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bstract. A basic task in the construction and use of a stereo-
copic camera and display system is the alignment of the left and
ight images appropriately—a task generally referred to as camera
onvergence. Convergence of the real or virtual stereoscopic cam-
ras can shift the range of portrayed depth to improve visual com-

ort, can adjust the disparity of targets to bring them nearer to the
creen and reduce accommodation-vergence conflict, or can bring
bjects of interest into the binocular field of view. Although camera
onvergence is acknowledged as a useful function, there has been
onsiderable debate over the transformation required. It is well
nown that rotational camera convergence or “toe-in” distorts the

mages in the two cameras producing patterns of horizontal and
ertical disparities that can cause problems with fusion of the ste-
eoscopic imagery. Behaviorally, similar retinal vertical disparity pat-
erns are known to correlate with viewing distance and strongly af-
ect perception of stereoscopic shape and depth. There has been
ittle analysis of the implications of recent findings on vertical dispar-
ty processing for the design of stereoscopic camera and display
ystems. I ask how such distortions caused by camera convergence
ffect the ability to fuse and perceive stereoscopic images. © 2007
ociety for Imaging Science and Technology.

DOI: 10.2352/J.ImagingSci.Technol.�2007�51:4�317��

NTRODUCTION
n many stereoscopic viewing situations it is necessary to
djust the screen disparity of the displayed images for viewer
omfort, to optimize depth perception or to otherwise en-
ance the stereoscopic experience. Convergence of the real
r virtual cameras is an effective means of adjusting por-
rayed disparities. A long-standing question in the stereo-
copic imaging and display literature is what is the best

ethod to converge the cameras? Humans use rotational
ovements to binocularly align the visual axes of their eyes

n targets of interest. Similarly, one of the easiest ways to
onverge the cameras is to pan them in opposite directions
o “toe-in” the cameras. However, convergence through
amera toe-in has side effects that can lead to undesirable
istortions of stereoscopic depth.1,2 In this paper we reana-

yze these geometric distortions of stereoscopic space in the
ontext of recent findings on the role of vertical disparities in
tereoscopic space perception. We focus on a number of is-
ues related to converged cameras and the mode of conver-
ence: The effect of rectification; relation between the geom-
try of the imaging device and the display device; fused and

eceived Dec. 5, 2006; accepted for publication Mar. 7, 2007.
c062-3701/2007/51�4�/317/11/$20.00.
ugmented displays; orthostereoscopy; the relation between
arallax distortions in the display and the resulting retinal
isparity; and the effect of these toe-in induced retinal dis-
arities on depth perception and binocular fusion.

Our interests lie in augmented-reality applications and
tereoscopic heads for tele-operation applications. In these
ystems a focus is on the match and registration between the
tereoscopic imagery and the “real world” so we will con-
entrate on orthostereoscopic or near orthostereoscopic con-
gurations. These configurations have well known limita-

ions for applications such as visualization and cinema, and
ther configurations may result in displays that are more
leasing and easier to fuse. However, it is important to note

hat our basic analysis generalizes to other configurations,
nd we will discuss other viewing arrangements when
ppropriate.3,4 In a projector-based display system with sepa-
ate right and left projectors, or in binocular head mounted
isplay (HMD) with independent left and right displays, the
isplays/projectors can also be converged mechanically or
ptically. In this paper we will also assume a single flat,

ronto-parallel display (i.e., a monitor or projector display)
o that the convergence of the projectors is not an issue.
ince the left and right images are projected or displayed
nto the same plane we will refer to these configurations as a
parallel display.” In most cases similar considerations will
pply for a HMD with parallel left and right displays.

PTIONS FOR CAMERA CONVERGENCE
e use the term convergence here to refer to a variety of
eans of realigning one stereoscopic half-image with respect

o the other, including toe-in (or rotational) convergence
nd translational image shift.

Convergence can shift the range of portrayed depth to
mprove visual comfort and composition. Looking at objects
resented stereoscopically further or nearer than the screen
auses a disruption of the normal synergy between vergence
nd accommodation in most displays. Normally accommo-
ation and vergence covary but, in a stereoscopic display, the
yes should remain focused at the screen regardless of dis-
arity. The accommodation-vergence conflict can cause vi-
ual stress and disrupt binocular vision.5 Convergence of the
ameras can be used to adjust the disparity of targets of
nterest to bring them nearer to the screen and reduce this

onflict.
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Convergence can also be used to shift the range of por-
rayed depth. For example, it is often preferable to portray
tereoscopic imagery in the space behind rather than in front
f the display. With convergence a user can shift stereoscopic

magery to appear “inside” the display and reduce interpo-
ition errors between the stereoscopic imagery and the edges
f the displays.

Cameras used in stereoscopic imagers have limited field
f view and convergence can be used to bring objects of

nterest into the binocular field of view.
Finally, convergence or more appropriately translation

f the stereoscopic cameras can also be used to adjust for
ifferences in a user’s interpupillary distance. The latter
ransformation is not typically called convergence since the
tereoscopic baseline is not maintained.

In choosing a method of convergence there are several
ssues one needs to consider. What type of 2D image trans-
ormation is most natural for the imaging geometry? Can a
D movement of the imaging device accomplish this trans-
ormation? In a system consisting of separate acquisition and
isplay systems is convergence best achieved by changing the

maging configuration and/or by transforming the images
or projector configuration) prior to display? If an unnatural
onvergence technique must be used, what is the impact on
tereoscopic depth perception?

Although camera convergence is acknowledged as a use-
ul function, there has been considerable debate over the
orrect transformation required. Since the eyes (and the
ameras in imaging applications) are separated laterally, con-
ergence needs to be an opposite horizontal shift of left and
ight eyes images on the sensor surface or, equivalently, on
he display. The most appropriate type of transformation to
ccomplish this 2D shift—rotation or translation—depends
n the geometry of the imaging and display devices. We
gree with the view that the transformation should reflect
he geometry of the display and imaging devices in order to

inimize distortion (see Table I). One could argue that a
pure” vergence movement should affect the disparity of all
bjects equally, resulting in a change in mean disparity over
he entire image without any change in relative disparity

able I. Typical convergence for stereoscopic sensors and displays. “Natural” modes of
onvergence are shown in bold.

DISPLAY/SENSOR
GEOMETRY

REAL OR VIRTUAL CAMERA CONVERGENCE

Translation Rotation

lat Horizontal Image Translation Toed-in camera, toed-in
projector combination

Differential translation of
computer graphics images

Toed-in stereoscopic camera
or robot head

Image sensor shift
Variable baseline camera

pherical Human viewing of planar
stereoscopic displays?

Haploscope

Human physiological
vergence
etween points.

18
For example, consider a spherical imaging device such
s the human eye where expressing disparity in terms of
isual angle is a natural coding scheme. A rotational move-
ent about the optical centre of the eye would scan an

mage over the retina without distorting the angular rela-
ionships within the image. Thus the natural convergence

ovement with such an imaging device is a differential ro-
ation of the two eyes, as occurs in physiological convergence
although freedom to choose various spherical coordinate
ystems complicates the definition of disparity6).

A flat sensor is the limiting form of spherical sensor
ith an infinite radius of curvature, and thus the rotation of

he sensor becomes a translation parallel to the sensor plane.
or displays that rely on projection onto a single flat, fronto-
arallel display surface (many stereoscopic displays with the
otable exception of some head-mounted displays and hap-

oscopic systems) depth differences should be represented as
inear horizontal disparities in the image plane. The natural
onvergence movement is a differential horizontal shift of
he images in the plane of the display. Acquisition systems
ith parallel cameras are well-matched to such display ge-
metry since a translation on the display corresponds to a
ranslation in the sensor plane. This model of parallel cam-
ras is typically used for the virtual cameras in stereoscopic
omputer graphics7 and the real cameras in many stereo-
copic camera setups.

Thus horizontal image translation of the images on the
isplay is the preferred minimal distortion method to shift
onvergence in a stereoscopic rig with parallel cameras when
resented on a parallel display. This analysis corresponds to
urrent conventional wisdom. If the stereo baseline is to be
aintained then this vergence movement is a horizontal

ranslation of the images obtained from the parallel cameras
ather than a translation of the cameras themselves. For ex-
mple, in computer-generated displays, the left and right half
mages can be shifted in opposite directions on the display
urface to shift portrayed depth with respect to the screen.

ith real camera images, a problem with shifting the dis-
layed images to accomplish convergence is that in doing so,
art of each half-image is shifted off of the display resulting

n a smaller stereoscopic image.
An alternative is to shift the imaging device (e.g., CCD

rray) behind the camera lens, with opposite sign of shift in
he two cameras forming the stereo rig. This avoids some of
he problems associated with rotational convergence dis-
ussed below. Implementing a large, variable range of con-
ergence with mechanical movements or selection of subar-
ays from a large CCD can be complicated. Furthermore,

any lenses have significant radial distortion and translating
he center of the imaging device away from the optical axis
ncreases the amount of radial distortion. Worse, for

atched lenses the distortions introduced in each sensor
mage will be opposite if the sensors are shifted in opposite
irections. This leads to increased disparity distortion.
oed-in cameras can center the image on the optical axis
nd reduce this particular problem.
If we converge nearer than infinity using horizontal im-

J. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
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ge shift, then far objects should be brought toward the
lane of the screen. With convergence via horizontal image
hift, a frontal plane at the camera convergence distance
hould appear flat and at the screen distance. However,
epth for a given retinal disparity increases approximately
ith the square of distance. Thus if the cameras are con-

erged at a distance other than the screen distance to bring a
arther (or nearer) target toward the screen, then the depth
n the scene should be distorted nonlinearly but depth or-
ering and planarity are maintained (Figure 1). This appar-
nt depth distortion is predicted for both the parallel and
oed-in configurations. In the toed-in case it would be added
o the curvature effects discussed below. Similar arguments
an be made for size distortions in the image (or equiva-
ently the apparent spacing of the dots in Fig. 1). See Woods1

nd Diner and Fender2 for an extended discussion of these
istortions.

It is important to note that these effects are predicted
rom the geometry and do not always correspond to human
erception. Percepts of stereoscopic space tend to deviate

rom the geometric predictions based on the Keplerian pro-
ections and Euclidean geometry6). Vergence on its own is
ot a strong cue to distance and other depth cues in the
isplay besides horizontal disparity can affect the interpreta-
ion of stereoscopic displays. For example, it has been

igure 1. A plan view of an array of points located in the X-Z plane at
ye level. The solid dots show the true position of the points and also their
econstruction based on images from a parallel camera orthostereoscopic
ig presented at a 0.7 m viewing distance. The open diamond shaped
arkers show the reconstructed position of the points in the array when

he cameras are converged using horizontal image translation �HIT�. As
redicted the points that are truly at 1.1 m move in to appear near the
creen distance of 0.7 m. Also depth and size should appear scaled
ppropriately for the nearer distance. But notice that depth ordering and
lanarity are maintained. Circles at a distance of zero denote the posi-

ions of the eyes.
nown for over 100 years that observers can use vertical s

. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
isparities in the stereoscopic images to obtain more veritical
stimates of stereoscopic form.8 In recent years, a role for
ertical disparities in human stereoscopic depth perception
as been confirmed.9,10

Translation of the images on the display or of the sen-
ors behind the lenses maintains the stereoscopic camera
aseline and hence the relative disparities in the acquired or
imulated image. Shifting of the images can be used to shift
his disparity range to be centered on the display to ease
iewing comfort. However, in many applications this dispar-
ty range is excessive and other techniques may be more
uitable. Laterally shifting the cameras toward or away from
ach other increases or decreases the range of disparities
orresponding to a given scene. Control of the stereo rig
aseline serves a complementary function to convergence by
djusting the “gain” of stereopsis instead of simply the mean
isparity. This function is often very useful for mapping a
epth range to a useful or comfortable disparity range in
pplications such as computer graphics,4,11 photogramme-
ry, etc.

In augmented reality or other enhanced vision systems
hat fuse stereoscopic imagery with direct views of the world
or with displays from other stereoscopic image sources),
rthostereoscopic configurations (or at least consistent
iews) are important. In these systems, proper convergence
f the camera systems and calibration of image geometry is
equired so that objects in the display have appropriate dis-
arity relative to their real world counterparts. A parallel
amera orthostereoscopic configuration presents true dis-
arities to the user if presented on a parallel display. Thus,
eometrically at least, we should expect to see true depth. In
ractice this seldom occurs because of the influence of other
epth cues (accommodation-vergence conflict, changes in
ffective interpupillary distance with eye movements, flatness
ues corresponding to viewing a flat display, etc.).

In summary, an orthostereoscopic parallel-camera/
arallel-display configuration can present accurate dispari-
ies to the user.1,7 On parallel displays, convergence by hori-
ontal shift of the images obtained from parallel cameras
ntroduces no distortion of horizontal or vertical screen dis-
arity (parallax). Essentially, convergence by this method
rings the two half images into register with out changing
elative disparity. This can reduce vergence-accommodation
onflict and improve the ability to fuse the imagery. Geo-
etrically, one would predict effects on perceived depth—

he apparent depth of imagery with respect to the screen and
he depth scaling in the image are affected by the simulated
ergence.1,13 However, this amounts to a relief transforma-
ion implying that depth ordering and coplanarity should be

aintained.2,10

AMERA TOE-IN
hile horizontal image translation is attractive theoretically,

here are often practical considerations that limit use of the
ethod and make rotational convergence attractive. For ex-

mple, with a limited camera field of view and a nonzero

tereo baseline there exists a region of space near to the

319



c
s
o
a
r
F
c
t
t
t
t
w
g
a
m

t
z
c
r
t
i
j
m
t
t
t
o

d
i
d
b
i
s
d
v
t

p
a
w
T
c

A
(
f
�

ated by

Allison: Analysis of the influence of vertical disparities arising in toed-in stereoscopic cameras

3

ameras that cannot be seen by one or both cameras. In
ome applications such as landscape photography this region
f space may be irrelevant; in other applications such as
ugmented reality or stereoscopic robot heads this may cor-
espond to a crucial part of the normal working range (see
igure 2). Rotational convergence of the cameras can in-
rease the near working space of the system and center the
arget in the camera images.14 Other motivations for rota-
ional convergence include the desire to center the target on
he camera optics (e.g., to minimize camera distortion) and
he relative simplicity and large range of motion possible
ith rotational mechanisms. Given that rotational conver-

ence of stereo cameras is often implemented in practice, we
sk what effects the distortions produced by these move-
ents have on the perception of stereoscopic displays?

It is well known that the toed-in configuration distorts
he images in the two cameras producing patterns of hori-
ontal and vertical screen disparities (parallax). Geometri-
ally, deviations from the parallel-camera configuration may
esult in spatial distortion unless compensating transforma-
ions are introduced mechanically, optically or electronically
n the displayed images,2,12 for example unless a pair of pro-
ectors (or HMD with separate left and right displays) with

atched convergence or a parallel display with special dis-
ortion correction techniques are used.15,16 For the rest of
his paper we will assume a single projector or display sys-
em (parallel display) and a dual sensor system with parallel
r toed-in cameras.

The effects of the horizontal disparities have been well
escribed in the literature and we review them before turn-

ng to the vertical disparities in the next section. The depth
istortions due to the horizontal disparities introduced can
e estimated geometrically.1 The geometry of the situation is

llustrated in Figure 3. The imaging space world coordinate
ystem is centered between the cameras, a is the intercamera
istance and the angle of convergence is � (using the con-
entional stereoscopic camera measure of convergence rather

Figure 2. �a� The Toronto IRIS Stereoscopic Head
range of working distances. With such a system, a
objects of interest into view of the cameras. With of
with camera toe-in. �b� A hypothetical stereo rig wi
are out of the binocular field of view which is indic
han the physiological one).

20
Let us assume the cameras converge symmetrically at
oint C located at distance F. A local coordinate system is
ttached to each camera and rotated ±� about the y axis
ith respect to the imaging space world coordinate system.
he coordinates of a point P= �XYZ�T in the left and right
ameras is

�Xl

Yl

Zl

� = ��X +
a

2
�cos��� − Z sin���

Y

Z cos��� + �X +
a

2
�sin���� ,

�1�

�Xr

Yr

Zr

� = ��X −
a

2
�cos��� + Z sin���

Y

Z cos��� − �X −
a

2
�sin���� .

fter perspective projection onto the converged CCD array
coordinate frame u-v centered on the optic axis and letting
=1.0) we get the following image coordinates for the left,
ul ,vl�T, and right, �ur ,vr�T, arrays:

	ul

vl


 = 	Xl/Zl

Yl/Zl

 = �

�X +
a

2
�cos��� − Z sin���

Z cos��� + �X +
a

2
�sin���

Y

Z cos��� + �X +
a

2
�sin���

� ,

�2�

H II�, an example of a robot head built for a wide
range of camera convergence is required to bring
lf cameras this can be most conveniently achieved
ra field of view �. Objects in near working space
the cross hatch pattern.
2 �TRIS
wide

f-the she
th came
J. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
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	ur

vr


 = 	Xr/Zr

Yr/Zr

 = �

�X −
a

2
�cos��� + Z sin���

Z cos��� − �X −
a

2
�sin���

Y

Z cos��� − �X −
a

2
�sin���

� .

he CCD image is then reprojected onto the display screen.
e assume a single display/projector model with central

rojection and a magnification of M with respect to the
CD sensor image resulting in the following screen coordi-
ates for the point in the left, �Ul ,Vl�T, and right, �Ur ,Vr�T,
ye images:

Figure 3. Imaging and display geometry for symme
D �plan view�.

Figure 4. Keystone distortion due to toe-in. �a� Lef
points with the stereo camera converged �toed-in� o
left eye with right eye views demonstrate both horiz
. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
	Ul

Vl

 = M	ul

vl

, 	Ur

Vr

 = M	ur

vr

 . �3�

oeing-in the stereoscopic rig to converge on a surface cen-
ers the images of the target in the two cameras but also
ntroduces a keystone distortion due to the differential per-
pective (Figure 4). In contrast convergence by shifting the
CD sensor behind the camera lens (or shifting the half

mages on the display) changes the mean horizontal dispar-
ty but does not entail keystone distortion. For a given focal
ength and camera separation, the extent of the keystone
istortion is a function of the convergence distance and not

he distance of the target.
To see how the keystoning affects depth perception, as-

ume the images are projected onto a screen at distance D
nd viewed by a viewer with interocular distance of e. If the
agnification from the CCD sensor array to screen image is

-in convergence at point C and viewing at distance

d right ��� images for a regularly spaced grid of
rid. �b� Corresponding disparity vectors comparing
nd vertical components of the keystone distortion.
tric toe
t �+� an
n the g
321
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and both images are centered on the display then geo-
etrically predicted coordinates of the point in display space

s (after Ref. 1)

Pd = �Xd

Yd

Zd
� = �

e�Ul + Ur�

2�e − �Ur − Ul��

e�Vl + Vr�

2�e − �Ur − Ul��

eD

e − �Ur − Ul�

� �4�

here �Ur −Ul� is the horizontal screen parallax of the point.
If we ignore vertical disparities for the moment, con-

erging the camera causes changes in the geometrically pre-
icted depth. For instance, if the cameras toe-in to converge
n a frontoparallel surface (parallel to the stereobaseline),
hen from geometric considerations the center of the object
hould appear at the screen distance but the surface should
ppear curved (Figure 5). This curvature should be espe-
ially apparent in the presence of undistorted stereoscopic
eference imagery as would occur in augmented reality
pplications.16 In contrast, if convergence is accomplished
ia horizontal image translation then a frontal plane at the
amera convergence distance should appear flat and at the
creen distance although depth and size will be scaled as
iscussed in the previous section.

SE OF VERTICAL DISPARITY IN STEREOPSIS
he pattern of vertical disparities in a stereoscopic image
epends on the geometry of the stereoscopic rig. With our
pherical retinas disparity is best defined in terms of visual
ngle. An object that is located eccentric to the median plane

igure 5. Geometrically predicted perception �curved grid� of displayed
mages taken from a toed-in stereoscopic camera rig converged on a
ronto-parallel grid made with 10 cm spacing �asterisks� based on hori-
ontal disparities �associated size distortion not shown�. Camera conver-
ence distance �F� and display viewing distance �D� are 0.70 cm
e=a=62.5 mm; f=6.5 mm; see Fig. 3 and text for definitions�. The
con at the bottom of the figure indicates the position of the world coordi-
ate frame and the eyeballs.
f the head is closer to one eye than the other (Figure 6).

22
ence, it subtends a larger angle at the nearer eye than at the
urther. The vertical size ratio (VSR) between the images of
n object in the two eyes varies as a function of the object’s
ccentricity with respect to the head. Figure 6 also shows the
ariation of the vertical size ratio of the right eye image to
he left eye image for a range of eccentricities and
istances.

It is evident that, for centrally located targets, the gra-
ient of vertical size ratios varies with distance of the surface

rom the head. This is relatively independent of the vergence
tate of the eyes and the local depth structure.17 Howard18

urned this relationship around and suggested that people
ould judge the distance of surfaces from the gradient of the
SR. Gillam and Lawergren19 proposed a computational
odel for the recovery of surface distance and eccentricity

ased upon processing of VSR and VSR gradients. An alter-
ative computational framework10,20 uses vertical disparities

o calculate the convergence posture and gaze eccentricity of
he eyes rather than the distance and eccentricity of a target
urface. For our purposes, these models make the same pre-
ictions about the effects of camera toe-in. However, the

atter model uses projections onto flat projection surfaces
hypothetical flat retinae) which is easier for visualization
nd matches well with our previous discussion of camera
oe-in.

With flat imaging planes, disparities are usually mea-
ured in terms of linear displacement in the image plane. If
he cameras in a stereoscopic rig are toed in (or if eyes with
at retinae are converged), then the left and right camera

mages have opposite keystone distortion. It is interesting to
ote that in contrast to the angular disparity case the gradi-
nts of vertical disparities are a function of camera conver-
ence but are affected little by the distance of the surface.
hese vertical disparity gradients on flat cameras/retinae
rovide an indication of the convergence angle of the cam-
ras and hence the distance of the fixation point.

For a pair of objects or for depth within an object, the
elationship between relative depth and relative disparity is a
unction of distance from the observer. To an extent, the
isual system is able to maintain an accurate perception of
epth of an object at various distances despite disparity
arying inversely with the square of the distance between the
bject and the observer. This “depth constancy” demon-
trates an ability to account for the effects of viewing dis-
ance on stereoscopic depth. The relationship between the
etinal image size of an object and its linear size in the world
s also a function of distance. To the degree that vertical
isparity gradients are used as an indicator of the distance of
fixated surface for three-dimensional reconstruction, toe-in
roduced vertical disparity gradients would be expected to

ndirectly affect depth and size perception. Psychophysical
xperiments have demonstrated that vertical disparity gradi-
nts strongly affect perception of stereoscopic shape, size and
epth9,10,21 and implicate vertical disparity processing in hu-
an size and depth constancy.
J. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
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ERTICAL DISPARITY IN TOED-IN STEREOSCOPIC
AMERAS
irst, consider a stereoscopic camera and parallel display sys-

em that intends to portray realistic depth and that has cam-
ra separation equal to the eye separation. If the camera is
onverged using the toe-in method at a fronto-parallel sur-
ace at the distance of the screen, then the center of the
arget will have zero horizontal screen disparity. However,
he camera toe-in will introduce keystone distortion into the
wo images with the pattern of horizontal disparities predict-
ng curvature as discussed above. What about the pattern of
ertical disparities? The pattern of vertical disparities pro-
uced by a toed-in camera configuration resembles the gra-
ient of vertical size disparities on the retinae that can arise
ue to differential perspective of the two eyes. As discussed

n the previous section, this differential perspective forms a
atural and rich source of informative parameters contrib-
ting to human stereoscopic depth perception.

Given that camera toe-in generates such gradients of
ertical disparity in stereoscopic imagery, is it beneficial to
se camera toe-in to provide distance information in a ste-

Figure 6. �a� A vertical line located eccentric to th
Thus it subtends a larger angle in the nearer eye tha
gradient of vertical size ratio of the image of a surfa
a function of distance of the surface �shown as a se
order of steepness�.
eoscopic display? In other words, should the toed-in con-

. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
guration be used to converge the cameras and preserve the
ense of absolute distance and size, shape and depth con-
tancy? Perez-Bayas22 argued that toed-in camera configura-
ions are more natural since they present these vertical dis-
arities. The principal problem with this claim is that it
onsiders the screen parallax of stereoscopic images rather
han their retinal disparities. These keystone distortions are
n addition to the natural retinal vertical disparities present
hen viewing a scene at the distance of the screen.

In order to estimate the effect on depth perception we
eed to consider the retinal disparities generated by the ste-
eoscopic image. The keystone distortion occurs in addition
o the retinal vertical disparity pattern inherent in the image
ecause it is portrayed on the flat screen. Consider a fronto-
arallel surface located at the distance of the screen away

rom the camera and that we intend to display the surface at
he screen. Projections onto spherical retinas are hard to
isualize so let us consider flat retinae converged (toed-in) at
he screen distance. Alternatively one could imagine another
air of converged cameras viewing the display, one centered
t the center of each eye. The images on these converged flat
etinae would of course have differential keystone distortion

e of the head is nearer to one eye than the other.
rther �adapted from Howard and Rogers6�. �b� The
ment in the left eye to that in the right eye varies as
lines: distances of 70, 60, 50, 40, and 30 cm in
e midlin
n the fu
ce ele
ries of
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hen viewing a frontal surface such as the screen. When
isplaying images from the toed-in stereoscopic camera,
hich already have keystone distortion, the result is an ex-

ggerated gradient of vertical disparity in the retinal images
ppropriate for a much nearer surface. For a spherical retina
he important measure is the gradient of vertical size ratios
n the image. The vertical size ratios in the displayed images
mposed by the keystone distortion are in addition to the
atural VSR for a frontal surface at the distance of the
creen. Clearly, the additional keystone distortion indicates a
earer surface in this case as well [Figure 7(a)].

From either the flat camera or spherical retina model we
redict spatial distortion if disparities are scaled according to

he vertical disparities, which indicate a closer target. Such a
isjudgement of perceived distance would be predicted to

ave effects on perceived depth and size [open circles in Fig.
(b)]. There is little evidence that observers actually
islocalize surfaces at a nearer distance when a vertical dis-

arity gradient is imposed. However, there is strong evidence
or effects of VSR gradients on depth constancy processes.

If a viewer fixates a point on a fronto-parallel screen,
hen at all screen distances nearer than infinity the images of
ther points on the screen have horizontal disparity (retinal
ut not screen disparity). This is because the theoretical lo-
us of points in three-dimensional space with zero retinal
isparity, which is known as the horopter (the Vieth-Muller
ircle), curves inward toward the viewer and away from the
rontal plane. The curvature of the horopter increases at
earer distances (Figure 8).23 Thus a frontal plane presents a
attern of horizontal disparities that varies with distance. If
epth constancy is to be maintained for fronto-parallel
lanes then the distance of the surface needs to be taken into
ccount. Rogers and Bradshaw21 showed that vertical dispar-
ty patterns can have a strong influence on frontal plane
udgements, particularly for large field of view displays. Spe-
ifically, “flat”—or zero horizontal screen disparity—planes
re perceived as curved if vertical disparity gradients indicate
distance other than the screen distance.

In our case, the toe-in induced vertical disparity intro-
uces a cue that the surface is nearer than specified by the
orizontal screen disparity. Thus a zero horizontal screen
isparity pattern for a frontal surface at the true distance
ould be interpreted as at nearer distance. The disparities
ould be less than expected from a frontal plane at the
earer distance. As a result, surfaces in a scene should appear
urved more concavely than they are in the real scene. No-
ice that the distortion is in the opposite direction than the
istortion created by horizontal disparities due to the
eystoning.

Thus the effect of vertical disparity introduced by the
eystone distortion is complicated. The vertical disparity in-
roduces a cue that the surface is nearer than specified by the
orizontal screen disparity. Thus, from vertical disparities,
e would expect a bias in depth perception and concave
istortion of stereoscopic space. This may counter the con-
ex distortions introduced by the horizontal disparities dis-

ussed above. So the surface may appear flatter than ex-

24
ected from the distorted horizontal disparities. But the
ercept is not more “natural” than the parallel configura-

igure 7. �a� Simulation of the keystone distortion and gradient of VSR
resent in a stereo half image for a toed-in configuration. The plus sym-
ols show the keystone distortion in the displayed image of a grid for a
amera converged at 70 cm and the circle symbols indicated the exag-
erated VSR distortion present in the retinal half image for an observer
iewing the display at 70 cm �flat retina�. �b� Predicted distorted appear-
nce �circles� in a set of frontal plane surfaces �asterisks� if depth from
isparity is scaled according to the distance indicated by an exaggerated
SR. Typically the surface is not mislocalized in depth but curvature is

nduced. The predicted curvature based on the on the equations provided
y Duke and Wilcox28 is also shown �diamonds�. The simulated positions
f the eyes are denoted by circles at zero distance and the screen by a

ine at 70 cm.
J. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
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ion. Rather two distortions due to camera toe-in act to
ancel each other out.

o toed-in configurations provide useful distance
nformation for objects at other distances or
or nonorthostereoscopic configurations?
ince the toe-in induced vertical disparity gradients are su-
erimposed upon the natural vertical disparity at the retinae

hey do not provide natural distance cues for targets near the
isplay under orthostereoscopic configurations.
onorthostereoscopic configurations are more common

han orthostereoscopic and we should consider the effects of
oe-in on these configurations. Magnification and minifica-
ion of the images will scale the disparities in the images as
ell so that the vertical gradient of vertical size ratio will be

elatively unchanged under uniform magnification. Hence
e expect a similar curvature distortion under magnification
r minification.

Hyperstereoscopic and hypostereoscopic configurations
xaggerate and attenuate, respectively, the horizontal and
ertical disparities due to camera toe-in and the magnitude
f the stereoscopic distortions will be scaled. However, for
oth configurations the sign of the distortion is the same
nd vertical disparities from camera toe-in predict concave
urvature of stereoscopic space with increased distortion
ith an increased stereobaseline.

For surfaces outside the plane of the screen, vertical
eystone distortion from toe-in still introduces spatial dis-
ortion. A surface located at a distance beyond the screen in

parallel camera, orthostereoscopic configuration will have
SR gradients on spherical retinae appropriate to its dis-

ance due to the imaging geometry. For a toed-in camera
ystem, all surfaces in the scene will have additional vertical
isparity gradients due to the keystoning. These increased
ertical disparity gradients would indicate a nearer conver-
ence distance or a nearer surface thus the distance of the far

Figure 8. Disparity of a point on a fronto-parallel s
given eccentricity increases with nearness due to th
urface should be underestimated and concave curvature in-

. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
roduced. The distance underestimation would be com-
ounded by rescaling of disparity for the near distance
hich should compress the depth range in the scene.

What about partial toe-in? For example, let us say we
oed in on a target at 3 m and displayed it at 1.0 m with the
enters of the image aligned? Would the vertical disparities
n the image indicate a more distant surface, perhaps even
ne at 3 m (this would be the case if viewed in a haplo-
cope)? A look at the pattern of vertical screen disparities in
his case, however, shows that they are appropriate for a
urface that is nearer than the 3 m surface, and in fact nearer
han the screen if the half images are aligned on the screen.
hus when the vertical screen disparities are compounded
y the inherent vertical retinal disparities introduced by
iewing the screen, the toe-in induced distortion actually
ndicates a nearer surface rather than the further surface
esired. We will see below that vertical disparity manipula-
ions can produce the impression of a further surface but the
equired transformation is opposite to the one introduced by
amera toe-in.

o the toed-in configurations improve depth and size
caling?
ertical disparities have been shown to be effective in the
caling of depth, shape and size from disparity.9,21 When the
ameras are toed-in the vertical disparities indicate a nearer
urface. Therefore, camera toe-in should cause micropsia (or
pparent shrinking of linear size) appropriate for the nearer
istance. Similarly, depth from disparity should be scaled
ppropriate to a nearer surface and depth range should be
ompressed. Thus, if toe-in is used to converge an otherwise
rthostereoscopic rig, then image size and depth should be
ompressed. Vertical disparity cues to distance are most ef-
ective in a large field of view display and the curvature, size
nd depth effects are most pronounced in these types of
isplays.9,21

s a function of distance. Horizontal disparity for a
asing curvature of the Veith-Muller circle �see text�.
urface a
e incre
In the orthostereoscopic case with parallel cameras,
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here are no vertical screen disparities and the vertical dis-
arities in the retinal images are appropriate for the screen
istance and no size or depth distortions due to vertical
isparity are predicted. Vertical disparities in the retinal (but
ot display) images can thus help obtain veridical stereo-
copic perception.

use computer graphics or image processing to render
tereoscopic images. Can I use VSR to give an
mpression of different distances? If so how?
ncorporating elements that carry vertical disparity informa-
ion (for example with horizontal edges) can lead to more
eridical depth perception8 and in this simple sense vertical
isparity cues can assist in the development of effective ste-
eoscopic displays. It is not certain that manipulating vertical
isparity independent of vergence would be of use to con-

ent creators, but it is possible. In the lab we do this to look
t the effects of vertical disparity gradients and to manipu-
ate the effects of vertical disparities with vergence held con-
tant.

We have seen that toe-in convergence introduces a ver-
ical disparity cue that indicates that a surface is nearer than
ther cues indicate. This will scale stereoscopic depth, shape
nd size appropriately, particularly for large displays. To
ake the surface appear further away the opposite transfor-
ation is required to reduce the vertical disparity gradients

n the retinal image—this essentially entails “toe-out” of the
ameras. VSR manipulations, intentional or due to camera
oe-in, exacerbate cue conflict in the display as the distance
stimate obtained from the vertical disparities will conflict
ith accommodation, vergence, and other cues to distance.

USION OF VERTICAL DISPARITY
n many treatments of the camera convergence problem it is
oted that the vertical disparities introduced by toed-in
amera convergence may interfere with the ability to fuse the
mages and cause visual discomfort.24 Certainly, vertical fu-
ional range is known to be less than horizontal fusional
ange23 making it likely that vertical disparities could be
roblematic. Tolerance to vertical disparities depends on
everal factors including size of the display, and the presence
f reference surfaces.

When a stereoscopic image pair has an overall vertical
isalignment, such as arises with vertical camera misalign-
ent, viewers can compensate with vertical vergence and

ensory fusional mechanisms. Vertical vergence is a disjunc-
ive eye movement where the left and right eyes move in
pposite directions vertically (vertical misalignment can also
ften be partially compensated by tilting the head with re-
pect to the display). Vertical disparities are integrated over a
airly large region of space to form the stimulus to vertical
ergence.25 Larger displays increase the vertical vergence re-
ponse and the vertical fusional range. Thus we predict that
ertical disparities will be better tolerated in large displays.
n agreement with this Speranza and Wilcox26 found up to
0 minutes of arc of vertical disparity could be tolerated in a
tereoscopic IMAX™ film without significant viewer dis-

omfort. However, convergence via camera toe-in gives local D

26
ariations in vertical disparity and thus images of objects in
he display have spatially varying vertical disparities. Thus,
veraging retinal vertical disparities over a region of space
hould be less effective in compensating for vertical disparity
ue to camera toe-in compared to overall vertical camera
isalignment. Furthermore, any vertical vergence to fuse

ne portion of the display will increase vertical disparity in
ther parts of the display.

The ability to fuse a vertically disparate image is reduced
hen nearby stimuli have different vertical disparities, par-

icularly if the target and background are similar in depth.27

n many display applications the frame of the display is vis-
ble and serves as a frame of reference. In other applications
uch as augmented reality and enhanced vision displays the
tereoscopic imagery may be imposed upon other imagery.
resence of these competing stereoscopic images will be ex-
ected to reduce the tolerance to vertical disparity due to
amera convergence.27 This indicates that vertical disparity
istortions should be particularly disruptive in augmented
eality displays where the stereoscopic image is superim-
osed on other real or synthetic imagery and parallel cam-
ras or image rectification should be used.

DAPTATION AND SENSORY INTEGRATION OF
OE-IN INDUCED VERTICAL DISPARITY
he human visual system relies on a variety of monocular
nd binocular cues to judge distance and relative depth in a
cene. The effects of toe-in induced horizontal and vertical
isparities on depth and distance perception discussed above
ill be reduced when viewing a scene rich in these cues. The

xtent of the perceptual distortion depends on perceptual
iases and the relative effectiveness of the various cues. For
xample, Bradshaw and Rogers21 performed an experiment
sing dot displays to study size and depth scaling as a func-

ion of distance indicated by vertical disparities and ver-
ence. They argued that use of vertical disparity information
o drive size and depth constancy requires measuring the
elevant disparity gradients over a fairly large retinal area
hereas vergence signals, correlated with egocentric dis-

ance, could be obtained during binocular viewing of a point
ource of light. Accordingly, when displays were small, sub-
ects responded as if they were scaling the stimulus appro-
riate for the distance indicated by vergence; when displays
ere large subjects responded as if they were scaling the

timulus appropriate for the distance indicated by vertical
isparity. When other cues reliably indicate a different dis-

ance than toe-in induced vertical disparities the effect of the
atter on depth and size perception may be small. However,
atent, even imperceptible, cue conflicts are believed to be a
ausal factor in simulator sickness symptoms such as eye
train and nausea.5

When sensory conflict is persistent, the visual system
hows remarkable ability to adapt or recalibrate. Following
rolonged viewing of a test stimulus that appears curved due

o keystone-type vertical disparity transformations a nomi-
ally flat stimulus appears curved in the opposite direction.

28
uke and Wilcox have claimed this adaptation is driven by

J. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
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he curvature in depth induced rather than by the vertical
isparities directly. In general, such an aftereffect can reflect
habituation” or “fatigue” of mechanisms sensitive to the
dapting pattern, or from a recalibration of the vertical dis-
arity signal, or a change in the relative weighting of cues
riving depth constancy. At the present time it is unclear
hich of these adaptive changes can be produced by pro-

onged exposure to keystone patterns of vertical disparity.
The effects of vertical disparities induced by toe-in con-

ergence also depends on context and may differ depending
n the type of task being performed by the subject and
hether they involve size constancy, depth constancy, abso-

ute distance judgements or other spatial judgements. For
xample, Wei et al.29 reported that full-field vertical dispari-
ies are not used to derive the distance dependent gain term
or the linear vestibulo-ocular reflex, a reflexive eye move-

ent that compensates for head movements, under condi-
ions where vertical disparities drive depth constancy.

ONCLUSIONS
n conclusion, we concur with conventional wisdom that
orizontal image translation is theoretically preferred to

oe-in convergence with parallel stereoscopic displays.
oed-in camera convergence is a convenient and often used
echnique that is often well-tolerated24 despite the fact that it
heoretically and empirically results in geometric distortion
f stereoscopic space. The distortion of stereoscopic space
hould be more apparent in fused or augmented reality dis-
lays where the real world serves as a reference to judge the
isparity distortion introduced by the toe-in technique. In

hese cases, and for near viewing when the distortions are
arge, the distortions may be ameliorated through camera
ectification techniques15,30 if resampling of the images is
ractical.

It has been asserted by others that, since camera con-
ergence through toe-in introduces vertical disparities into
he stereoscopic imagery it should give rise to more natural
r accurate distance perception than the parallel camera
onfiguration. We have argued in this paper that these asser-
ions are theoretically unfounded although vertical disparity
radients are an effective cue for depth and size constancy
hat could be used by creators of stereoscopic content. The
eometrical distortions predicted from the artifactual hori-
ontal disparities created by camera toe-in may be countered
y opposite distortions created from the vertical disparities.
owever, when displayed on a single projector or monitor

isplay the vertical disparity gradients introduced by
nrectified, toed-in cameras do not correspond to the gra-
ients experienced by a real user viewing a scene at the
amera convergence distance. This is because the keystoning
ue to the camera toe-in is superimposed upon the natural
ertical disparity pattern at the eyes.

Our analysis and data27 implies that stereoscopic
isplay/camera systems that fuse or superimpose multiple

tereoscopic images from a number of sensors should be

. Imaging Sci. Technol. 51�4�/Jul.-Aug. 2007
ore susceptible to toe-in induced fusion and depth-
istortion problems than displays that present a single ste-
eoscopic image stream. Analysis of toe-in induced vertical
isparity reinforces the recommendation that rectification of

he stereoscopic imagery should be considered for fused ste-
eoscopic systems such as augmented reality displays or en-
anced vision systems that require toed-in cameras to view

argets at short distances.
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