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Introduction
In a number of industrial coating processes, very wide ex-
trusion dies are used to form thin, uniform layers. Good
uniformity in these layers is extremely important from a
product quality point of view. In the photographic film
manufacturing industry in particular, nonuniformity of at
most a few percent variation in coating weight across the
width can be tolerated. Coating dies must, therefore, be
designed carefully to meet such stringent requirements.
Despite this fact, the design of coating dies used in indus-
tries, even for simple Newtonian fluids, has been very
much heuristic based on trial and error.

A typical extrusion coating die used in modern photo-
graphic emulsion coatings with a cascade or bar coater
consists of a distribution chamber or cavity with a very
narrow slot attached to it. In a multilayer coating opera-
tion, thin fluid layers coming out of each slot join together
on the slide without mixing and flow down on an inclined
surface before it is coated on a moving substrate. The uni-
formity of the fluid layers coming out of the slots is depen-
dent not only on the dimensions and shape of the die
distribution chamber, but also on the dimensions of the
slots, and on the rheological properties of each fluid. A
number of theoretical equations for the layer uniformity
have been published in the literature1–5 for a Newtonian
fluid for simple die distribution chambers having cylin-
drical and rectangular shapes. However, in practice, the
industry very seldom uses coating dies with such simple
shape distribution chambers in order to prevent the for-

Based on the variational methods, design equations for coating
dies that are widely used in the photographic emulsion coating
industries have been obtained in analytical forms, and the key
dimensionless parameters that affect the coating weight unifor-
mity have been identified. The effects on coating weight unifor-
mity of a tapered angle in the die distribution chamber have been
investigated and its performance is compared with nontapered
dies. The coating weight uniformity index has been defined in
terms of the pressure ratio in the distribution chamber and sample
calculations have been made for each die to show the effects of
die internal dimensions on coating weight uniformity indexes.
Other factors that could also affect the coating weight unifor-
mity, such as the precision of machining of the die slot opening, a
distorted wetting line on the lower pressure side coating bead
meniscus, and turbulent eddies in the vacuum box, have been
discussed briefly.
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mation of circulating fluid pockets, which could generate
bubbles or cause thermal degradation. It is the purpose of
this paper to obtain design equations in closed analytical
form for coating of the dies that are most widely used in
the photographic emulsion coating process and to compare
the results obtained with different die dimensions.

In the following sections, we present the mathemati-
cal formulations of the problem using the variational
methods. This method is very powerful for solving com-
plex engineering problems where analytical solutions are
often prohibitive. Some sample calculations are made for
the uniformity based on the realistic die dimensions for
comparison.

Theoretical Development
Basic Fluid Mechanic Equations. We consider an

isothermal two-dimensional flow of a Newtonian fluid
through a coating die distribution chamber as shown in
Figs. 1 and 2. The basic momentum equation governing
the slow viscous flow, where the inertia terms are
neglegible, is given by the following equation:
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where u is the fluid velocity at a point in the die cavity, P
is the pressure, z is the direction of flow, and µ is the vis-
cosity. Equation 1 is to be solved subject to the boundary
condition that at the walls of the die cavity, the fluid ve-
locity is zero.

We use the two-step method to calculate the unifor-
mity of the thin fluid layer coming out of the slot attached
to the die distribution chamber. In the first step, we cal-
culate the velocity field of the fluid inside the distribu-
tion chamber without a slot attached to it and use it as

Figure 1. Cross section of die distribution chamber.
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an approximation for the real case where the die has a
slot attached. In the second step, the resulting velocity
profile is coupled with the velocity field in the slot by
means of a material balance. This method was first used
successfully by Carley4 for a cylindrical die cavity to cal-
culate the uniformity of Newtonian and low-power flu-
ids flowing out of narrow slots. However, when the die
internal geometry is complicated, obtaining analytical
solutions in closed forms for Eq. 1 is almost prohibitive.

Formulation of Variational Problems. Equation 1
can be solved using the well-known variational method.6,7

This method is very powerful and can be applied to a fairly
complex engineering problem to obtain an approximate
design equation where the conventional method is pro-
hibitive because of the complexities in the internal geom-
etries. The method is essentially based on the principle of
minimum entropy production or minimum energy dissi-
pation. The velocity field governed by Eq. 1 must be such
that the total energy dissipated in the die cavity is an ex-
tremum. This principle, when applied to Eq. 1 takes the
following mathematical form6:
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It can be readily shown that the Euler–Lagrange equa-
tion, which stems from requiring I to be stationary, is6:

               
    

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

F
u x

F
U y

F
Ux y

−






−








 = 0, (3)

where F is the integrand of Eq. 2, and Ux and Uy are the
velocity gradients in the direction of the subscripts. Because
of the nonequilateral parallelogram shape die distribution
chamber as shown in Fig. 1, it is convenient to transform
the coordinates into a new coordinate system as shown in
Fig. 3.7

A simple geometrical consideration shows that the fol-
lowing relationships exist:

a − b

a
= h2

h1
= r, a = h1(tanβ )−1.

Figure 2. Top view of the die distribution chamber and slot.
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Equation 2 now becomes in the new coordinate system7:
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We now postulate that the velocity field in the die cav-
ity can be approximated by the following equation:

    U A a a= − − −0
2 2 2 2 2 2 2( ' )( ) ( tan ),η η ξ ξ β (5)

where a′= a – b, and A0 is a constant to be determined later.
It is clear that the velocity field given by Eq. 5 satisfies the
appropriate boundary conditions which are given below:

U = 0 at η = a, η = a′ for all ξ,
U = 0 at ξ = 0, ξ = tan ξ for all η.

≠ Equation 5 shows that the velocity distribution inside
the die cavity is dependent on the angle, β. We show later
that for a given die cavity dimension, there is a certain
range in angle, β, where the assumed velocity distribu-
tion given by Eq. 5 is a good approximation. Differentia-
tion of Eq. 5 for each velocity gradient and its square
products yields:
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Figure 3. New coordinate system.

x = ηξ, where ξ = tan ϕ
y = η + a – b/2
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The algebra involved in evaluation of the integration
given by Eq. 4 is quite lengthy and tedious. We present
only the final results for each integration, respectively,
from left to right. Let I = I + I + I + I, then we have:
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The coefficient A0 in Eq. 5 can now be evaluated by the
Ritz method7 to satisfy the following condition:
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When the preceding condition is applied to Eq. 4, we
find that the coefficient A0 is:
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Therefore, the velocity field inside the die cavity is given
by Eqs. 5 and 11. The volumetric flow rate is obtained by
integrating the velocity profile given by Eq. 5. Thus, we
have:
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We should point out that the fluid velocity profile in-
side the die cavity, which is given by Eq. 5, assumes that
there is no side flow into a narrow slot attached to it.
Under this condition, the pressure gradient is constant.
Based on the velocity distribution, we calculate the volu-
metric flow rate at any cross section of the die as is given
by Eq. 12. In the formulation of the uniformity index for
the flow coming out of a narrow slot, we couple Eq. 12
with the flow rate through the die slot by means of a
material balance on a differential element of the die cav-
ity as shown in Fig. 2. This means that the flow rate at
any cross section of the die cavity is no longer constant
because of the small amount of side flow through the slot.
Consequently, the pressure gradient has to change in the
direction of flow.

Flow Uniformity Index Formulation. Let us consider
a material balance on a differential element, dz, of the die
distribution chamber as shown in Fig. 2. The extrusion
flow rate through the slot at that point where the pres-
sure in the die chamber is equal to P is given by the fol-
lowing equation3:

q(z) = H3P

12µL
, (13)

where H is the opening of the slot and L is the slot length.
Because the flow is in a creeping motion, the entrance ef-
fect is neglected. The material balance yields the follow-
ing differential equation for the pressure:
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where
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and α is defined by Eq. 12′.
We now consider a center-fed die so that the boundary

conditions for the pressure at the center and at the end of
the die cavity are, respectively:

P = P(0),
∂P
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



 z=W

= 0,

where W is one-half of the die cavity width.
The solution for Eq. 14 subject to the boundary condi-

tions is:
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Since the minimum and maximum flow rates occur at
the far end and center of the cavity, the pressure ratio
given by Eq. 15 is precisely equal to the volumetric flow
rate ratio through the die slot for Newtonian fluids, which
is the desired measure of the flow uniformity for the coat-
ing die at any point accross the width of the die. There-
fore, the overall uniformity index (UI), is :

UI = P(W )

P(0)
= e− KW 1+ tanh(KW )[ ] = 1

cosh KW
. (16)

Equation 16 can be approximated to a simple form given
by the following equation if UI is greater than 0.83:
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Substituting K given by Eq. 14′ into Eq. 17, we finally
obtain a desired design formula for the coating weight
uniformity in a closed form:
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and M, H, S, and R are dimensionless and are only func-
tions of die internal geometries. It is interesting to note
that the uniformity index is only a function of die internal
geometries and is independent of the fluid properties for
Newtonian fluids under an isothermal condition. Also to
be noted in the equation are the dimensionless groups,
(H/C) and (HW/h2

1)2, which seem to be common parameters
and are independent of the die cavity geometry.

Before we calculate the uniformity index of a coating
die with given internal dimensions using Eq. 17′, we need
to discuss the validity of the equation. The basic question
is “How good is the assumed fluid velocity profile given by
Eq. 5?” A detailed discussion is given in the Appendix. Here
we calculate the product of the Reynolds number and the
Fanning friction factor, Re • f, for each UI and find out
whether the Re • f factor is close to 16. The Appendix shows
that this factor is only a function of die internal geom-
etries. We have chosen some realistic die internal dimen-
sions and the resulting UI and Re • f factors are given in
Table I.

The figures in Table I show that for a cascade coating
die with the internal dimensions given in the table, the

TABLE 1. UI and Re • f for Different Die Internal Dimensions)
(die dimensions in inches )

r = (h2/h1) H L w h1 tan β UI Re • f

0.40 0.01 1 25 1 0.64 0.9972 15.66
0.45 0.01 1 25 1 0.62 0.9976 16.45
0.5 0.01 1 25 1 0.62 0.9970 16.34
0.5 0.01 1 25 1 0.63 0.9964 19.04
0.6 0.008 1 25 1 0.57 0.9981 17.02
0.6 0.01 1 25 1 0.57 0.9963 17.02
0.6 0.015 1 30 1.25 0.57 0.9928 17.02
0.6 0.01 1.25 25 1 0.57 0.9971 17.02
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calculated UI is quite realistic when compared with equiva-
lent rectangular cross-section dies. (Compare, for example,
the figures in the second row of Table I with those in the
last row of Table II, shown in a later section). We should
point out that this is for coating a single fluid layer. For a
multilayer coating bar of say, eight layers, the overall UI
will be the same as for the single layer if all the dies had
the same geometry and dimensions.

Tapered Rectangular Cavity Die. We now consider
another popular die internal geometry that is used widely
in coating photographic emulsions. Shown schematically
in Fig. 4, this is a tapered rectangular cross-section die
and the area decreases toward the end of the die. Nor-
mally, the industrial designer creates additional compli-
cations by adding a small exit angle to the slot opening to
prevent the formation of a circulating fluid pocket. We
neglect that angle for mathematical simplicity, but con-
sider the fluid motion in three-dimensional spatial coor-
dinates. For the die geometry considered here, the basic
momentum equation governing the slow viscous flow of a
Newtonian fluid is given by the following equation:
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= µ ∂ 2u
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∂y2 + ∂ 2u
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The variational equation for Eq. 19 now takes the fol-
lowing form:
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The Euler–Lagrange equation for the integral equation is
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where Ux, Uy, and Uz are the velocity gradients in each
subscript direction and F is the integrand of Eq. 20.

We now postulate that the fluid velocity in the die dis-
tribution chamber is given by the following equation:

    
U y y b x= −( ) ( ),

1
3η
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where b = b0η, and η = 1 – Z/(w + bw tan ϕ).

Figure 4. Tapered die and dimensions.
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In Eq. 22, the function Ψ(x) is unknown and it has to be
evaluated later. The velocity given by Eq. 22 must satisfy
the necessary boundary conditions; namely, that it is zero
at Y = 0, and Y = b. Another required boundary condi-
tion—that velocity must be zero at X = 0 and X = a0—has
to be applied to the unknown function Ψ(X). It must also
satisfy the condition that the volumetric flow rate at any
cross section of the convergent rectangular cavity be con-
stant and independent of the direction of the flow.

The reader should realize that the equation we are de-
veloping is a relationship between volumetric flow rate
and pressure gradient for a fluid flowing through a con-
vergent distribution channel that has no slot opening. Once
this relationship is developed, then we take into account
the portion of fluid flowing into the slot from the distribu-
tion channel by means of the material balance.

The volumetric flow rate is readily obtained by
intergrating Eq. 22:
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Equation 23 shows that the functional form chosen for
the velocity field is indeed the correct one, because it shows
that the volumetric flow is constant and independent of
the Z-direction. Let I1, I2, I3, and I4 be the integration of
each term for Eq. 20, respectively, from left to right, such
that we have:
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where Ψ′(x) represents differentiation of Ψ(x).
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When Eqs. 25 through 28 are substituted into Eq. 24,
we obtain the following integral differential equation:
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The unknown function Ψ(x) is now evaluated by solving
the differential equation resulting from application of the
Euler–Lagrange equation to Eq. 29. The resulting differ-
ential equation is:
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A solution for the above equation is elementary and is
given below:
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where K0 = (K1 + K2)/K1.
The boundary conditions require that:

Ψ(0) = 0, Ψ(a0) = 0

and the two constants, C1 and C2, are evaluated readily
using the above boundary conditions. The resulting solu-
tion for Ψ(x) becomes finally:
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When Eq. 36 is substituted into Eq. 22, we finally ob-
tain an equation for the fluid velocity in the distribution
channel. Thus we have:
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where η = [1 - z/(W + bW tan ϕ)].
The volumetric flow rate can now be obtained by

intergrating Eq. 37 as is given below:
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Equation 14 is still valid for the die under consideration,
but the constant is now different. The pressure distribu-
tion equation is given by Eq. 39:

d2P

dz2 − K0
2P = 0, (39)
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The solution of Eq. 39, which is the pressure distribu-
tion in the die cavity, now becomes:

P(z)

P(0)
= e− K0z + e− K0W sinh K0z

cosh K0W









. (40)

Since the uniformity index is defined as the ratio of the
pressure at the end of the die cavity to that at the center
for a center-fed die, it can be obtained readily based on
the formula given by Eq. 17. The resulting final formula
is given below:

UI = 1− 7

8
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L

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3
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
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where

F(ϕ ) = 1
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Table II shows some sample calculations for UI for a
number of different tapered angles,and the depth of the
die cavity at the end, while other dimensions are kept con-
stant. The resulting uniformity indexes can be compared
with the dies whose tapered angle approaches 90 degrees.
This will make the die cavity approaching a straight rect-
angular cross-section channel.

The figures in Table II show clearly that the coating
weight uniformity becomes poor as the tapered angle be-
comes smaller, or the die cavity channel becomes shallower
toward the end. This is not suprising because the pres-
sure drop required for a given flow rate through a conver-
gent channel should be larger than the straight channel
with the same dimension without tapering.

Key Factors for Good Coating Weight Uniformity.
Comparison of the UI indexes for the two different dies
shows that there is a unique dimensionless parameter
which contributes to improving coating weight uniformity.
It is the dimensionless group given below:

G = H3W 2

Lh4







=

  = H3W 2

La0b0
3









 .

These dimensionless groups should be as small as pos-
sible in order for the uniformity index to be close to unity.
The effect of die cavity exit angle or tapering is not impor-

(slot opening) (die width)
(slot length) (cavity size)
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tant as far as the uniformity of the coating weight is con-
cerned. Equation 41 states that a long a narrow slot open-
ing with a large die cavity is a key factor. For the dies
considered here in calculating UI the dimensionless param-
eter ranged approximately from 6 × 10–4 to 3 × 10–3. Since it
is proportional to the square of the die width, for a center-fed
die, the dimensionless group is one-quarter of the end-fed
dies. Therefore the center-fed dies should produce a better
coating weight uniformity than the end-fed ones.

We should point out that in the UI calculation, it has
been assumed that the die slot opening is constant and
there is no variation accross the width. Since the extru-
sion flow rate is proportional to the cubic power of the slot
opening, small local variations due to poor machining could
cause significant variations in coating weights. For ex-
ample, if we are going to control the coating weight within
±5% of the target value with a slot opening of, say, 0.01
in., its variation in slot opening must be better than + 2 ×
10–4 in. It is not an easy task to fabricate a 60-in.-wide
coating die with this kind of machining precision.

Other factors could also cause coating weight variations
in a multilayer bar coating. For example, a nonuniform
wetting line of the lower meniscus of the coating bead and
vacuum fluctuations due to turbulent eddies in the vacuum
box could also generate coating weight variations. But
these are outside the scope of this work.

Conclusions
Design equations for coating dies used widely in photo-

graphic film manufacturing have been obtained in closed
analytical forms, and the key design parameters, which
affect the coating weight uniformity, have been identified.
Despite the complexities in fancy design and high cost of
fabrications for tapered dies, it contributes little to im-
prove coating weight uniformity. The results of this study
indicate that a center-fed die with a simple and easily ma-
chinable distribution chamber and a long narrow slot open-
ing are key factors to achieve a good coating weight
uniformity.

Appendix
The best way to check the validity of the assumed veloc-

ity profile in the die distribution chamber given by Eq. 5
is to compare it with experimentally measured values. Be-
cause such data are rare, an alternative way is to assume
that the cross section of the die cavity is rectangle and
calculate the product of the Reynolds number and the Fan-
ning friction factor using the equivalent diameter. In a
laminar flow, it has been firmly established that this prod-
uct should be equal to 16, and according to Knudsen and
Katz,8 this is true for other noncircular conduicts, such as
triangular or trapezoidal cross sections. Therefore we first
develop a formula for the product of the Reynolds number
and the Fanning friction factor based on the equivalent
diameter.

The eqivalent diameter is defined as four times the hy-
draulic radius, which in turn is defined as a ratio of the
cross-section area to the wetted perimeter. Thus we have:

TABLE II. UI For Tapered Rectangular Cross Section Dies (Die
Dimensions In Inches)

H W L B0 A0 BW tan UI

0.02 35 1 1 1.5 0.4068 59 0.99199
0.02 35 1 1 1.5 0.4262 61 0.99252
0.02 35 1 1 1.5 0.30 50 0.98623
0.02 35 1 1 1.5 0.3396 53 0.98893
0.02 35 1 1.5 2.0 1.496 10002 0.99971

0.01 25 1 0.887 0.725 0.8845 10003 0.99970
Chong



De = 4bh

2(b + h)
, where h = 1

2
(h1 + h2 ). (42)

The average fluid velocity inside the die cavity with no
slot opening is:

Vav = Q

(π / 4)De
2 . (43)

The Reynolds number and the Fanning friction factor
are defined as:

Re = 
DeVavρ

µ
, where ρ is the fluid density,
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The product of the above two dimensionless factors is
given below:

Re⋅ f = 225

2

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
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πZ(tanβ )3

2

(1+ R)
+ tanβ

(1− R)
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
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4 ,
(44)
Coating Weight Uniformity and Die Internal Design
where Z is given by Eq. 18.
Equation 3 states that the Re•f factor is only a function

of die internal geometries. This means that we cannot as-
sign any die dimensions to calculate the coating weight
uniformity by Eq. 17. In other words, we have to choose
die internal dimensions such that the Re•f factor can yield
approximately 16. Under this condition, the assumed fluid
velocity profile may be very close to the actual case. It is
very fortunate that, by using realistic die dimensions, the
calculated UI shown in Table I seem to be reasonably good.
Many photographic emulsion coating operations require
multilayer coats, and dies for each layer must be stacked
together. Therefore it is desirable to have each die cavity
be as small as possible in order to minimize the total size
of a coat, and yet the significance of the die internal cav-
ity size cannot be overemphasized.
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