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Abstract. A simulation method to analyze the behavior of a toner
cloud driven by a traveling electrostatic wave with air drag is pro-
posed. The two-fluid flow model, which regards air and toner cloud
as incompressible and viscous fluids, is employed. A method of the
calculation of the electric potential using the moving particle semi-
implicit (MPS) method, which is often used in the study of fluid dy-
namics, is developed in this article. In the present method, all of the
motion of the toner, the airflow, and the electric potential are calcu-
lated by using the moving particle semi-implicit method. Common
calculation points are used in the electrostatic calculation, the toner
motion calculation, and the airflow calculation in order to avoid the
complexity of data exchange among those calculations. The validity
of the calculation of the electric potential using the MPS method is
confirmed by comparing the results to those of a model that has a
known strict solution. Modeling of the behavior of toner cloud in
toner transport with a traveling electrostatic wave is performed. An
increase in the maximum synchronous frequency due to air drag is
demonstrated. © 2007 Society for Imaging Science and
Technology.
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INTRODUCTION

Since Masuda et al.' demonstrated that powders could be
transported by means of a traveling wave of an electric field,
the method has been studied in various applications. In elec-
trophotography, theoretical and experimental studies of
toner transport have been made using this method. Melcher
et al”™* and Schmidlin™ provided much insight into the
understanding of the different modes of toner transport with
a traveling electrostatic wave. Numerical analysis of toner
transport has also been improved. In early studies, the nu-
merical analyses focused on the motion of a single particle
to avoid the complexity of the interaction between particles.
In recent years, the motion of many particles has been ana-
lyzed. By using the particle-in-cell method for many particle
systems, Gartstein and Shaw’ showed that the velocity of

Received Nov. 8, 2006; accepted for publication May 1, 2007.
1062-3701/2007/51(5)/431/7/$20.00.

particle flow could vary all the way from zero to the phase
velocity of the traveling wave. Kober® numerically solved the
equations of toner motion by superimposing the electric
field due to toner charge and image charge on the electric
field applied by the electrodes.

These analyses provided insight into the behavior of
large ensembles of toner particles. However, the calculation
of the motion of the toner and the electric field was com-
plicated by the dual approach of using both mesh and par-
ticle. The motion of the toner is calculated using particles,
but the electric field is calculated using a mesh. The variables
are calculated independently and must be interpolated be-
tween the mesh and the particles at each time step. More-
over, in a many-particle system, the motion of air dragged by
the toner particles is not negligible. In many previous nu-
merical analyses of the traveling wave toner transport, the air
was supposed to be quiescent and the motion of the air
caused by particle motion was not taken into account. A
calculation method that not only simplifies the calculation of
electric field but also includes the air effect is required.

In order to avoid the complexity of the calculation, we
use calculation points that move with the toner or air rather
than fixed meshes or grids. This technique makes the calcu-
lation of electric field associated with the moving charge and
moving air more manageable. The smoothed particle hydro-
dynamics (SPH) method and the moving particle semi-
implicit (MPS) method, which are often used in the study of
fluid dynamics, are well-known modeling methods that use
moving particles.

In this paper, we propose a simulation method that can
solve the problem of toner and air motions and electric field,
simultaneously, using a particle method. Using the present
method, we calculate the toner motion in traveling wave
toner transport and show an overview of the behavior of
toner cloud that is affected by airflow as the speed of trav-
eling wave increases.
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MODEL
Physical Model
Let us consider the motion of charged toner particles driven
by a traveling electrostatic wave taking into account the ef-
fect of air motion. We examine the effect of electrostatic
force and airflow as a major factor of basic driving mecha-
nism of toner transport with traveling wave.

The electric potential ¢ formed by toner charge is given

V-(eVe)=Q, (1)

where ¢ is the permittivity of media and Q is the space
charge density due to toner charge. The electric field can be
expressed as

E=-V¢. (2)

In the analysis of a solid-gas flow, such as motion of
toner particles in air, the flow structure is different according
to whether the particulate phase is dispersed in a fluid phase
or separated from a fluid phase. It was reported that toner
particles are transported in bands that are spaced by the
wavelength of traveling wave.* Therefore, the objective of our
method to be developed is to obtain an overview of the
behavior of a cluster of toner particles rather than of a dis-
crete toner particle. We regard a cluster of toner particles in
a band as a separated phase and as an incompressible fluid.
In other words, we employ the two-fluid flow model of air
and toner cloud in this study.

From mass and momentum conservation and incom-
pressibility, the equations for air are

Dp,
=0, 3
D 3)
Du, 1 1
=——VP,+v,Vu,+g— —F,, (4)
Dt Pa Pa
1
F,=—|-—VP,+v,Vu,|. (5)
Pa ;

The equations for toner cloud are

Dp;
—=0, 6
D (6)
Du, 1 1 1
—=——VP+vVu+—QE+g+—F, (7)
Dt Pt Pt Pt
1
F,=\-—VP+vVu,l|, (8)
Pt a

where u is velocity, p is density and v is viscosity of air and
toner cloud. Subscript a, ¢ denote air and toner cloud, re-
spectively. Q is volume charge density of toner cloud, and E
is electric field. F,, is the interaction force that is exerted on
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air by pressure and viscosity of toner cloud. F,, is the inter-
action force that is exerted on toner cloud by pressure and
viscosity of air. D/ Dt is denotes the Lagrangian time deriva-
tive. Since we discretize these equations using a calculation
point, as discussed later, these are described as calculation
points for air and toner, not for a volume. Thus, the con-
centration of toner cloud is not expressed in the equations.

Numerical Model

In order to avoid the complicated procedure of interpolating
between grid and particle, only calculation points are em-
ployed in the calculation of the electric field, motion of
toner, and airflow. Mesh and grid are not employed in this
study. The calculation points are placed evenly in an analysis
area. A toner particle corresponds to one calculation point.
The calculation points assigned for toner particles move
with the motion of the toner cloud. In order to calculate the
electric field, the airflow, and the flow of toner cloud, we
examined the particle methods, such as the SPH method
and the MPS method, which are usually used for fluid analy-
sis. The SPH method was used to calculate electric potential
in our previous study,” but this method requires special
schemes to treat incompressible fluid.'’ In the present study,
the MPS method,'" which is often used in studies of incom-
pressible flow, is employed the calculation of the electric
field. The calculation points assigned for air also move with
the airflow calculated using the MPS method.

In the MPS method, calculation points (also called par-
ticles in the MPS method) with the physical quantity f are
placed evenly in an analysis area. The gradient of the physi-
cal quantity f is modeled as the average slope weighted with
a weighting function between the object calculation point i
and its neighboring calculation points j, and is expressed at a
position of calculation point i as

d —firi
(VY= EZ [fj f_JW(rij):| >

i L T Ti

), 9)

(rij =r.—

P 1= |rij

where r; is the position vector of calculation point 7, and d is
the spatial dimension. The weight function w uses the fol-
lowing function:

re
win={r " (O<r_re), (10)

0 (r,>r1)

where 7, is the size of weight function that defines interact-
ing calculation points and #n° is the number density of cal-
culation points in the initial configuration, and is defined by

WOZEW(%‘)- (11)

JjFi

The Laplacian is modeled as
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2d
(V=== [(fi— Hw(ry], (12)
N
where
f w(r)rdv
AN . (13)

f w(r)dv
v

In order to discretize Eq. (1) for the electric potential
using the MPS Laplacian model, Eq. (12), we use the identity

V-(eV ¢)=;[Vi(eh) — ¢Ve + V2],  (14)

and we can obtain the discretization of Eq. (1) as

d
(V- (V)= FE [(Sj +&)(;— ¢i)W(”ij)] =-Q;.

N i
(15)

Solving Eq. (15) simultaneously for unknown ¢ with
the charge density and the boundary potential we obtain the
potential at each calculation point. Here, the charge densities
Q; are given as a property of the calculation points for toner,
and the boundary potentials are given as a property of the
calculation points at the boundary. From Eq. (9), the electric
field is obtained by

d b= it
(E)i=—(V);=~— E[ : ?W(rij)]- (16)

n’ j#i Tij Ty

Two-fluid flow of toner cloud flow and airflow is
discretized by calculation points with toner mass and calcu-
lation points with air mass, respectively, in MPS. The conti-
nuity equations [Eqgs. (3) and (6)] are satistied by keeping
the number of calculation points constant during the mo-
tion in the analysis area. Keeping the number density of the
calculation points constant, n® satisfies the incompressibility.
The Navier—Stokes equations [Eqs. (4) and (7)] are calcu-
lated as follows."?

In a time step k, the terms with the exception of the
pressure term of Eqgs. (4) and (7) are explicitly calculated,
and temporal velocities u" are obtained as

. " w
w =uk+ (—avzua> + (—aVzua) +g|Ar, (17)
pa a a t

* k M, M, QE
u=u,+ || —Vu | +{—Vu| +g+—|Az
Pt ‘ Pt a Pr

(18)

In Egs. (17) and (18), (), and (), denote interactions from
air and toner, respectively. Temporal positions r* are ob-
tained as
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ro=r U At (19)

r=r v u At (20)

where At is time step. The viscous term is calculated as

2d
(uVu),; = M_OE [(uj — ww(r;j)]. (21)
A1

Since temporal velocities #* do not take the pressure
term into account, the velocities of the next step k+1, u**!
should be corrected as follows:

ut = v ul, (22)
W =u (23)

where u’ are the correction velocities. The correction veloci-
ties u’ due to the pressure term can be written as

1 1
ul=— (—VP’;“) +<—Vp’;“> At,  (24)
Pa . \Pa ;

1 1
u =— (—VP’;“) +<—VP’;“> At. (25
Pt " Pt a

The first and second terms on the right-hand side of Eq.
(24) denote pressure gradients due to interactions neighbor-
ing calculation points for air and toner, respectively. Adding
both sides of Egs. (24) and (25) gives

VP = (1= (VP + (VP) ] + d(VP), + (VP),],
(26)

where ¢ is concentration of toner.

Since the temporal position r* does not satisfy the in-
compressibility constraint, that is to say, the temporal num-
ber density of calculation point at the temporal position " is
not n°. The temporal number density of calculation point n°
should be corrected to n° as

n=n"+n', (27)

where 1’ is the corrected value of the calculation point num-
ber density. The correction value of calculation point num-
ber density n’ is related to the velocity correction u’ through
the mass conservation equation.

" v la-ouw s =0 (28)
. —Ccu c—u =0U.
n°At ! .

With Egs. (26)—(28), Poisson equations of pressure are
obtained as
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. —n’
v2pkl = Ap_tz - (29)
0
V2pEHl = Ap—;n non (30)
From Eq. (12), we obtain
2d py, 1; — 1’
TA% [(Pj - Pi)W(rij)] == E 0 m=a,t
(31)

Solving the simultaneous equations [Eq. (31)] for un-
knowns P gives the pressure at each calculation point. With
Eq. (9), the gradient of the pressure is obtained as

d P — Pi r;
(VP)=— =2 [ : Jw(n,»)] . (32)
N j#i Tij  Tij

Finally, the velocities of air and toner at next step k+1
are obtained using Egs. (22)—(25) and (32). Here, the equa-
tions for air and toner cloud are described separately in or-
der to point out the interaction between toner cloud and air
explicitly. However, the program code can be written in the
same way with one flow model using two kinds of densities
and two kinds of coefficients of viscosity. As described
above, we can obtain the motion of the toner, airflow, and
the electric field using only calculation points.

TEST CALCULATIONS

Electric Potential

In order to confirm the validity of the application of the
Laplacian model in the MPS method for the calculation of
electric potential, we performed a calculation of two cases of
potential distribution with and without charge. The first case
is an analysis of the gap between parallel plates with sinu-
soidal potential and ground potential as shown in Figure 1.
The analysis area is of width L=1 mm, and height
h=0.2 mm. The potentials applied to the upper and lower
plate are

Dupper(x) =0, (33)

2
¢lower(x) = VO Sil’l|: T'x‘| . (34)

The peak voltage is V;=200 V and the wavelength is
N=L. The calculation points are placed in a 100 X 20 matrix.
The top and bottom rows of the calculation points are set to

h Upper Plate

Lower Plate  x
td L

Figure 1. Calculation geometry of parallel plates.
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Figure 2. Comparison between numerical solutions by the MPS Laplac-
ian model and analytical solution of the electric potential formed between
the parallel plates with applied sinusoidal voltage.

be the potentials ¢ypper and jgyer respectively, as the
Dirichlet boundary condition. The periodic boundary con-
dition is applied in the x direction. The size of the weight
function is r,=2.11,, where I, is the distance between neigh-
boring calculation points. Two rows of dummy calculation
points are added at the outside of the plates to avoid the
error of number density of calculation points near the
boundary.

Figure 2 shows a comparison between the numerical
results by the present method and the analytical solution. As
a whole, the calculated potential is in good agreement with
the analytical solution. The maximum error, which is gener-
ated near the lower plate, is <2.5%. The error is caused by
the fact that in order to simplify the handling of the bound-
ary condition, the boundary condition is located not be-
tween calculation points but at the calculation points them-
selves. The second case is an electric potential analysis that
involves toner charge. A toner layer, with depth of
0.035 mm, dielectric permittivity of 2.0, and a charge den-
sity of 1.5 C/m?, is placed on the lower plate in the geom-
etry as shown in Fig. 1. The potential distribution formed
between the parallel plates with potentials of =200 V and
0 V was calculated using the Laplacian model in MPS as
represented in Eq. (15). Figure 3 shows a comparison be-
tween the numerical results by the present method and the
analytical solution. The left vertical dotted line denotes the
surface of the toner layer. These results show that the Laplac-
ian model in MPS correctly calculates the electric potential
with or without space charge.

Airflow

A test calculation of the airflow caused by the motion of a
toner cloud and the force exerted on the surface of toner
cloud by air in motion were performed using the present
method. To verify the interaction between the airflow and
the surface of the toner cloud, insofar as the motion of the
toner generates airflow, we used a toner cloud moving with a
uniform velocity and a uniform shape. The calculation
points representing the toner cloud are placed in the shape
of a trapezoid and move at a constant velocity of 0.1 m/s in
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Figure 3. Comparison between numerical solufions by the MPS
Laplacian model and the analytical solution of electric potential with toner
charge.
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Figure 4. Distribution of velocity of air calculated (a) by the present
method and (b) by the FEM method.

the x direction. The analysis area is of width L=1 mm, and
height ©=0.2 mm. The periodic boundary condition,
whereby the calculation points leaving from one boundary
are returned through the other, is applied in the x direction.
The air density and viscosity are p=1.205kg/m® and
u=1.82X107° Pas, respectively. The system is initially at
rest. The time step used is At=1X10"%s. The steady state
of the same problem is calculated using a commercial finite
element method (FEM) code for comparison. In this FEM
calculation, the toner cloud is modeled by a boundary of a
trapezoidal shape. The boundary condition is the inflow/
outflow condition with the velocity of the toner cloud in-
stead of moving the trapezoidal geometry to simulate the
motion of toner cloud. The no-slip condition is applied at
the upper and lower plates.

Figure 4(a) shows the distribution of the velocity of air
at t=50 us calculated by the present method. Figure 4(b)
shows the result of the steady-state condition calculated by
the FEM code. The viscous force and pressure acting on the
surface of toner cloud by air in motion was calculated using
the present method and are shown in Figure 5. The results
calculated by FEM are also plotted for comparison.

The velocity field calculated using the present method
including the vortex over the trapezoidal shape is in good
agreement with the result using the FEM code for the most
part. There is a small discrepancy between the present
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Figure 5. Comparison of results calculated between by the present
method and by the FEM method, (a) xcomponent of viscous force, (b)
y-component of viscous force, and (c) pressure that exerted on the surface
of a foner cloud in the shape of trapezoid by airflow.
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Figure 6. Initial configuration of calculation points for analysis of travel-
ing wave foner fransport.

method and the FEM code in calculating the viscous force
and the pressure. However, the results are adequate for our
qualitative estimate.

TRAVELING WAVE TONER TRANSPORT

The results of the verification tests described above show
that the present method is adequate for the calculation of
the electric field, the airflow caused by the motion of toner
and the viscous force, and the pressure acting on the surface
of toner cloud by air in motion. We employed the present
method for the analysis of the behavior of a toner cloud
transporting with a traveling electrostatic wave.

The initial configuration of the calculation points is
shown in Figure 6, and the parameters of the calculation are
listed in Table I. The periodic boundary condition is applied
in the x direction. The traveling potential applied to the
lower plate is as follows:

2
do(x,1) = V sin T(x — i) v=N\f, (35)
where v is the phase velocity.
In our first simulation by the present method, we per-
formed calculations to obtain the frequency characteristics
of the transport velocity of the toner. The frequency of the

traveling wave is swept from 0 Hz to 3.0 kHz in the period
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Table 1. Parameters of toner transport model.

Analysis Area

Width L (m) 1.0x 107
Height h (m) 0.2x1073
Pitch of calculation-point f; (m) 0.01x10°3
Traveling Electrostatic Wave

Wavelength X (m) 1.0x 1073
Applied Voltage ¥y (V) 200
Frequency (kHz) 0-3.0
Toner

Charge Density @ (C/m?) 03
Relative Permitfivity 1.2
Bulk Density p; (kg/m?) 300
Viscosity p; (Pa's) 0

Air

Relative Permitfivity 1.0
Density p, (kg/m?) 1.2
Viscosity p, (Pa's) 1.82x10°°
Time Step

Step (s) 1.0 107
Span (s) 75% 1073
Size of Weight Function

Electric Potential 210,
Number Density 21k
Pressure 4.0k

from t=0 ms to 75 ms in the calculation. In other words,
the phase velocity is varied from 0 ms to 3.0 ms at the wave-
length of traveling wave A=1 mm. We focus on the effect of
electrostatic force and air drag. The viscosity of toner cloud
flow is taken to be zero to exclude the effect of friction
between toner and the plate, to which the traveling wave
potential is applied, and the effect of friction among toner
particles.

Figure 7 shows the velocity distribution of the toner
particles with airflow caused by the motion of toner as a
function of the phase velocity of traveling wave. The solid
line in Fig. 7 denotes the phase velocity of the traveling wave,
and the dotted lines denote the critical velocity at which the
Stokes’ force is equal to the electrostatic force of one particle
in quiescent air. In Fig. 7, as the wave phase velocity of the
traveling wave increases from zero, the toner particles move
synchronously with the wave phase velocity until a certain
wave phase velocity. Beyond this phase velocity, the number
of toner particles that move synchronously with the wave
phase velocity decreases gradually with an increase in phase
velocity. Finally, the velocities of all toner particles do not
synchronize with the wave phase velocity.
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Figure 7. Distribution of toner particle velocity vs phase velocity of trav-
eling wave.
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Figure 8. A snapshot of position of toner particles and velocity field of
airflow: (a) Initial (starting) step, (b) the step when the toner particles
rearrange in response fo the electric field, (c) the step when the toner
cloud deforms due 1o air force, (d) the step when part of toner particles
separate from the foner cloud due to air force, and (e) the step when all
the foner particles are out of phase with the fraveling wave and the initial
shape of toner cloud disappears.

The motions of toner particles and air were observed as
an animation created using the numerical results. Figure 8
shows snapshots of the toner particle position and airflow
velocity from the viewpoint of a coordinate moving with the
traveling wave. The contour line of the electric potential,
which is formed by the traveling wave potential applied on
the plate and toner charge, is superimposed. Figure 8(a)
shows the positioning of calculation points for toner, which

J. Imaging Sci. Technol. 51(5)/Sep.-Oct. 2007
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Figure 9. () Maximum synchronous frequency as a function of number
of toner particles to be transport and (b) average velocity of airflow as a
function of number of foner particles to be transported.

are placed in the shape of a chord, geometrically, at the
initial step. Figure 8(b) shows the snapshot of the step when
the toner particles rearrange in response to the electric field.
Figure 8(c) shows the snapshot of the step when the toner
cloud deforms due to air force. In Fig. 8(c), the cluster of
toner, which is around the trough of potential wave at low
velocity in Fig. 8(b), moves to negative direction of x axis
due to air resistance. As shown in Fig. 8(d), at higher phase
velocity, the airflow around the surface of the cluster of toner
causes a separation of the toner particles at the surface of the
cluster of toner and the separated toner particles do not
move in synchronization with the phase velocity of the trav-
eling wave any longer. Finally, all the toner particles are out
of phase of the traveling wave and the initial shape of cluster
of toner disappears, as shown in Fig. 8(e).

In our second simulation, we performed calculations of
various numbers of toner particles and considered the influ-
ence of air drag. Figure 9(a) shows the relationship between
the maximum frequency at which the particles move syn-
chronously with the wave phase velocity and the number of
toner particles to be transported. Figure 9(b) shows the av-
erage airflow velocity in x direction as a function of the
number of toner particles. As the number of toner particles
increases, the velocity of airflow increases and the maximum
synchronous frequency increases.

As mentioned above, we confirmed that air drag caused
by toner motion increased the maximum synchronous fre-
quency, at which the toner particles moved synchronously
with a phase velocity of a traveling wave.

CONCLUSION

A simulation method to analyze the behavior of a toner
cloud driven by a traveling electrostatic wave, taking into
account the effect of air motion, is proposed. Several calcu-
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lations of traveling wave toner transport using this method
were performed. The results demonstrate that airflow
dragged by toner particles plays an important role in the
behavior of toner particles transporting with a traveling elec-
trostatic wave.

In the traveling wave toner transport, the friction be-
tween toner and plate, to which traveling potential is ap-
plied, or the friction among toner particles in addition to
electrostatic force and air resistance are important. These
frictions can be simulated using the viscosity of toner in our
two-flow model. Actually, adhesion of charged toner to elec-
trode and cohesion between toner particles occur. We will
approach these subjects in the future.

However, the present method calculates the electric po-
tential and the motion of the toner with common calcula-
tion points to avoid the complexity of data exchange be-
tween the electric potential analysis using meshes or grids
and toner motion analysis using particles. This present
method allows a direct calculation of the electric potential
distribution that varies with the motion of charged toner
particle. Moreover, using the same calculation points, airflow
can also be calculated. This makes it possible to calculate the
behavior of the charged particles in a fluid. The present
method can be used to simulate not only toner transport but
also in eletrophotographic liquid development in which the
charged toner moves in a carrier fluid or an electrophoretic
paperlike display.
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