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opment systems pose an even more formidable challenge
since toner particles bounce back and forth between the
developer roller and photoconductor (PC) multiple times
in such systems, and accounting for the time dependent
dynamics is very difficult.2 In this article, such dynamic
behavior is simulated by using the negative and posi-
tive peaks of the AC bias and accurately increasing the
gap length accordingly. This approach is based on uni-
form toner distribution in the gap and the polarity of
the normal field determines the direction, in which toner
particles travel.

For more consistent and reliable outputs from a laser
printer, it is a common practice to apply an AC bias to
the developer. Since the magnitude of a typical AC bias
is in the neighborhood of 2000 Vp-p (peak-to-peak volt-
age), the final development depends heavily on how the
electric field changes as the PC rolls away from the de-
veloper. We will first calculate the effective gap length
as a function of PC rotation angle using conformal map-
ping techniques. The frequency of the AC bias specifies
how long it takes for the AC bias to change its polarity.
The PC rotation angle immediately after the AC bias
switches its polarity can be determined from the geom-
etry. We then derive the normal field expression in the
gap using the effective gap length and describe our layer-
by-layer development method, which takes into account
the time dependent AC bias.

It should be mentioned that our simulation is based
on the assumption that the electric forces in the gap
predominantly determines the final outcome. In the
presence of other forces, it can be expected that the fi-
nal PC rotation angle in our development model will be
different from that which occurs in the actual system

Introduction
Electrophotographic printers have become indispensable
to the modern office and now constitute a multi-billion
dollar industry involving many of the world’s largest cor-
porations.1 The most crucial part of the electrophoto-
graphic process, which is not well understood, is the
development step because this step most directly deter-
mines the quality of the images. Many approaches have
been reported for predicting the outputs of electrophoto-
graphic devices in terms of optical density/gray level,2–6

developed toner mass,1,7–9 and electric field.10–14 In this
article, we introduce a procedure for calculating devel-
oped toner layers while dynamically accounting for the
effects of AC bias.

Accurately determining the amount of developed toner
requires knowledge of the total forces acting on toner
particles in the gap, which are quite complicated. In
addition to the development field, a first principles treat-
ment would need to account for other forces acting on
toner. Calculations attempting to account for these fac-
tors quickly become quite involved.15,16 AC biased devel-
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(more comprehensive characterization of the gap jump
development process including the effects from other
forces is a topic of future research). For example, sur-
face adhesion will require a more normal electric field
to detach toner layers from the developer and PC, which
will effectively reduce the final development angle. How-
ever, in other aspects the dynamics reported in this ar-
ticle should be representative of the development
process.

Flat PC and Cylindrical Developer
Suppose the PC radius is much greater than the devel-

oper radius. Then we can assume that the PC surface is
flat, as illustrated in Fig. 1. We map the region between
the PC and developer onto the annular region between
two circles of radii, Rout and Rin, as shown in Fig. 2 using
the following bilinear transformation
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where the coordinate system of the developer and flat
PC is given by

    w = +u iv , (2)

and the coordinate system of the annulus is given by

    r = +p iq . (3)

The circle in the (u, v) coordinate system is mapped
onto the inner circle of the annulus in Fig. 2 and the v-
axis is mapped onto the outer circle of the annulus. With
these two constraints, we let Rin = c1 = 1 and obtain
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It can be shown that the potential inside the annu-
lus is17
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From Eq. (1),
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In order to determine the locations of field lines,
along which toner particles will travel, we need to ob-
tain the harmonic conjugate of Eq. (6). The harmonic
conjugate     

˜ ( , )V u v  must satisfy the following Cauchy–
Riemann equations,
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Integrating the both sides of the first Cauchy–Ri-
emann equation and taking advantage of the second
Cauchy–Riemann equation, we obtain
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Cylindrical PC and Developer
In practice, the PC radius is not much larger than

the developer radius (typically twice as large). Thus, the
flat PC approximation is in general not valid. In order
to incorporate a cylindrical PC (see Fig. 3), we intro-
duce another bilinear mapping.
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Figure 1. w coordinate system (flat PC)

Figure 2. r coordinate system
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where the coordinate system of the cylindrical PC and
developer is given by

    z = +x iy (10)

Then, as similarly done in the flat PC case, we obtain
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where γ = RPC + g0 + Rdev. The two bilinear transforma-
tions of Eqs.  (1) and (9) can be combined to yield one
composite mapping
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With this new mapping, we can directly map the gap
in Fig. 3 onto the region inside the annulus in Fig. 2.
From Eq. (6),
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As derived earlier, the harmonic conjugate of Eq. (14)
is
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The equipotential curves are given by

    V x y V( , ) = 0 . (16)

The equipotential curves using several values of V0

are shown in Fig. 4. Equation (16) turns out to be the
equation of circles with different radii and centers that
vary with V0. Thus we can analytically obtain the length
of a portion of an equipotential curve once we know its
curvature. However, the lines of flux given by

    
˜ ( , )V x y E= 0 (17)

are not easily expressed in terms of x and y. We note
that the lines of flux in the (p, q) coordinate system are
portions of rays emanating from the origin. Thus, if we
use the polar coordinate system, a line of flux inside
the annulus can be expressed as

      r = +R iRcos sinθ θ , (18)

where

  R R Rin out≤ ≤ , (19)

and θ is the angle of the flux line with respect to the
positive x-axis. Then from Eqs. (18) and (12),
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Figure 3. z coordinate system (cylindrical PC)

Figure 4. Equipotential curves
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Given a PC rotation angle φ, we can obtain the x and
y positions on the PC surface. Then
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Thus, for an arbitrary φ, Eqs. (20) and (21) represent
the corresponding flux line. Figure 5 shows the flux lines
resulting from φ = {–80°, –70°, –60°, … , 60°, 70°, 80°}.

The length g of a flux line is given by

    

g
dx R

dR
dy R

dR
dR

ad bc
ac

c R ac
ac

c R ac
ac

R

Rout

out

in

in

= ⎛
⎝⎜

⎞
⎠⎟

+ ⎛
⎝⎜

⎞
⎠⎟

= −

−⎛

⎝
⎜

⎞

⎠
⎟

−
−⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

∫
( ) ( )

sin

arctan
cos

sin

arctan
cos

sin

2 2

2

2θ

θ
θ

θ
θ

. (23)

This is the effective gap length for a given θ. The
lengths of flux lines as a function of PC rotation angle φ
are shown in Fig. 6.

Electric Field in the Gap
Consider the development region geometry shown in

Fig. 7. Initially, when there is no toner on the PC (k = 0
in Fig. 7), we assume uniform toner distribution in the
gap with a volume charge density of

  
ρ ρ λ

cloud t g
= , (24)

where ρt is the toner volume charge density, λ is the
initial bead layer thickness, and g is the effective gap
length in Eq. (23). In this case of no development, the

field at the PC surface determines the development area
on the PC surface. After the first layer, L1 develops on
the PC surface, k = 1 and the volume charge density
above L1 is reduced according to

    
ρ ρ λ τ

cloud t g
= −( )

, (25)

where τ is the thickness of each toner layer. We discretize
the toner layer thickness in each layer based on our mea-
surement of the average toner particle size. From τ, we
can obtain the maximum number N of toner layers that
can develop on the PC

  
N = λ

τ , (26)

After L1 develops on the PC, the field on top of L1 de-
termines where on the PC the second layer, L2, will de-
velop. This process is repeated until ρcloud becomes zero,

Figure 5. Lines of flux Figure 6. Lengths of flux lines

Figure 7. Development region geometry
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or the field at the top of Lk is less than or equal to zero
(negative field means the toner experiences a force which
is directed upward towards the developer), which ever
occurs first. Figure 8 illustrates this process for N = 3.
Note that this process is valid for the negative peak of
the AC bias (with negatively charged toner and PC).
When the AC bias switches its polarity and reaches the
positive peak, the toner particles will travel in the op-
posite direction (towards the developer). In this case,
we calculate the field at the top of LN (ρcloud above LN is
zero) and “undeveloped” portions of LN where the field
is negative. The removed portions of LN effectively in-
creases the volume charge density in the gap (directly
above the removed toner) to

  
ρ ρ τ

cloud t g
= , (27)

Once LN is removed at appropriate locations, the field
at the top of LN–1 determines which portions of LN–1 will
be removed. This process is repeated until appropriate
portions of L1 are removed. This toner removal process
is illustrated in Fig. 9, where toner removal takes place
on the left side only for the purpose of illustration.

With our layer-by-layer development process described
above, we now derive an expression for the normal field
in the gap. Our derivation is carried out in the frequency
domain, as similarly done by Kao.13 For an arbitrary
pattern, the development region is not known in ad-
vance, so it has to be a function of the spatial variables,
x, and y. For the development at the PC, let
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Thus, Λ3(x0,y0) = 1 would mean that the third toner layer
develops at (x0,y0) on the PC (see Fig. 7). Also, define
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Then, the volume charge density in the gap can be writ-
ten as
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where u(⋅) is the unit step function. With the definitions,
Eqs. (28) through (30), we begin with Poisson’s equa-
tion in the frequency domain.
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where

    
k k ku x y= +2 2 , (32)

and kx and ky are the spatial frequency variables in the
x and y directions, respectively. ε0 is the permittivity of
free space, εt is the dielectric constant of toner, εpc is the

Figure 8. Layer-by-layer development. ρcloud varies with hori-
zontal location

Figure 9. Toner removal process. ρcloud varies with horizontal
location
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dielectric constant of the PC and, εcloud is the dielectric con-
stant of toner cloud, which is assumed to be unity,18 re-
gardless of the number of developed toner layers. σPC(x, y)
is the PC surface charge density, which can be experimen-
tally determined from the photo-induced discharge char-
acteristics (PIDC) associated with the PC. Λn(ku), Φn(ku),
and σPC(ku) are the 2D Fourier transforms of Λn(x, y),
Φn(x, y), and σPC(x, y), respectively. We obtain the poten-
tial V(ku, z) by taking the Laplace transform of Eq. (31)
with respect to z, applying the boundary conditions, and
then taking the inverse Laplace transform. The normal
field is the negative gradient of the potential with re-
spect to z (see Eq. (33)). δ(⋅) is the Dirac delta function
and Vbias is the development bias voltage given by

    V V V f tbias DC AC AC= − ( )cos 2π . (34)

VDC is the DC developer bias, VAC is the magnitude of
the AC bias, and fAC is the frequency of the sinusoidal
AC bias. The normal field in the spatial domain is ob-
tained by taking the inverse 2D Fourier transform of
Eq. (33).

Development Calculation Procedure
We begin our calculation procedure with the negative

peak of the AC bias and the initial gap length g0 (see Fig.
3). The elapsed time t at this point is therefore zero. Note
that it is not necessary to begin with a negative PC rota-
tion angle (see Fig. 6) since the positive peak of the AC
bias completely removes any developed toner on the PC
when g = g0, as will be shown later. From Eq. (34),

  V V Vbias DC AC= − . (35)

Layer-by-layer development is carried out using g =
g0 and Eq. (35). We then set t = 1/(2fAC), which changes
the AC bias polarity. Thus, the developer bias becomes

  V V Vbias DC AC= + (36)

During t = 1/(2fAC), the PC travels

    y t t vPC PC( ) = ⋅ , (37)

where vPC is the PC rotation speed, typically specified
as a linear velocity, e.g., 10 pages/min. The correspond-
ing PC rotation angle φ can be obtained from this PC
movement in the y direction
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The point (xφ, yφ) on the PC in the z coordinate system
that makes the angle φ with the positive x-axis is
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The corresponding angle θ in the r coordinate system
is obtained from Eq. (22). We then calculate the effec-
tive gap length using θ and Eq. (23). Once the effective
gap length and the developer bias, Eq. (36) are deter-
mined, we carry out the layer-by-layer development cal-
culation discussed earlier. In the next calculation cycle,
we set t = 1/fAC and proceed as before. Note that Λn and
Φn remain the same when we switch from one calcula-
tion cycle to the next. They do get modified in the sub-
sequent calculation cycle, but their initial values at the
beginning of the current calculation cycle are the same
as the final values in the previous calculation cycle.

Simulation Results
We used a 1200 dpi printer with fAC = 2,400 Hz and VAC

= 1,050 volts in our simulation. Based on developed toner
mass measurements on the test printer, we determined
that as many as three toner layers can develop on the
PC surface. Consider the bitmap of a vertical line and a
20 × 20 square shown in Fig. 10. Each square in the
bitmap represents a printer pixel and our calculation
grid spacing is about 2.6 µm. The calculation procedure
described in the previous section is implemented in
Matlab® and it takes a few minutes on a Pentium® IV
machine to complete the calculation procedure for the
bitmap in Fig. 10. We first present the results arising
from the negative peak of the AC bias. Figure 11 shows
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the developed toner layers when g = g0 = 310 µm and t =
0. The number of developed layers is displayed with
three gray levels. The lightest gray represents single
layer development; the darkest gray (black) represents
three layers; the mid tone represents two layers. Two
layers developed on the background, except around the
square, where the strong fringe fields prevented the
second layer from developing. As the PC rolls away from
the developer, the single layer region expands and com-
pletely surrounds the square, as shown in Fig. 12 (t =
40/fAC). Note that not even a single layer develops in the
regions directly adjacent to the four edges of the square.
As the PC rotates further away from the developer, no
development regions become larger while the regions
where two layers developed become smaller, as shown
in Fig. 13. Eventually, the two layer regions disappear
(Fig. 14). Similarly, the single layer regions become
smaller and eventually vanish (Fig. 15 through Fig. 17).
It took 200 AC cycles before the background disappears
completely. 200 cycles corresponds to a PC rotation angle
of 14.82°, effective gap length of 1741 µm. Figure 18
shows the developed layers after 560 AC cycles, which
are not much different from the ones after 200 cycles.
Thus, one can make an inference that crucial develop-
ment is completed before the PC rotates about 15 de-
grees for this test device, after which the amount of toner
projecting from the developer to the PC surface is neg-
ligibly small, assuming the development field is the
dominant force determining the final development.

The positive peak of the AC bias has a tendency to re-
move developed toner from the PC surface. Thus, the
smaller the effect gap length, the less development takes
place. In fact, no toner remains on the PC surface if the
PC rotation angle is less than 3 degrees, which corre-
sponds to 40.5 AC cycles (t = 16.88 ms). Figure 19 and
Fig. 20 show the developed layers after 40.5 and 60.5
cycles, respectively. Note that the corners of the square
are getting larger while there is no development on the
line. The line begins to develop in the next 10 cycles, as
shown in Fig. 21. The second and third layers around
the corners of the square begin to appear after 120.5 (Fig.
22) and 170.5 (Fig. 23) cycles, respectively, whereas the
second layer on the line does not appear until 170.5 cycles.
It seems like the edges of a large pattern begin to de-
velop sooner than for a smaller pattern. On the other
hand, the round hole in the middle of the square does

Figure 10. A vertical line and a square

Figure 11. Initial development (negative peak). The number
of developed layers is displayed with three grayscales. The
lightest gray represents single layer development; the dark-
est gray (black) represents three layers; the mid tone repre-
sents two layers.

Figure 12. Development after t = 40/fAC (negative peak)

Figure 13. Development after t = 80/fAC (negative peak)
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not get filled with the first layer until 200.5 cycles (Fig.
24), at which point the negative peak development more
or less completes (φ ≈ 15°). It takes another 120 cycles
before the second and third layers cover the hole (Fig.
25). Thus, contrary to our earlier speculation, a fair
amount of toner does move between the developer and

the PC even after the PC rotates about 15 degrees. This
can be seen in Fig. 26, where the total developed toner
mass from the positive and negative peaks of the AC bias
is shown as a function of PC rotation angle. The devel-
oped mass from the positive peak continues to increase
until the PC rotates about 30 degrees. Also note that the
mass from the negative peak does not converge to the
same value as that to which the positive peak mass con-
verges. This indicates that at least a small amount of
toner keeps moving between the developer and PC even
after the developed layers from both peaks stabilize. One
can also conclude that a small feature finishes develop-
ing earlier than a larger feature since the second layer
on the line developed without a gap long before the hole
in the square was filled with the second layer. Figure 27
shows the developed layers after 560.5 cycles, which does
not look much different from the ones after 320.5 cycles.

 A 4 point “w” character is shown in Fig. 28. Figure 29
shows the initial development from the negative peak
using the “w”. Relatively light development around the
edges of the feature is observed. As in the previous case,
the negative peak development stabilizes after the PC
rotates about 15 degrees, as shown in Fig. 30. The de-
veloped layers from the positive peak, on the other hand,
finish developing over a hundred cycles after those from
the negative peak stabilize (Fig. 31). Thus, independent
of the feature being used, the positive peak keeps the

Figure 14. Development after t = 100/fAC (negative peak) Figure 15. Development after t = 140/fAC (negative peak)

Figure 16. Development after t = 170/fAC (negative peak) Figure 17. Development after t = 200/fAC (negative peak)

Figure 18. Development after t = 560/fAC (negative peak)
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Figure 19. Development after t = 40.5/fAC (positive peak) Figure 20. Development after t = 60.5/fAC (positive peak)

Figure 21. Development after t = 70.5/fAC (positive peak) Figure 22. Development after t = 120.5/fAC (positive peak)

Figure 24. Development after t = 200.5/fAC (positive peak)Figure 23. Development after t = 170.5/fAC (positive peak)
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toner particles moving much longer than the negative
peak.

Conclusions
Time dependent layer-by-layer development calculation
on AC biased monocomponent systems based on uniform

Figure 25. Development after t = 320.5/fAC (positive peak)

Figure 26. Total developed toner mass

Figure 27. Development after t = 560.5/fAC (positive peak) Figure 28. Bitmap of a 4-point “w” character

toner distribution in the gap was iteratively carried out.
The effective gap length as the PC rotates away from
the developer was calculated using conformal mapping
techniques. The normal electric field in the gap was
obtained by talking the 2D Fourier transform of the
spatial potential and subsequently taking the negative

Figure 29. Initial development (negative peak) Figure 30. Development after t = 200/fAC (negative peak)
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gradient of the potential. The field was then used to
determine the locations of toner deposition in each
toner layer, whose thickness is obtained from the av-
erage toner particle size. The negative peak of the AC
bias attracts the toner particles towards the PC sur-
face and the positive peak tends to remove the devel-
oped toner.

We found that crucial development from the nega-
tive peak is completed before the PC rotates about 15
degrees for the test device (fAC = 2,400 Hz and VAC =
1,050 volts). The positive peak, however, continues to
remove the developed toner long after the developed
layers from the negative peak stabilize. Furthermore,
it is found that at least a small amount of toner keeps
moving between the developer and PC even after the
developed layers from the both peaks stabilize. We also
found that a small feature finishes developing sooner
than a larger feature (a larger feature tends to form a
hole in the middle and it takes longer to cover the hole
with toner layers).    
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