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Abstract

The inverse-imaging problem comprising the fusing of a hy-
perspectral image, possessing high spectral resolution, with a
multispectral image, having high spatial resolution, to yield an
image with high resolution both spatially and spectrally is con-
sidered. In particular, a prior state-of-the-art approach—Ilow-
rank tensor approximation (LRTA)—is revisited with the goal
of simplifying its implementation and accelerating its execution
speed. Whereas the original LRTA incorporated low-rank objec-
tives both spatially and spectrally, the revised algorithm employs
spectral low-rankness exclusively. Additionally, the reliance of
LRTA on singular value thresholding (SVT)—an operator widely
used to impose low-rankness in optimizations—is replaced with
a fixed-basis approximation that eliminates the computationally
costly singular value decomposition required by the SVT. The
proposed modifications ultimately result in significant runtime
speedup; furthermore, empirical results reveal improved fusion
quality when compared to the original LRTA.

Introduction

Many remote-sensing applications are driven by either mul-
tispectral imagery (MSI) acquired at high spatial resolution but
relatively low spectral resolution, or hyperspectral imagery (HSI)
which, in contrast, has high spectral resolution but low spatial
resolution. Many of these applications would benefit if an im-
age with both high spectral and spatial resolution—which we call
HS2I—were available; yet, due to an inevitable tradeoff between
spatial and spectral resolution, acquiring such an HS’I directly
with optical remote-sensing systems is generally impossible. This
has led to increasing interest in hyperspectral-multispectral (HS-
MS) fusion [1], which can be considered to be a form of inverse
imaging in which two sets of measurements—the HSI and the
MSI—are fused together to recover the unknown target HS?I. Past
literature includes numerous techniques for solving the HS-MS
fusion problem, including classic matrix-based [2, 3] and tensor-
based [4, 5] approaches, as well as traditional proximal optimiza-
tion [6] common to inverse-imaging solutions.

In particular, [7] introduced a method called low-rank ten-
sor approximation (LRTA) which was formulated mathematically
as a convex optimization of a tensor trace norm imposing low
rank spatially as well as spectrally. Whereas prior tensor-based
fusion approaches (e.g., [8,9]) typically resorted to a tensor de-
composition, in contrast, LRTA exploited ideas from the field of
tensor completion to directly impose a low-rank property spa-
tially and spectrally while avoiding the computationally complex
patch clustering and dictionary learning common to competing
techniques based on tensor decomposition. Experimental results
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reported in [7] demonstrated that LRTA provided highly effec-
tive fusion preserving both spatial details and texture while yield-
ing significantly improved image quality when compared to other
state-of-the-art HS-MS fusion methods.

In this paper, we revisit LRTA with a goal of simplifying its
implementation and accelerating its execution speed. To do so, we
explore two revisions to the LRTA algorithm. Since it is common
for an HS?I to have spectral rank that is much lower than spa-
tial rank, LRTA often experiences a diminished contribution from
the spatial-rank component of its optimization in practice. Conse-
quently, the first proposed modification eliminates consideration
of spatial rank, refocusing the algorithm on spectral rank exclu-
sively. Additionally, as is common with low-rank optimizations,
LRTA relies on singular value thresholding (SVT) [10], which, in
turn, requires the computation of a singular value decomposition
(SVD). Yet, the SVD is notorious for its computational complex-
ity as well as for being difficult to implement on GPUs efficiently
and stably. Thus, as a second revision to LRTA, we introduce what
we call a fixed-basis SVT (FB-SVT) that eliminates dependence
on the computationally costly SVD in favor of a fast approxima-
tion to it. We call the resulting revised algorithm the fixed-basis
LRTA (FB-LRTA), and we find experimentally that the proposed
FB-LRTA offers not only significant computational speedup over
the original LRTA, but also increased image quality in the HS-MS
fusion task.

Below we develop our proposed FB-LRTA algorithm in de-
tail. We start first with some mathematical preliminaries, follow-
ing with a description of the proposed FB-SVT approximation to
the SVT. We then briefly overview the original LRTA algorithm
before presenting the proposed FB-LRTA variant driven by the
FB-SVT. We conclude with experimental results conducted on a
collection of imagery.

Preliminaries

Let real-valued, three-way tensor 2~ € RM*N*C have M
rows, N columns, and C spectral bands. This tensor may be un-
folded along mode 3 to produce a matrix, 23 £ unfold;(27) €
RE*MN : unfolding along modes 1 and 2 is defined similarly (see,
e.g., [7]). We use a trace norm as a convex proxy for tensor rank,

specifically adopting the trace norm from [11],

n

H%ll*é];aka%H*v M

where |||, is the matrix nuclear norm, and oy >0 are
weights such that }7_, ap = 1. We also define the Frobe-
nius norm of a tensor as H%HF = H‘%(k)HF which holds
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for any k. For N-dimensional vector x = [x; xy] €
RY, let /X denote the element-wise square root, i.e., v/X =
[1 /X1y /xN} . Similarly, let the element-wise division of N-

A

dimensional vectors be % = [L'

Y1
interpolation operation of tensor 2 by ratio R is defined by
Z = interpolation(.Z", R, “method”), which returns a tensor in
which the two spatial orders are resized, i.e., 2 € REMXRNxC
Here, “method” indicates the interpolation process used, such
bicubic interpolation.

The FB-SVT

Optimizations involving nuclear norms applied as a convex
proxy for rank commonly involve the SVT in their solutions; see,
e.g., [10]. The SVT operator is defined in [10] as

X, . .
yfﬂ Finally, the spatial-

svts(X) £ Ushrinkg (Z) V7, 2

where X = UZV7 is an SVD of matrix X, and the matrix-valued
shrinkage operator shrinks (X) is the scalar shrinkage operator
shrinks (x) £ sgn(x) max {|x| — &,0} applied to each element of
X.

The primary issue with the SVT, particularly when employed
in iterative solution procedures, is that it involves the calcula-
tion of an SVD every time the SVT is applied, and the SVD is
costly from a computational perspective. Here, we propose an
alternative—called the FB-SVT—that avoids the SVD and its as-
sociated computational burden. The FB-SVT operates similarly
to the SVT, except that we assume that we already know the left
eigenvectors U of X and so can dispense with the SVD calcula-
tion. Additionally, we eliminate dependence on V by employing
the fact that, if the SVD of matrix X is X = ULV, then the SVD
of XX is XX” = UZ2U” since both U and V are unitary." Thus,
we define the FB-SVT as

fb_svts (X, U) £ Udiag ( %) U’x, 3)

where dg (-, -) is scalar shrinkage applied to the diagonal vector of
eigenvaluesz,

d5 (X, U) 2 shrinkg (d(x, U)) : @)

and

d(X,U) £ /diag (U'XXT'U). 5)

The diagonal of UTXX"U is the vector of the squares of the
eigenvalues of X, permitting the FB-SVT to avoid having to cal-
culate an SVD as is required for the traditional SVT; however, the
drawback is that the left eigenvectors U must be known a priori.
We will return to the issue of how we arrive at U in the context of
the FB-LRTA algorithm below.

'We are motivated to eliminate V because, if X = %3) € REMN with

MN > C (i.e., the number of pixels in an HS?I is much larger than the
number of spectral bands), then V € RM¥*C is much larger in size than
U € RE*C. Thus, using U alone is less computationally expensive and
more memory efficient.

2Here, the diag(-) operator extracts the main diagonal as a vector when
passed a matrix, or conversely constructs a diagonal matrix when passed
a vector.
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The Original LRTA Algorithm

The original LRTA algorithm [7] was designed to solve the
HS-MS fusion problem when posed as follows. Assuming an un-
known ground-truth HS?I image 2" € RM*N*C the observed
HSI .¢ € RM'*N'%C and the observed MSI .2 € RM*N*C' yre
produced as spatial and spectral degradations of the form

2z = 23D, (6)
Hz) =8 203), M

where M' < M, N' < N, and C' < C. Here, S € RE*C
and D € RMNM'N' congtitute spectral-degradation and spatial-
degradation processes, respectively. The HS-MS fusion task is
then to produce an estimate 2 of the HS2I .2 from the observed
HSI .Z and MSI 7.

LRTA is predicated on the expectation that the HS?I exhibits
strong correlations in spectrally adjacent bands as well as high
similarity between spatially neighboring pixels, with both mani-
festing mathematically as low-rankness. Thus, LRTA solves

3
“j;“k; ol 27w,

S.t. %3)]) = Dgﬁ:;) and Se%‘(3) = %3)7

®)

where parameters oy control the intensity of low-rank constraints
on each mode of the expected fusion result.

The LRTA algorithm results from solving (8) via linearized
alternating direction method of multipliers with adaptive penalty
(LADMAP) [12-14], a variant of the widely-used alternating di-
rection method of multipliers (ADMM) that is useful for when
constituent subproblems do not have closed-form solutions, as is
the case for (8). Specifically, [7] introduces auxiliary variables
M; for 2 for k € {1,2,3}; Lagrange multipliers Y/, Y5, Yy;
and penalty parameters U, ¥, and 3. This results in the augmented
Lagrangian

L”ﬁ’y(%7Ml 7M27M37Y] 7Y23Y37Y/17Y/2) =

3
Y o[ [Mi|, + 3 (Vi 20 — M)+
k=1 k=1

(Y], M3D — Z3)) + (Y3,8M3 — 73))
3
u 2, B 2
3 L1120 =M+ 7 [[MsD = L
ZlsMs - ©

Optimization problem (8) is then solved iteratively via LADMAP
applied to (9), resulting in the final LRTA algorithm as depicted
in Alg. 1. The complete derivation of Alg. 1, as well as the con-
stituent equations implementing the various updates in steps 6-9,
can be found in [7]. We note that both steps 6 and 7 in Alg. 1
require SVTs, and thus the associated SVDs constitute a bulk of
the computation required for LRTA.

The Proposed FB-LRTA Variant
FB-LRTA is proposed primarily to simplify and speed up the
original LRTA of [7]. The proposed simplifications take several
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Algorithm 1 The Original LRTA Algorithm from [7]
1: Input: HSI ., MSI 7, spatial degradation D, spectral
degradation S; parameters o, i, B, ¥, Tmax;
2: Initialization: Y}, =Y5,=Y;0=0,k€ {1,2,3}; ny =
1074, 17, =107t =0;
. Z: = interpolation(.Z, R, “bicubic”);
: My, = unfoldy (27) for k € {1,2,3};
repeat
update My ;11 via (8) of [7] for k = 1,2;
update M3 ;11 via (17) of [7];
update 27, via (21) of [7];
update Lagrange multipliers Yy ;1. Y7, ,; and Y5, via
(22), (23), and (24) of [7];
10 t+1+ l

D A

1 untit max([Ms, D~ 2 . [, ~ 7y ) <y and
H‘% P 1Hp<n20rt>Tmax,
12: return 2" = 2;.

Algorithm 2 The FB-LRTA Algorithm
1: Input: HSI ., MSI J7, spatial degradation D, spectral
degradation S; parameters 3, ¥, Tmax;
. Imitialization: A; = A, =0,1=0;
: U,Z,V=SVD(Z3));
% = interpolation(.%, R, “bicubic”);
forr=1,...,Thax do
update ,2’ via (12);
update Lagrange multipliers A; and A, via (13) and (14);
: end for
: return 2.

forms. First, FB-LRTA uses only the mode-3 nuclear norm in the
optimization objective; i.e., (8) is revised to

min || 2

nin || 273, 10
S.t. %3)]) = Ogﬁ:;) and St%/‘(::,) = %3)

This simplification is motivated by the fact that the mode-1 and
mode-2 norms ended up with diminished contributions to the op-
timization in the experimental results reported in [7], since &) and
o were empirically optimized there to be on the order of 0.01
while a3 was set to approximately 0.97 (see (30) of [7]). With
this simplification, the need for auxiliary variables M and La-
grangian multipliers Yy is eliminated, along with parameters o
and u. Thus, the augmented Lagrangian in (9) is simplified to

Lﬁ,y(%aAl 7A2) =

125l + (A1, 25)D = ZL3)) + (2,8 205) — (3 )+

+ X825 - 5[5 D

112D - 27+

and Alg. 1 simplifies to Alg. 2.

At the heart of the iterative processing, LRTA step 7 in Alg. 1
is simplified to FB-LRTA step 6 in Alg. 2, while LRTA steps 6 and
8 in Alg. 1 are eliminated. Thus, three SVT operators in LRTA
(steps 6 and 7) are replaced by one FB-SVT operator in FB-LRTA
(step 6), resulting in significant speedup.
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The FB-LRTA updates (steps 6 and 7 in Alg. 2) are derived
from LADMAP applied to (11). Since these derivations closely
follow those in [7] (albeit significantly simplified), in the interest
of brevity, we present only the resulting update equations here.

Specifically, the update in step 6 of Alg. 2 involves 2~ being
updated in mode 3, but, rather than use an SVT as in LRTA, we
apply the FB-SVT as previously discussed to reduce computation.
Thus,

A
3{(3) — fb,SVt% («%3) — g [%g)D —:%3) + Fl:| hy

7))
22l u), a2
” (12)

where fb_svts(-,-) is the FB-SVT defined above in (3)—(5). We
note that the original LRTA requires an SVT calculation—and
hence an SVD—for every iteration of step 7 in Alg. 1, while FB-
LRTA avoids iterative calculation of the SVD entirely through
use of the FB-SVT. Consequently, FB-LRTA can run significantly
faster than LRTA.

FB-LRTA estimates the left eigenvectors U by performing
a single SVD on the HST .Z (step 3 of Alg. 2) prior to the start
of the FB-LRTA iterations. In doing so, we effectively assume
that we can well approximate the true eigenvector matrix of the
unknown target HS?T .2 3) with the eigenvectors of the known
HSI .Z(3). We argue that this is possible since the eigenvectors of

Lt {Sﬂfm — A3+

the HS?1 3{(3) essentially span the space of the constituent spec-
tral signatures of the materials in the scene being imaged, and,
since 05,”@) is simply the same scene with a lower spatial reso-
lution (but the same spectral resolution), its eigenvectors should
span very nearly the same spectral space. We note a similar effect
has been observed in the approximate invariance of the spectral
eigendecomposition to spatial subsampling of hyperspectral im-
agery [15].

To finish our description of FB-LRTA, we conclude with the
updating of the Lagrange multipliers A| and A; in step 7 of Alg. 2:

A A+B (2D %), (13)

Ao A+ (S5~ i) (14)

These updates follow directly from the corresponding updates in
LRTA step 9 in Alg. 1 which are derived in detail in [7], so we do
not duplicate the derivations here.

Experimental Results

To gauge performance, we consider eight datasets as de-
picted in Fig. 1: the well-known Pavia University, Chikusei,
DC Mall, Salinas, and Cuprite images, as well as a bespoke col-
lection of images over the city of Los Angeles. In each case, the
Wald protocol [16] is invoked, treating the original HSI as the tar-
get HS?1 2" and applying spatial and spectral degradation opera-
tors, D and S, respectively, to artificially generate HSI.% and MSIT
A via (6) and (7), respectively. This permits using peak signal-
to-noise ratio (PSNR) as a full-reference image-quality measure
to quantitatively gauge performance.

The Pavia University image> was acquired by a Reflec-
tive Optics System Imaging Spectrometer (ROSIS) sensor over

Shttp://wuw.ehu.eus/ccwintco/index.php?title=
Hyperspectral_Remote_Sensing_Scenes
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Pavia University Chikusei DC Mall Los Angeles 11 Los Angeles 12 Los Angeles 13 Salinas Cuprite
Figure 1. Pseudocolor visualizations of the images under consideration.
Table 1. Performance of FB-LRTA vs. LRTA for HS-MS Fusion
PSNR (dB)
Pavia Los Angeles
Method University | Chikusei | DC Mall 11 12 13 Salinas | Cuprite
LRTA 42.70 40.49 50.64 41.75 51.80 44.14 48.90 53.88
FB-LRTA 43.05 41.13 57.02 50.22 57.25 50.24 52.78 56.66
Execution Time (sec)
LRTA 1.63 1.84 2.23 2.54 2.55 2.54 1.82 2.46
FB-LRTA 0.38 0.38 0.49 0.55 0.58 0.54 0.41 0.55

the University of Pavia in northern Italy. The original data has
610 x 610 pixels with 103 spectral bands over a spectral wave-
length range of 430-860 nm with a 1.3-m spatial resolution;
93 spectral bands are preserved after removing water-absorption
bands. The top-left 256 x 256 x 93 subimage of dataset is adopted
as the testing image.

The Chikusei image* was acquired over Chikusei, Ibaraki,
Japan with a Headwall Hyperspec-VNIR-C airborne sensor. The
original dataset has 128 bands over the 363—1018-nm range with
2517 x 2335 pixels at a 2.5-m spatial resolution. We use a 256 x
256 x 126 subimage from the lower-right for testing, removing
the last two spectral bands.

The DC Mall image® was acquired in 1995 over the National
Mall in Washington, DC, using a Hyperspectral Digital Imagery
Collection Experiment (HYDICE) sensor. A 256 x 256 spatial
subimage is used, and the 210 spectral bands are reduced to 191
by eliminating water-absorption bands.

Finally, a number of images acquired using Airborne Vis-
ible/Infrared Imaging Spectrometer (AVIRIS) sensors are used.
Our Los Angeles dataset is extracted from a large body of imagery
available from NASA® and consists of radiance images acquired
over several days in August 2013 above the city of Los Ange-
les, CA; the images are composed largely of dense urban scenery
with 224 spectral bands over the range 400-2500 nm. Here, we
use three images (Los Angeles 11, Los Angeles 12, and Los An-
geles 13) for testing. Additionally, we also use the well-known
Salinas and Cuprite AVIRIS images’. For all the AVIRIS images,
a single 256 x 256 subimage (216 x 216 for Salinas) is extracted
spatially from each image, and the available 224 AVIRIS spectral
bands are reduced to 204 by removing water-absorption bands.

For all the results to follow, the spatial degradation operator

“https://naotoyokoya.com/Download.html
Shttps://engineering.purdue.edu/~biehl/MultiSpec/
hyperspectral.html
6https://popo.jpl.nasa.gov/mmgis—aviris/?s=ujooa
"http://wuw.ehu.eus/ccwintco/index.php?title=
Hyperspectral_Remote_Sensing_Scenes
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D uses an 8 x 8 Gaussian point-spread kernel as in [7], while the
spectral degradation operator S varies depending on the dataset.
For Pavia University, an IKONOS-like spectral-response filter is
used to generate a 4-band MSI consistent with [5, 7], while the
DC Mall and AVIRIS datasets use a uniform spectral-response
filter corresponding to Landsat TM bands 1-5 and 7 as in [3,7].
The Chikusei image uses a similar Landsat-based uniform spec-
tral filter corresponding to bands 1-4.

Table 1 presents the resulting experimental evaluations of
PSNR as well as execution time. In Table 1, LRTA refers to
Alg. 1 from [7] while FB-LRTA refers to Alg. 2 as proposed here.
Note that LRTA was originally implemented in MATLAB on a
CPU with no GPU acceleration in [7]. However, for the results
here, LRTA has been reimplemented in PyTorch running on an
RTX 3090 GPU. Likewise, the proposed FB-LRTA is also im-
plemented in PyTorch on the same GPU. The results of Table 1
reveal a significant speedup for FB-LRTA; specifically, FB-LRTA
is roughly 4 to 5 times faster than LRTA. This is due to FB-LRTA
using one FB-SVT operation per iteration in contrast to the three
SVT operations per iteration required by LRTA.

Interestingly—and perhaps contrary to intuition—even
though the FB-SVT in FB-LRTA uses only an approximation to
the left eigenvectors U, this does not have a detrimental effect
on the PSNR performance in HS-MS fusion. Indeed, Table 1 re-
veals that PSNR actually improves relative to LRTA; this gain in
PSNR is particularly large for the DC Mall image as well as the
three Los Angeles datasets. This appears to be due to the exclu-
sive focus on spectral low-rankness that FB-LRTA implements by
using only the mode-3 nuclear norm in (10). That is, the dense
urban scenery in the DC Mall and Los Angeles images results in
a relatively high spatial rank for these images that is ill-suited to
the three-component norm (1) used by LRTA. On the other hand,
while the Pavia University, Chikusei, Salinas, and Cuprite images
also witness a gain in PSNR, it is less pronounced for these im-
ages, presumably due to the fact that they have smoother spatial
features and thus relatively lower spatial rank.
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Conclusions

In this paper, we revisited the LRTA solution [7] to the HS-
MS fusion problem, offering a pair of revisions to simplify and
expedite processing. The resulting revised algorithm, FB-LRTA,
featured two key revisions: whereas the original LRTA incorpo-
rated low-rank objectives both spatially and spectrally, FB-LRTA
focused exclusively on spectral low-rankness. Additionally, the
SVT—an SVD-driven operator used in LRTA to impose low-
rankness—was replaced in FB-LRTA with a fixed-basis approxi-
mation (the FB-SVT) that eliminated the computationally costly
SVD. These proposed modifications ultimately permitted the re-
placement of the three SVTs in LRTA in favor of one FB-SVT in
FB-LRTA, resulting in significant runtime speedup. Additionally,
empirical results for a number of images revealed improved im-
age quality in the HS-MS fusion task for the proposed FB-LRTA
in comparison to the original LRTA, despite the approximate na-
ture of the underlying FB-SVT.
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