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Analyzing CTF of Print by MTF of Paper
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Image quality of print is dependent on the paper characteristics. However, there are relatively few studies on the imaging character-
istics of paper. In a previous report, we introduced a new method for measuring the modulation transfer function (MTF) of paper. In
this report, a contrast transfer function (CTF) of print is introduced. We find that the CTF of print, CTFprint(ω), can be expressed by a
simple function of the MTF of paper, MTFpaper(ω): CTFprint(ω) = [1 + MTFpaper(ω)]/2. The CTF of print predicted by the function was
approximately same as the measured CTF of print.
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Introduction
Image quality of print is dependent on the paper charac-
teristics. As is well known, paper is a turbid medium, there-
fore, incident light to paper causes absorption,
transmission, reflection, and scattering. The modulation
transfer function (MTF) is usually applied to represent
the light-scattering phenomenon for the analysis of trans-
parency films or lenses.1–3 However, relatively little has
been studied on the imaging characteristics of print and
paper.4–6

In a previous report, we introduced a new method for
measuring MTF of paper.7 On the basis of the experimen-
tal results, in this report, we analyze a contrast transfer
function (CTF) of print mathematically by the MTF of
paper. Analyzed results are compared with the measured
data by experiment.

Reflection Image Model
Before we introduce a CTF of print, it is useful to dis-

cuss the light intensity transfer behavior of print. For the
discussion, we use a model that can predict reflection in-
tensity (or density) of print termed the reflection image
model. The reflection image means an image that is ob-
served as reflection light intensity. For example, print, pho-
tographic print, and hardcopy are the reflection images.
We use the word “print” as the reflection image in this
report. In our previous report, the experimental results
showed that the predicted density by this model is approxi-
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mately same as the measured density in halftone image,
and the estimated optical dot gain is well correlated to
the measured optical dot gain.7

We assume that the reflection image consists of two lay-
ers, a transparent image layer and a diffuse reflection
layer, as shown in Fig. 1. We may consider that the trans-
parent image layer is ink and the diffuse reflection layer
is paper. Each step in this model is explained as follows:
Step 1. Incident light is projected to the transparent

image layer.
Step 2. The transparent image layer absorbs incident

light.
Step 3. Incident light is scattered and diffused in the

diffuse reflection layer, and this phenomenon is
represented as the point spread function (PSF)
or the MTF of the diffuse reflection layer.

Step 4. The scattered and reflected light in the diffuse
reflection layer is absorbed in the transparent
image layer again.

Figure 1. Diagram of reflection image model.



These steps can be expressed as the following equation.

iout(x,y)= iin r { t(x,y) * PSFpaper(x,y)}t(x,y), (1)

where iout(x,y) at coordinates x, and y is reflection light
intensity, namely the observed image; t(x,y) is transmit-
tance of the transparent image layer, PSFpaper(x,y) is the
PSF of the diffuse reflection layer and * indicates the con-
volution integral. We assumed that the incident light iin

and reflectance of the diffuse reflection layer r are uni-
form, then iin and r are constant.

Equation 1 can be expressed in the Fourier domain

iout(u,v)= iin r {T(u,v)MTFpaper(u,v)} * T(u,v), (2)

where Iout(u,v) and T(u,v) are the spectrum of iout(x,y) and
t(x,y), respectively. MTFpaper(u,v) is the MTF of the diffuse
reflection layer. We can consider that these steps and the
equation are divided into two processes. The first process
is that from steps 1 to 3 in the model, which can be de-
scribed iin r {T(u,v)MTFpaper(u,v) } in Eq. 2. The second pro-
cess is step 4 where the light is absorbed in the transparent
image layer again, and this is expressed as the convolu-
tion integral in Eq. 2. Note that the first process can be
analyzed mathematically according to the MTF concept.
We introduce an analyzing technique for leading a response
function of print in the next part.

Definition of CTF of Print
We introduce a CTF of print instead of an MTF. We de-

fine the CTF of print as follows: When the transparent
image layer has sinusoidal transmitance, contrast c(ω) is
given by the difference of the maximum and minimum
intensity as follows:

c(ω) = imax – imin, (3)

where ω denotes the spatial frequency, and imax and imin

denote the maximum and minimum intensities of the out-
put. We define the CTF of print CTFprint(ω) for spatial fre-
quency ω by

CTFprint(ω) = c(ω)/c(0), (4)

where c(0) denotes the contrast when the spatial frequency
is 0.0.

We now introduce a relation between the CTF of print
and the MTF of paper mathematically. The function is set
out as follows: Methods based on the use of spatial sine
waves are commonly used in the practical measurement
of the MTF.1–3 Let the input projected by optical system be
of a one-dimensional sine wave with an amplitude a(ω) as
follows:

iout(x) = b + a(ω) • cos(2 • π • ω • x), (5)

where ω denotes the spatial frequency, and a(ω)/b denotes
the modulation. The MTF for the spatial frequency ω is
given by the ratio of the output modulation to the input
modulation. The modulation M(ω) can be expressed by

M
i i

i i
( ) ,max min

max min

ω = −
+ (6)

where imax and imin denote the maximum and minimum of
iout(x) in Eq. 5, respectively. The MTF(ω) is given by the
ratio of the modulation at ω to the modulation at the spa-
tial frequency zero, as Eq. 7:
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MTF(ω) = M(ω)/M(0). (7)

At the point of after step 3, the output intensity, i3max
and i3min, can be denoted according to this MTF concept:

i3max = b3 + a3(ω), (8)

i3min = b3 – a3(ω). (9)

The parameter a3(w) and b3 in Eqs. 8 and 9 can be ex-
pressed by

a3(ω) = MTFpaper(ω)[iin • tmax – iin • tmin]/2, (10)

b3 = [iin • tmax + iin • tmin]/2. (11)

Figure 2 shows a schematic diagram of the signals in
each step. The maximum output after step 3 is multiplied
by maximum transmitance of the transparent image layer
to calculate the final maximum intensity of output. The
minimum output after step 3 is multiplied by minimum
transmitance of the transparent image layer to calculate
the final minimum intensity of output. Accordingly, the
contrast c(ω) can be expressed by

c(ω) = i3max • tmax – i3min • tmin

= [b3 + a3(w)] • tmax – [b3 – a3(w)] • tmin.
(12)

Equation 12 is rewritten using Eqs. 10 and 11:
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The contrast of the spatial frequency zero, c(0), is rewrit-
ten in Eq. 14. Here, we use that the MTFpaper(0) equals 1.0.
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The CTF of print can be calculated using Eqs. 10 and 11
according to the CTF definition in Eq. 4.

Figure 2. A schematic diagram of the signals in each step of
reflection image model.
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Then, the CTF of print becomes the next simple function
as follows:

  
CTF
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We find that the CTF of print is determined by the MTF
of paper.

Experiments
Experiments were performed to examine the CTF func-

tion characterized mathematically in Eq. 16. The MTF of
paper was measured using the method proposed by our
previous paper.7 Accordingly, the CTF of print could be
predicted by Eq. 16. On the other hand, the CTF of print
was measured directly by experiment. Two types of sample
paper were used for these experiments: an uncoated pa-
per and a coated paper. The uncoated paper is 64.0 g/m2

for ppc and mat. The coated paper is 104.7 g/m2 for print-
ings, coated with 15 g/m2 pigment on each side, and glossy.

Predicting CTF of Print. Measuring MTF of Paper
by Sinusoidal Test Pattern Projection Method. The
CTF of print was predicted by Eq. 16, using the measured
MTF of paper. We measured the MTF of sample papers by
the sinusoidal test pattern projection method.7 A sinusoi-
dal test pattern was projected onto paper, and this reflec-
tion intensity distribution was measured with a modified
microdensitometer. The modulation M(ω) for each spatial
frequencY ω can be easily determined using Eq. 6 by ex-
periment. 1–3 The MTF for the spatial frequency ω can be
given by the ratio of the modulation to the modulation at
the spatial frequency 0 as Eq. 7.

The microdensitometer used, which is a modified MPM-
5 microdesitometer (UNION Optical), is shown in Fig. 3.
The normal illuminating system of the microdensitometer
is replaced with a special projection system that is fixed
on the sample bed at an angle of 45°. This projection sys-
tem consists of a chart holder with a sinusoidal test pat-
tern film and a halogen lamp. The internal projection
system is coated black to avoid the flare light. The sample
bed is a black background. The function of this optical sys-
tem is to project a uniform image of the sinusoidal test
pattern in the chart holder onto the image plane. The pro-
jected image is focused on a line only on the sample bed,
because the image is projected at the angle of 45°. There-
fore scanning was done on this focused line. The effective
measurement aperture of the microdensitometer is 0.01
mm width and 0.1 mm height.

The sinusoidal test pattern used is Sine Patterns, M-5-
60, a variable transmission type pattern made on excep-
tionally high resolution film. The sinusoidal test pattern
arrays contain a set of sinusoidal areas with the spatial
frequencies of interest. Each sinusoidal area varies sinu-
soidally in transmittance. Six sinusoidal test pattern arrays
are used for each sample paper. They have different spatial
frequencies, 0.375, 1.0, 3.0, 6.0, 8.0, and 10.0 cycles/mm.

The input sinusoidal test pattern projected onto the
sample paper is degraded by internal diffusion in the pa-
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per, and the resulting degraded image is then reflected
onto the slit of the microdensitometer through the scan-
ning optics. Measurements were made by driving the
sample bed with the sample and the projection system
(which remained fixed in relation to one another). Read-
ings were taken at 0.01-mm intervals, namely, values ob-
tained correspond to the output sinusoidal image
distribution. Because this recording data is reflection den-
sity, reflectance can be obtained by

Ro
Dr= −10 , (17)

where Ro is reflectance, and Dr is reflection density. This
reflectance corresponds to the intensity of the output im-
age. The modulation was calculated from maximum and
minimum intensity reflectance of the output sinusoidal
image.

The output sinusoidal images measured for the coated
sample paper in this way are shown in Fig. 4. These re-
sults include the spreading of light by the instrument it-
self, and a correction should be made for this using the
measuring system MTF, that was, in turn, measured by
transmittance of the sinusoidal test pattern film shown
in Fig. 5. The resulting MTF of paper was corrected using
this system MTF. The MTFs of the coated and the uncoated
paper are shown in Fig. 6.

It could be considered that the MTF of paper can be ap-
proximately expressed by7

MTFpaper ( )
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Figure 3. A schematic diagram of the sinusoidal test pattern
projection method for measuring the MTF of paper.
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Figure 4. Projected sinusoidal test pattern traces for the coated
paper.
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Figure 6 shows the measured MTF data (dots) and the
MTF fitting curves using this expression (lines). The coef-
ficient d was calculated as 0.018 for the coated paper and
0.026 for the uncoated paper, respectively.

The CTFs of print for two sample papers were predicted
using Eq. 16. The lines in Fig. 9 in the next section show
the predicted CTF curves for the coated paper and the
uncoated paper.

Measuring CTF of Print by Sinusoidal Test Pattern
Contact Method. The CTF of print with sample paper
was measured by a contact method. A sinusoidal test pat-
tern film was contacted onto sample paper, and this re-
flection intensity distribution was measured with a
microdensitometer. The contrast for each spatial frequency
can be easily determined by Eq. 3. The CTF of print is
given by Eq. 4. The apparatus used, which is the MPM-5
microdesitometer (UNION Optical), is shown in Fig. 7. The
illuminating system of the microdensitometer is the two
light guides. The light source is a halogen lamp. The light
guides are fixed at the near of the objective lens at an
angle of 45°, from the sample bed. The direction of the
light guides are on the line of the measurement aperture
height. One illuminates the sample from an upper posi-
tion; the other from a lower position. The effective mea-
surement aperture of the microdensitometer is 0.01 mm
width and 0.1 mm height. The sinusoidal test pattern film
used is Sine Patterns, M-5-80, where a variable transmis-
sion type pattern made on exceptionally high resolution
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Figure 5. The sinusoidal test pattern film transmittance traces.

Figure 6. MTF curves in Eq. 18 and measured MTFs. The error
bars show the standard deviations for the measurement noise.
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film. The sinusoidal test pattern arrays contains a set of
sinusoidal areas with the spatial frequencies of interest.
Each sinusoidal area varies sinusoidally in transmittance.
The 15 sinusoidal test pattern arrays used for each sample
paper have spatial frequencies 0.375, 0.5, 1.0, 1.5, 2.0, 2.5,
3.0, 4.0, 5.0, 6.0, 8.0, 10.0, 12.0, 16.0, and 20.0 cycles/mm.

Measurements were carried out by driving the sample
bed with the sinusoidal test pattern film on the sample
paper. The sinusoidal test pattern film on a sheet of
sample paper was set on the sample bed in order to con-
tact well. The emulsion side of the sinusoidal test pat-
tern film contacted the sample paper. The sample bed

Figure 7. A schematic diagram of the sinusoidal test pattern
contact method for measuring the CTF of print.
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Figure 8. Contacting sinusoidal test pattern traces for the coated
paper.
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Figure 9. CTF curves in Eq. 14 and measured CTFs.
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was a black background. Readings were taken at 0.01
mm intervals, namely, values obtained corresponded to
the output intensity distribution. Because these record-
ing data are reflection density, intensity (reflectance) can
be obtained by Eq. 17. The contrast was calculated from
maximum and minimum intensity of the output image
using Eq. 3. The output images measured for the coated
paper in this way are shown in Fig. 8. The resulting CTF
of paper was corrected using the system MTF. The mea-
sured CTFs (dots) of the coated and the uncoated papers
are shown in Fig. 9. Figure 9 shows that the predicted
(lines) and the measured (dots) CTFs of print are approxi-
mately the same for each sample paper.

Discussion
Features of the Input-Output Relation in Print. Note
two features of the input–output relationship in print. The
first feature is that the final output signal was not sinu-
soidal if the input signal was sinusoidal. For example, if
the MTF of paper becomes 1.0, the output signal becomes
sin2(x,y) as

iout(x,y) = iin r sin2(x,y). (19)

This event occurs in the low-spatial-frequency area and
this phenomenon was observed in our experiment. The
input intensity in which spatial frequency is 0.375 is si-
nusoidal in Fig. 5. Figure 10 shows the measured (line)
output intensity where spatial frequency is 0.375. The
dotted line in Fig. 10 shows sin2(x,y) for the reference.

The second feature is that the macrointensity is reduced
according to the increase of spatial frequency. This phe-

Figure 10. Contacting sinusoidal test pattern traces for the coated
paper (line) and sin2(  ) curve (dotted line) for the reference.
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nomenon was also observed in our experiment in Fig. 8,
for example. The same phenomenon has been known as
the optical dot gain effect in halftone images.

Predicting MTF of Paper by the CTF of Print. We
introduced that the CTF of print can be expressed by the
simple function using the MTF of paper. It is clear that
the MTF of paper can be predicted by the CTF of print,
and vice versa, as

MTFpaper(ω) = 2 • CTFprint(ω) – 1. (20)

It is much easier to measure the CTF of print by the
sinusoidal test pattern contact method than to measure
the MTF of paper by the sinusoidal test pattern projec-
tion method. This method could be a practical way to mea-
sure the MTF of paper.

Conclusions
In this report, the response function of print was ana-

lyzed mathematically. We introduced that the CTF of print
can be expressed by the simple function using the MTF of
paper. We showed that the CTF of print predicted by the
proposed equation was approximately the same as the
measured data. When multistage imaging systems are
analyzed, it is desirable to have a quicker method of evalu-
ating the system as a whole. The cascading of response
function has been found very useful in linear systems.2 In
the cascading of MTFs, the CTF of print that is introduced
here, can be used as an alternative function. It remains to
apply this method to the evaluation of the hardcopy im-
age quality. 

Acknowledgments. The authors would like to thank Mr.
Toshimasa Ogura, director of the Central Research Labo-
ratory and general manager of Mitsubishi Paper Mills Ltd.
for his support.

References
  1. J. C. Dainty and R. Shaw, Imaging Science, Academic Press, New York,

1974, pp. 232–260.
  2. T. H. James Ed., The Theory of the Photographic Process, 4th ed.,

Macmillan, New York, 1977, pp. 592–635.
  3. W. Thomas, Jr., Ed., SPSE Handbook of Photographic Science and

Engineering, J. Wiley & Sons, New York, 1973, pp. 942–953.
  4. J. A. C. Yule, D. J. Howe and J. H. Altman, The effect of the spread-

function of paper on halftone reproduction, TAPPI 50, 337 (1967).
  5. P. G. Engeldrum and B. Pridham, Application of turbid medium theory to

paper spread function measurements, TAGA Proc. 339 (1995).
  6. P. Oittinen and H. Saarelma, Influence of optical surface properties of

paper on information capacity, PAPERI JA PUU 75, 66 (1993).
  7. S. Inoue, N. Tsumura and Y. Miyake, Measuring MTF of paper by sinu-

soidal test pattern projection, J. Imag. Sci. Technol. 41, 657 (1997).
         Inoue, et al.


	Analyzing CTF of Print by MTF of Paper
	Shinichi Inoue* ,‡
	Norimichi Tsumura* ,§ and Yoichi Miyake †,§
	Introduction
	Figure 1.
	(1)
	(2)
	(3)
	(4)
	Figure 2.
	(5)
	(6)
	(7)
	(8)
	(9)
	(10)
	(11)
	(12)
	(13)
	(14)
	(15)
	(16)
	Experiments
	Figure 3.
	Figure 4.
	(17)
	(18)
	Figure 5.
	Figure 6.
	Figure 7.
	Figure 8.
	Figure 9.
	Figure 10.
	Discussion
	(19)
	Conclusions
	(20)
	Acknowledgments.
	References

