECAM02→XYZ�CIELAB�→CIECAM02. In both
ases, the initial color spaces are sampled uniformly and
orm two three-dimensional (3D) cubic grids. The first case
tarts from the set of non-imaginary colors and identifies the
ecessary and sufficient conditions for the validity of the
IECAM02 numerical model, but the second case will test

he robustness of an inverse model with respect to imaginary
olors. We will compare two output gamuts via the standard
lgorithm and our proposed algorithm.

ROPOSED IMPLEMENTATION
he chromatic adaptation algorithm adopted in the
IECAM02 is a generalized form of the von Kries transfor-
ation. The tristimulus values are first mapped to RGB re-

ponses using the matrix transformation, MCAT02. Denote
he cone responses as R, G, B, and the degree of adaptation
s D. It can be easily shown that the RGB responses after
hromatic adaptation, Rcw, Gcw, Bcw, of the adapted white
oint under complete illumination adaptation assumption,

.e., D=1, is (100,100,100). The adapted tristimulus values
re then mapped to the optimized cone responses via the
unt–Pointer–Estevez matrix transformation:

MHPE = � 0.38971 0.68898 − 0.07868

− 0.22981 1.18340 0.04641

0 0 1
� . �1�

he resulting adapted cone responses of the adapted white
oint, Rw� , Gw� , Bw� , is (100.00001, 100, 100). This will result in
onzero opponent-type responses, a and b, of which chroma

s nonzero. Since MHPE optimizes the transformation from
ristimulus values to cone responses, our objective is to

inimize the modification of MHPE, denoted as �MHPE,
hile satisfying the constraint of zero chroma. It is obvious

hat the last two rows of �MHPE are zeros; thus, we can
ostulate �MHPE to be the following:

�MHPE = �k1 k2 k3

0 0 0� . �2�

0 0 0

20603-2
dopting ��MHPE�2 = �k1
2 +k2

2 +k3
2� as the cost function quan-

ifying the amount of modification, the modification of

HPE can be reformulated as a simple quadratic program-
ing problem as follows:

min k1
2 + k2

2 + k3
2

s.t. k1 + k2 + k3 = 0.00001

k1,k2,k3 � 0. �3�

he solution is �10−5 /3 ,10−5 /3 ,10−5 /3�. By limiting to one
xtra decimal digit, we propose to modify the Hunt–
ointer–Estevez matrix transformation to be the following:

M̄HPE = � 0.389707 0.688977 − 0.078684

− 0.22981 1.18340 0.04641

0 0 1
� . �4�

ote that M̄HPE→MHPE if they are rounded to the fifth deci-
al point, and �a ,b�= �0 ,0�= �ac ,bc� for the adapted white

oint under complete illumination adaptation if M̄HPE is
dopted in the forward CIECAM02 model.

One numerical singularity that exists in the standard
IECAM02 backward model is that it is necessary to com-
ute the parameter, P1, as follows:

t = � C

�J/100�1.64 − 0.29n�0.73�10/9

� 0

P1 =
�50000/13�NcNcbet

t
, �5�

here C and J are chroma and lightness, respectively. As a
esult, if C=0, P1→�, and it becomes a singular point.5

nstead of first solving a and b as suggested by the standard
IECAM02 inverse model, we propose to solve Ra�, Ga�, Ba�
irectly as explained below. Assuming J, C, and h are known,
e can first compute the brightness, A, where
=Aw�J /100�1/cz. Note that n, Nc, Ncb, c, and z are internal

arameters specified in CIECAM02, and they are assumed to
e known a priori.1,3 Thus, we can construct the first linear
quation:

2Ra� + Ga� +
1

20
Ba� =

A

Nbb

+ 0.305. �6�

urthermore, because �a2 +b2 =a sec�h�=b csc�h�, we can
ormulate the second linear equation as follows:

t�Ra� + Ga� +
21

20
Ba�� = ��50000/13�NcNcbet sec�h��a

= P2�Ra� −
12

11
Ga� +

1

11
Ba��
= ��50000/13�NcNcbet csc�h��b �7�

J. Imaging Sci. Technol. 52�2�/Mar.-Apr. 2008
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J

=P̄2�Ra� + Ga� − 2Ba�� . �8�

t last, based on tan�h�=b /a, the final equation can be eas-
ly constructed:

tan�h��Ra� −
12

11
Ga� +

1

11
Ba�� =

1

9
�Ra� + Ga� − 2Ba�� �9�

cot�h�

9
�Ra� + Ga� − 2Ba�� = �Ra� −

12

11
Ga� +

1

11
Ba�� . �10�

nly one equation in the last two cases is selected depending
n the relationship between 	sin�h�	 and 	cos�h�	. If

sin�h�	� 	cos�h�	, tan�h�, and sec�h� are chosen. Otherwise,
ot�h� and csc�h� are selected. As a result, two 3�3 linear
ystems with Ra�, Ga�, Ba� being three unknowns can be con-
tructed as shown in the linear system (11) and (12), and
olved via the TSVD algorithm.9



2 1 1/20

P2 − t
− 12P2

11
− t

P2

11
−

21

20
t

1

9
− tan�h�

1

9
+

12 tan�h�

11
−

2

9
−

tan�h�

11
�
Ra�

Ga�

Ba�
�

= 

A

Nbb

+ 0.305

0

0
� . �11�



2 1 1/20

P̄2 − t P̄2 − t 2P̄2 −
21

20
t

1 −
cot�h�

9
−

12

11
−

cot�h�

9

1

11
+

2 cot�h�

9
�
Ra�

Ga�

Ba�
�

= 

A

Nbb

+ 0.305

0

0
� . �12�

In the case of C=h=0, the linear system can be simpli-
ed to be the following:


 2 1 1/20

1 − 12/11 1/11

1/9 1/9 − 2/9
�
Ra�

Ga�

Ba�
� = 


A

Nbb

+ 0.305

0

0
� . �13�

he singular values of the 3�3 matrix in Eq. (13) are 2.3,
.39, and 0.22, and its condition number is 10.4. This indi-

ates that it is a well-posed least square problem, and can be

. Imaging Sci. Technol. 52�2�/Mar.-Apr. 2008
olved reliably. As a result, the singularity caused by the stan-
ard CIECAM02 inverse model in computing P1, as noted in
q. (5), can be avoided by adopting our proposed approach.
he other advantage of solving a least square problem is

hat, if the singular values of the Eqs. (11) and (12) become
oo small, the corresponding singular vectors can be treated
s the null space and removed from the solution. Knowing
he condition number before inverting a matrix has been
hown to result in a numerical robust procedure.9 We should
ote that a necessary condition for a naturally realizable
olor is A�0 as explained in the following section. We can
asily extend our proposed CIECAM02 inversion algorithm
o consistently resulting in a set of realistic color by impos-
ng the inequality min�Ra� ,Ga� ,Ba�
�0.1. In this case, Eqs.
11) and (12) can be reformulated again as two least square

inimization problems with three inequalities.

UMERICAL EXPERIMENT
e propose two possibilities for including CIECAM02 into

n ICC workflow:
Case 1 PCS remains CIELAB space(or XYZ).
Case 2 CIECAM02 becomes one of the choices for PCS.
Similar to CIELAB space where certain �L* ,a* ,b*� com-

inations are not realizable because of the corresponding
egative XYZ values, CIECAM02 also contains regions of

maginary colors. Nonetheless, this scenario, by no means,
uggests that CIECAM02 is invalid. It is only created by the
ngineering convenience of a regular multidimensional sam-
ling grid. These imaginary colors in CIELAB are simply
rojected to the convex set of non-negative XYZ values. In

he first case, CIECAM02 is only used to perform gamut
apping, but the final realization is represented in the
IELAB space (or XYZ). Thus, it is necessary to verify the

olor space transformation from CIELAB to CIECAM02
nd back to CIELAB. In the second case, the CIECAM02
olor space is sampled by a three-dimensional grid similar to
he current ICC PCS implementation. Thus, it is also im-
erative to identify the region of physically feasible colors
ithin the sampling grid. Moreover, the current profile ac-

uracy estimation is obtained by comparing the color differ-
nce between one set of samples initialized in the PCS space
nd its corresponding points in the same PCS after one
ound of color mapping. As a result, we will verify another
olor transformation from CIECAM02 to XYZ(CIELAB)

nd back to CIECAM02. M̄HPE is adopted in both experi-
ents. Moreover, the symmetric extension of the post-

daptation nonlinearity as suggested by Moroney et al. is
dopted in this experiment:3

f�x� = 0.1 + sign�x�
400�FL	x	/100�0.42

27.13 + �FL	x	/100�0.42
, �14�

here x� �R� ,G� ,B�
. Therefore, we can derive the range:
− 400 � �f�x� − 0.1� � 400. �15�

020603-3
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ase 1: CIELAB→CIECAM02→CIELAB
arious papers have been published addressing this
pproach.5,7,8 The CIELAB color space is first projected to
he non-negative XYZ quadrant before mapping to
IEAM02. The necessary condition for the CIECAM02 for-
ard model to succeed is that the achromatic response A is
reater or equal to zero, where A= �2Ra�+Ga�+1/20Ba�
0.305�Nbb. The sufficient condition for A�0 is

min�Ra�,Ga�,Ba�
 � 0.1 ⇔ min�R�,G�,B�
 � 0

⇔ M̄HPE�X

Y

Z
� � 0. �16�

e can construct the sufficient condition for valid

IECAM02 forward transformation using M̄HPE in the chro-
aticity diagram as in Refs. 5 and 6, and they can be rep-

esented as the following set of linear inequalities:

0.468391x + 0.767661y � 0.078684

− 0.27662x + 1.13699y � − 0.04641

x + y � 1

x � 0, y � 0. �17�

hey are equivalent to the analysis offered by Li and Luo
xcept the slight difference at the first inequality because of
he modified first row of the Hunt–Pointer–Estevez matrix.5

ote that there exists samples for which A�0 but
in�R� ,G� ,B�
�0. Because of the adopted symmetric ex-

ension as Eq. (14), the forward and backward CIECAM02
ransformation are valid at these points.

Our numerical experiment indicates both the standard
IECAM02 inverse model and our proposed model work,
hich means that no singular value truncation is needed in
ur proposed inverse model under this scenario. Moreover,
he maximal roundtrip error in �E76 is 1.7�10−4, which is
lightly smaller than those reported in Ref. 5. Figure 1 shows
he chromaticity diagram of the chromaticity locus, chroma-
icity regions where A�0, A�0 but min�R� ,G� ,B�
�0,
nd the border where R�=G�=B�=0. Figure 2 is the same
esult represented in the CIELAB color space. It is obvious
hat the entire chromaticity locus can be safely represented
n the CIECAM02 color space even without the symmetric
xtension of the post-adaptation nonlinearity. This conclu-
ion agrees with Li and Luo,5 but differs from that of Tastl
t al.7 The four active constraints in Eq. (17) form a convex
et denoted as Sc. Thus, any convex set with vertices inside Sc

s contained in Sc. Therefore, we can conclude that any RGB
olor space with all primaries satisfying the set of linear
nequality constraint (17) can be accurately represented in
IECAM02 color space. At last, the proposed reference me-

2,7
ia gamut as shown in Fig. 1 also lies entirely within Sc. C

20603-4
To verify the effect of singular value truncation, we
dopt our TSVD-based inverse model with a lower threshold
.1 for the computed singular value, and its result is shown
n Fig. 3. We can see that the singular value truncation al-
orithm automatically handles all imaginary colors within
he CIECAM02 color space with A�0. Figure 4 shows that
ame effect in the CIELAB 3D color space.

ase 2: CIECAM02→XYZ�CIELAB�→CIECAM02
nlike the first case where the unrealizable CIELAB points

re projected to the non-negative XYZ quadrant before ap-
lying the CIECAM02 forward transformation as suggested

n the ICC specification,2 the entire CIECAM02 color cubic
s mapped to XYZ color space before the projection can take
lace. Thus, this process will verify how the standard

Figure 1. Chromaticity diagram of Case 1 color transformation.

Figure 2. CIELAB 3D graph of Case 1 color transformation.
IECAM02 inverse model and our proposed model handle

J. Imaging Sci. Technol. 52�2�/Mar.-Apr. 2008
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J

maginary colors. One constraint which is inactive in the
rst case is the range of the post-adaptation nonlinear re-
ponse as listed in Eq. (15). Therefore, a hard clipping func-
ion with the upper limit being 399 is imposed on 	Ra�	, 	Ga�	,
nd 	Ba�	. Furthermore, when the standard CIECAM02 in-
erse model is used, the derived a and b for any point with
hroma C�0.01 will be set automatically to be zero to avoid
umerical singularities. When our proposed inverse model is
pplied, a lower threshold of 0.1 is imposed on the singular
alues of the derived 3�3 matrix.

It is difficult to derive a set of linear constraints defining
he range of valid back-transformation CIECAM02

XYZ�CIELAB� as those shown in Eq. (17) because of the
ighly nonlinear post-adaptation function and perceptual

1

igure 3. Proposed TSVD inverse model effect in Chromaticity diagram.

Figure 4. Proposed TSVD inverse model effect in the CIELAB space.
ightness J, chroma C, and hue h. We will only derive a set f

. Imaging Sci. Technol. 52�2�/Mar.-Apr. 2008
f necessary conditions to produce a non-negative lightness
alue A, which is necessary for a specific JCh combination
epresenting a naturally realizable color. As noted in Eq.
16), the sufficient condition for A�0 is min�Ra� ,Ga� ,Ba�


0.1. That is to say, the realizable solution of linear systems
11) and (12) is confined in the first quadrant of the
Ra� ,Ga� ,Ba�� space. Without loss of generality, we will focus
ur analysis in linear system (11). The constraint on
Ra� ,Ga� ,Ba�� can be relaxed as

min�Ra�,Ga�,Ba�
 � 0. �18�

s a result, we can deduce that the second and third rows of
he system matrix,

K1 = �P2 − t
− 12P2

11
− t

P2

11
−

21

20
t� �19�

K2 = � 1

9
− tan�h�

1

9
+

12 tan�h�

11
−

2

9
−

tan�h�

11
� , �20�

annot be all positive or all negative. Let us first consider K2.
t is obvious that �1/9+12/11 tan�h�� and
−2/9−tan�h� /11� hold opposite signs if tan�h��0. When
an�h��0, because �1/9−tan�h���0, the complement-
ry constraint on K2 can be translated to
1/9−12/11	tan�h�	��0 and �−2/9+ 	tan�h�	 /11��0. The
wo inequalities can be further simplified to two contradict-
ng inequalities: 	tan�h�	�11/108 and 	tan�h�	�22/9.
herefore, the constraint on K2 is always inactive. As a result,

he necessary condition satisfying inequality constraint (18)
s that the elements in K1 hold opposite signs.

Let us analyze the complementary constraint on K1,
hich means that all elements in K1 are either positive or
egative with t�0. Let us assume that elements in K1 are
ll positive, and three inequalities can be easily derived as
ollows:

0 � t � P2

0 � t � −
12

11
P2

0 � t �
20

231
P2.

hus, it is impossible for all elements in K1 to be positive
imultaneously. On the other hand, if all elements in K1 are
egative, we can derive the following three inequalities:
�P2, t�−12/11P2, t�20/231P2. Thus, the necessary con-
ition on JCh to rendering a naturally realizable color is as
ollows:

020603-5
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t � P2 P2 � 0 �21�

t �
12

11
	P2	 P2 � 0. �22�

t can be readily seen that, at fixed h, the higher the lightness
, the more saturated chroma C can be achieved.

We first compare the computed �Ra� ,Ga� ,Ba�
 from the
tandard inverse model and the TSVD model. The range of
he standard inverse model is from �−81.6,−1637.9,
10382.1
 to {1081.6, 108.5, 3806.7}, and that of the TSVD

nverse model is from �−3.6,−5.0,−53.6
 to {14.4, 15.7,
7.5}, where the corresponding value of the adapted white
oint is {13.05, 13.05, 13.05}. It is obvious that the results
eported by the standard algorithm are too large. Figures 5
nd 6 demonstrate the result of the roundtrip color map-
ing. The TSVD inverse model automatically controls the
utput of the inverse function within a reasonable range
hile the standard inverse model is less robust against

maginary colors within the initial 3D grid points.

ONCLUSION
constraint is first imposed on the CIECAM02 color ap-

earance model such that the adapted white point should be
erceived with zero chroma under complete illumination ad-
ptation. Consequently, a modified Hunt–Pointer–Estevez
atrix is derived in Eq. (4). Furthermore, we propose a

obust backward numerical implementation based on the
SVD algorithm, which addresses the potential numerical

nstability of the standard backward model. Two numerical

Figure 5. Standard inverse model round trip effect in CIECAM02.
xperiments in the previous section indicate that both back-

20603-6
ard model implementations achieve high round-trip accu-
acy under the first CIELAB→CIECAM02→CIELAB ex-
eriment, where the CIELAB color space is first mapped to

he non-negative quadrant of XYZ color space. However, the
tandard backward model suffers numerical instability in the
econd numerical experiment, CIECAM02→CIELAB

CIECAM02, as shown in Fig. 5, where unnaturally high
ightness J results from this round-trip experiment. The
SVD-based backward model automatically controls the
utput within a reasonable range as shown in Fig. 6 where
he lower bound of the singular values is set to be 0.1. The
umerical singularity at chroma of zero in the standard
ackward numerical algorithm is also avoided.
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