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Abstract

Metamer mismatch bodies (MMBs) quantify the extent of
metamer mismatching for a given color stimulus with a change
in color mechanism (i.e. change in illuminant and/or observer).
Prior work has shown that the MMB boundary can be efficiently
approximated by spherical sampling of unit directions in the 6D
Jjoint color-mechanism space, and for each sampled direction, max-
imizing the boundary point subject to the metameric cross-section
constraints. Many sampled directions map to the same bound-
ary vertex, so the number of recovered vertices is typically far
smaller than the number of sampled directions. This produces
a plausible approximation, but the resulting boundary vertices,
expressed in sensor-response spaces (for example XYZ, LMS, or
RGB), are often distributed in a highly non-uniform manner. In-
creasing the number of sampled directions increases the number
of recovered vertices but does not improve boundary uniformity.
We explored a simple post-processing workflow that builds a larger
candidate pool of vertices and then selects a fixed-size subset using
a spacing-driven sampling algorithm, improving vertex unifor-
mity as measured by a nearest-neighbor metric. This approach
substantially improves vertex uniformity in sensor space, but it
can discard boundary-defining extreme vertices, potentially alter-
ing hull volume and other distinguishing boundary features. We
therefore argue that any practical workflow for improving MMB
vertex uniformity should include an explicit mechanism for retain-
ing boundary-critical extremes prior to applying spacing-driven
selection.

Introduction

A metamer mismatch body is the set of all possible color signals
produced by a set of objects which yield an identical color sig-
nal under a color mechanism (i.e. the product of the illuminant
spectral power distribution and the sensor spectral sensitivities),
but a different set of color signals when the color mechanism is
altered [5]. This set of divergent color signals produces a closed
convex body in color space, which can be specified in terms of
its boundary representation derived from Eqgs. (1-2) [5, 1]. The
points on this boundary are known as p-optimal reflectances and
are defined by object reflectances that are either zero or one at each
wavelength [5].

These p-optimal reflectances define the theoretical limits of
how much color signals can disperse due to the variation in color
mechanism [5, 6]. Accurately characterizing this boundary is
fundamental to quantifying the potential for metamer mismatching
in color science [5, 4].

Let r(A) € [0,1] denote an object reflectance and let
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s(1),s'(1) € R3 denote two color mechanisms. The corresponding
color responses are:

Defining the joint color signal map

I(r)= (CD(r),‘I‘(r)) € RG, )
the set I'(2"), where 2" = {r(4) € [0, 1]}, forms a closed convex
body in RO,

A boundary point of ['(.2") in direction k € R® with ||k, = 1
can be expressed as a supporting-point maximization:

e € argmaxk ' T(r). 3)
re2

For a fixed stimulus zg € R3 under the first mechanism, the
corresponding metamer mismatch body is the cross-section

M (29) = {‘P(r) eR} @)=z, re %} 4)

Equivalently, .# (zy) is the projection onto the W-coordinates of
the slice of I'(2") satisfying ®(r) = z.

Metamer Mismatch Body of 50% Gray (CIE D65 vs. CIE A)

X
MMB Surface under CIE A %
* Metamers under D65

Figure 1. Metamer mismatch body (MMB). The hull represents the set of
color signals under a second mechanism for reflectances yielding z, (center),
forming a cross-section of the joint object-color solid defined by ®(r) = zy.

Figure 1 illustrates this construction, showing the metamer
mismatch body as a convex set in sensor-response space with the
fixed color signal under the first mechanism indicated at the center.



In practice, MMBs are often constructed from the convex
hull of a discrete set of vertices generated by solving optimization
problems [1, 6]. One approach utilizes spherical sampling of unit
directions in the 6D joint color-mechanism space where linear
programming (LP) is used to identify the extreme points of the
metamer set in those specific directions [8, 6, 1].

After discretizing the spectrum at g wavelengths, the re-
flectance becomes a vector r € [0, 1]7 and the maps in Eq. 1 become
linear. Let A € R?*3 and B € R7*3 denote the discretized matri-
ces such that ®(r) = ATr and ¥(r) = B"r. Then for a sampled
direction u € R3 with [|u||; = 1, a boundary vertex of .2 (zg) can
be obtained by solving

max u'B'
rel0,1]¢

r subjectto ATr =1z, (5)

Alternatively, a more efficient computational geometry
approach first constructs a half-space representation of a 6-
dimensional joint object-color solid (OCS) and calculates the
MMB as a cross-section through half-space intersection [6, 7].
However, empirical analysis has shown that spherical sampling
often results in a large number of duplicated boundary points and
redundant vertices [8].

This duplication arises because a single vertex can optimize
Eq. 5 for a nontrivial set of directions. In particular, for a polytope
vertex v there exists a normal cone .4 (v) such that

ue AN (v) = argmlgleq. S5=v, (6)

so many sampled directions map to the same boundary vertex.

Applications leveraging MMBs for color imaging and lighting
design, such as the visualization of color-constancy limits or the
calculation of mismatch indices for light source evaluation, benefit
from a more even vertex coverage across the MMB boundary
[5, 6, 4]. High-quality metrics for applications like camera sensor
design require that the discrete sample of vertices be dense and
well-distributed to avoid significantly underestimating the actual
mismatch volume [6, 7]. Comparative studies between imaging
systems rely on a stable, and optimally repeatable, numerical
representation of MMBs [3]. MMBs comprised of vertices that are
clustered unevenly or contain a high number of duplicate vertices
may be suboptimal [8, 5].

In this paper we report on the observed vertex distribution be-
havior in spherical sampling methods proposed by Mackiewicz et
al. and offer specific considerations for subset selection to enhance
MMB boundary vertex uniformity. By examining the relationship
between sampled normal direction vectors and the resulting ver-
tices, we address the common practical issue that may arise from
many sampling directions in k-space producing repeated or near-
repeated boundary vertices [8, 6]. Accounting for this behavior
during subset selection helps to avoid the clustering of boundary
points. Our results suggest that any spacing-driven subset selec-
tion intended to improve vertex uniformity may benefit from the
inclusion of an explicit mechanism for retaining boundary-critical
extreme points before applying uniformity-driven sampling.

Methods

In order to compute the metamer mismatch body boundary, we
used the half-space intersection method described by Mackiewicz

et al. [6]. The method involves generating a large set of directions
on the unit hypersphere in k-space and treating those directions
as candidate half-space normals [6]. We denote the number of
sampled directions by Nj. After half-space intersection, multi-
ple sampled directions may map to the same boundary vertex [8].
These normals define a 6D half-space representation of the joint
OCS, which is then subjected to a set of linear inequality con-
straints that bound the region of feasible metameric responses [6].
The intersection of these half-spaces with the metameric slices
defined by the inequality constraints produces a set of boundary
vertices in the reduced three-dimensional sensor response space
[6]. These vertices serve as the baseline estimate of the MMB
boundary for our problem.

Diagnostics for Sampling Quality and Variability
In order to characterize the uniformity of the vertices used to com-
pute the MMB boundary we compute several metrics for each
experimental trial. First, we record the number (Nyeices) Of inter-
section vertices returned by the half-space and slice intersection
procedure. Measuring Nyeriices provides a measure of how many
unique boundary vertices are recovered for a given number of
sampled directions (). Note that many directions may yield the
same vertex. A very low Nyerices Value would indicate a failure
to adequately resolve the boundary for the chosen sampling den-
sity or feasibility constraints. We hold all parameters fixed across
all experimental trials including, color mechanisms, wavelength
sampling, metameric slice constraints, and half-space intersection
formulation. Differences between runs are caused by the random
sampling of the k-space normals, which governs which bound-
ary vertices are found. All analyses in this work are restricted to
three-dimensional metamer mismatch body cross-sections defined
by fixing the response under the first color mechanism. Higher-
dimensional properties of the joint object—color solid are not con-
sidered here.

Second, we quantify boundary sampling density using nearest-
neighbor distance statistics in the sensor response space of the
second color mechanism. For each vertex, the Euclidean distance
to its closest neighbor is computed. We denote the mean nearest-
neighbor distance by dny and use the coefficient of variation
CVnn to quantify boundary non-uniformity.

Let dnn ;i denote the Euclidean distance from vertex i to its
nearest neighboring vertex. We define the mean nearest-neighbor
distance as

1 Niertices

: dnN,i,
vertices i=1

ENN =

and the corresponding coefficient of variation as
CVan = 0(£1NN,1) ’
dNN
where 6(dnn,;) denotes the standard deviation of the nearest-
neighbor distances across all boundary vertices.

Finally, in order to detect gross numerical issues or instability
across runs, we compute the volume of the convex hull vertex set
in the sensor space of the second color mechanism (e.g. LMS,
XYZ, RGB). This hull volume is not assumed to be a ground-truth
estimate of the true MMB volume, but rather serves as a consis-
tency check for computational problems. Large deviations in hull
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volume across trials may indicate under-sampling, missing bound-
ary regions in the intersection stage. All diagnostic metrics for the
experiments are computed after mapping the boundary vertices
into the three-dimensional sensor response space of the second
color mechanism (i.e. the space in which the metamer mismatch
body is defined). The MMB volume is used only as a relative
diagnostic for consistency across trials and is not interpreted as an
estimate of the true metamer mismatch volume.

Pool-and-subset method

To mitigate the variability inherent in a single spherical sampling
run without increasing the computational cost of an extremely
large set of sampled directions, we used a pool-and-subset strategy.
Rather than using a single run of the spherical sampling algorithm,
we repeat the sampling multiple times using independent random
seeds. This ensures each run produces a partially distinct set of
boundary vertices. These vertex sets are then concatenated to
create a pooled candidate set. The pooled set provides a more
comprehensive collection of candidate vertices than any individual
run because different random sampling directions tend to populate
different regions of the boundary.

A fixed-size subset of vertices is selected from this pooled set
with the goal of improving uniformity of boundary coverage. The
final subset selection is performed using farthest point sampling
(FPS), which iteratively adds the candidate point that maximizes
its distance to the current selected set [2]. This algorithm fills gaps
between existing points and increases the minimum separation
between selected vertices producing a more even distribution of
the boundary than a purely random selection with the same number
of vertices. Farthest point sampling is repeated with multiple initial
seeds, and the most uniform subset is selected.

Farthest point sampling improves boundary uniformity but
may discard geometrically important boundary features when ap-
plied directly to a pooled vertex set. In particular, vertices corre-
sponding to corners or strongly protruding regions of the metamer
mismatch body may be lost, even though these points define the
boundary extent.

To prevent this, we explicitly preserve extreme boundary
vertices prior to subset selection. Given a pooled set of boundary
vertices expressed in the sensor response space of the second
color mechanism, we evaluate the boundary response along a
fixed set of unit directions. For each direction, the vertex with
the maximum projection is identified and retained. To ensure
that the subsequent spacing stage retains sufficient degrees of
freedom, we cap the number of retained extreme vertices to at
most | fext ~Nmrgetj (we use foxt = 0.35), keeping the vertices that
are selected most frequently as support maximizers across the
sampled directions. These vertices correspond to supporting points
of the sampled boundary and capture corner-like features of the
MMB.

All retained extreme vertices are force-included in the final
subset and are never removed during subsequent spacing-driven
selection. Any remaining subset capacity is filled using farthest
point sampling applied to the non-extreme vertices, with distances
initialized from the already-retained extreme vertices. This ensures
that fill vertices are well-separated from extremes, which improves
boundary uniformity while also preserving geometrically critical
features. The support directions are generated using a Sobol se-
quence on the unit sphere, though the preservation mechanism
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itself is independent of the specific direction sampling scheme.

To address this, we include an explicit extreme-vertex reten-
tion step that ensures selected subsets preserve these boundary-
critical points. While the MMB is defined by its entire boundary,
these specific vertices correspond to maximal color mismatches
along the analyzed three-dimensional direction vectors. In practice,
these extreme candidates are identified and retained prior to subset
selection. This prevents them from being discarded purely on the
basis of spacing considerations. This safeguard allows improved
uniformity to be achieved without distorting the geometry of the
sampled metamer mismatch body. Algorithm 1 summarizes the
full pool-and-subset workflow with extreme vertex preservation.

Algorithm 1 Pool-and-subset selection with extreme vertex preser-
vation
Require: sensors S; metameric slice constraints; number of generation
runs G; normals per run Nj; target subset size Niarger; Support directions

Ny N
% = {u;} j:'{'p on §2; FPS restarts R; cap fraction fuy
Ensure: selected vertex subset ¥,
'Vponl 0
:forg=1,...,Gdo
Sample Ny directions and compute boundary vertices 7,
%00] <~ %00] U Vg
: end for
: Map pooled vertices to mech-2 sensor space: Zpool <= mapa(¥pool) >

Zpool = {Xi}, each x; € R3
> Extreme vertex identification (support-function anchors)

T: Ty 0
8: Initialize counts ¢; < 0 for all X; € 200l
9: for j=1,...,Ngpp do

10: i* < argmax; (X;,u;)
11: Fext — Text U{i*}; cr —cir + 1
12: end for

13: Next‘max — max(l, \_ﬁexthargetJ)

14: if | Zexi| > Nextmax then

15: Filter ey to the Nexi max indices with largest counts c;
16: end if

170 Zext < {Xi i € Iexi}
18: Ztem f%ool \ Zext
19: if | Zext| > Marget then

> anchors in sensor space

20: Select Sy € Fext as the Nigrger indices with largest counts ¢;

21: else

22: forr=1,...,Rdo

23: 2 FPS(Zrem, Nuarger — | Zixt|; Zn) > FPS initialized
with anchors Zex

24: 28— eV 23]

25: Compute CVyy < ch(a;)d)

26: end for

27: r* + argmin, CVyy <3£”£n)d)

28: Identify pooled indices %, of 3&;2’3 within 2001
29: end if

30: Retrieve Yup < {Vi € pool : 1 € Fqup }

Throughout this paper, we distinguish between the number of
sampled support directions and the number of boundary vertices re-
covered after half-space intersection. We denote by N, the number
of unit directions sampled during the spherical sampling procedure,
either in the joint color-mechanism space or, after slicing, in the
sensor-response space. The resulting number of unique boundary
vertices is denoted by Nyeriices and is the quantity analyzed in the
diagnostics and results sections.



Results

Baseline spherical sampling

We first examine the boundary vertex sets produced by a single
application of the baseline spherical sampling method described
in the Methods Section and originally proposed by Mackiewicz
et al. [6]. For a fixed number of sampled directions N, a typical
run returns on the order of several hundred to several thousand
boundary vertices. The exact number of vertices recovered depends
on the specific realization of the randomly sampled directions.
When mapped into the sensor response space of the second color
mechanism, these vertices form a visually plausible approximation
of the metamer mismatch body boundary (Figure 2).

MMB Boundary Vertex Distribution
(Single spherical sampling, N; = 10,000)

* MMB Boundary Vertices| X

Figure 2. Boundary vertices of a metamer mismatch body obtained from a
single spherical sampling run (N, = 10,000) using the Mackiewicz half-space
intersection method, shown in the sensor response space of the second color
mechanism. Although the boundary is well resolved, the vertex distribution
is highly non-uniform, with dense clustering and sparse coverage elsewhere
(nearest-neighbor spacing coefficient of variation CV = 0.96).

Despite this, the spatial distribution of vertices along the
boundary is highly non-uniform. Certain regions of the boundary
are densely populated by clusters of vertices, while other regions
contain comparatively few points. This behavior is consistent with
the geometry of the half-space construction of MMB boundary
vertices. A single boundary vertex can optimize the supporting-
point maximization for a nontrivial set of directions in k-space.
As aresult, many sampled directions map to the same geometric
vertex.

This non-uniformity is reflected in the nearest-neighbor dis-
tance statistics. Even within a single run, the coefficient of vari-
ation (CV) of nearest-neighbor distances remains close to unity,
indicating substantial variability in local point spacing. Increasing
Ny, typically increases Nyeices, but does not significantly reduce
the variability in local point spacing. The observed non-uniformity
is therefore not caused by insufficient sampling density, but is an
inherent property of the spherical sampling procedure.

Variability across repeated baseline runs

‘We next assess how the baseline spherical sampling method be-
haves across repeated runs using independent random direction
sets. Figure 3 overlays vertex sets from several representative
runs and shows that, while the overall body is consistent, local

boundary coverage is not, different runs populate different regions
and exhibit different degrees of clustering.

Variability Across Repeated Sampling Runs
(Overlay of 3 independent runs, N;=10,000 per run)

Figure 3. \Variability across repeated spherical sampling runs. Overlaid
boundary vertex sets in the sensor response space of the second color
mechanism suggest a consistent overall hull shape but substantial run-to-run
variation in local boundary coverage and vertex clustering.

This variability is reflected in the diagnostics summarized
across 500 runs in Figure 4. Even with the sampling density and
all other parameters held fixed (N;=10,000 directions per run),
Nyertices varies substantially from run to run (Figure 4a). This
variability is induced by the random draw of k-space directions,
which governs which supporting half-spaces are encountered and
therefore which boundary vertices are recovered.

Distribution of Baseline S ling Di tics

(N;=10,000, 500 runs)
(a) Vertex Count (n)

(b) Mean NN Dist.
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Figure 4. Diagnostics across 500 spherical sampling runs (N, = 10,000): (a)
Nvertices> (b) mean nearest-neighbor distance, (c) CV, and (d) hull volume. In
these swarm plots points are jittered horizontally to show local density (x-axis
is arbitrary). Black rectangles (box plots) denote the median and interquartile
range.

Notably, higher vertex counts do not correspond to more uni-
form boundary coverage. The mean nearest-neighbor distance and
its coefficient of variation remain similar across runs (Figure 4b,c),
indicating that runs with larger Nyepices primarily contain addi-
tional redundant vertices rather than a more even distribution over
the boundary.
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Finally, the convex hull volume computed from each recov-
ered vertex set is comparatively stable (Figure 4d). This quantity is
used only as a relative consistency check, but its limited variation
supports the interpretation suggested by Figure 3, repeated base-
line runs recover broadly similar boundary extents even though the
specific sampled vertices and local coverage differ.

Figures 3 and 4 show that repeating the baseline method, or
increasing the number of sampled directions, does not address the
non-uniformity of the recovered vertex distributions. This suggests
a post-processing strategy that explicitly targets spacing while
preserving the geometric extent of the sampled metamer mismatch
body would be useful.

Effect of sampling density on boundary uniformity

Table 1 summarizes the effect of increasing the number of sampled
directions N, on the baseline spherical sampling results. As N,
increases, the number of boundary vertices Nyertices Zrows much
more slowly, with large increases in sampled directions yield-
ing only modest increases in unique vertices. The mean nearest-
neighbor distance decreases monotonically with N, indicating
denser sampling of the boundary. However, the coefficient of vari-
ation of nearest-neighbor distances remains high and shows no
systematic reduction with increasing N;. This indicates that ad-
ditional sampled directions primarily generate redundant vertices
in already well-sampled regions rather than improving uniformity
of boundary coverage. These results demonstrate that increasing
Ny, alone does not resolve the intrinsic non-uniformity of vertex
distributions produced by baseline spherical sampling.

Table 1. Baseline spherical sampling behavior as a function
of the number of sampled directions N,. Reported values are
mean t standard deviation across 50 independent runs.

N, k N, vertices ENN Ccv
2000 218.76 + 14.35 0.41 £0.03 0.88 +0.06
5000 300.84 £ 19.12 0.33£0.02 0.90 +0.06
10000 394.60 £ 17.19 0.28 £0.02 0.91 £0.05
50000 696.92 + 26.65 0.20 £ 0.01 0.98 +0.04

Table 2. Pool + subset results (Algorithm 1), reported using the
same diagnostics as Table 1. Unlike the baseline method, the
pool+subset procedure targets a fixed subset size Marget for
each Ny, SO Nyertices IS fixed by construction (std=0).

Nk Nvertices ENN Ccv
2000 219+0 0.89 +0.01 0.44 +0.03
5000 3010 0.73 £ 0.01 0.45+0.03
10000 395+0 0.62 +0.01 0.46 +0.02
50000 697+0 0.45 +0.00 0.47 +0.01

By contrast, as shown in Table 2, the pool+subset approach
yields larger mean nearest-neighbor distances and a lower coef-
ficient of variation at comparable Nyeyices, indicating improved
uniformity of boundary vertex spacing.
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Improved Boundary Coverage via Pool-and-Subset
Selection

For the comparison in Figure 5, the number of sampled directions
N was adjusted independently for the baseline and pooled work-
flows in order to match the final number of recovered boundary
vertices Nyertices-

Boundary Coverage Comparisons

Baseline (Wyeriees=2090), CV=1.04

Pool + Subsel (Vyeriees=2090), CV=0.41

Figure 5. Comparison of boundary vertex distributions with matched fi-
nal vertex counts (Nyeriices)- Left: boundary vertices from a single baseline
spherical sampling run. Right: boundary vertices obtained by pooling multiple
spherical sampling runs and selecting a subset using support-direction ex-
treme retention followed by farthest point sampling. For this comparison, the
number of sampled directions N, was chosen independently for the baseline
and pooled workflows so that both panels contain the same final number of
unique boundary vertices (Nyerices = 2090). Both panels are shown in the
sensor response space of the second color mechanism for the same fixed
metameric slice.

Discussion

This work examined the behavior of baseline spherical sampling
methods for constructing metamer mismatch body (MMB) bound-
aries and evaluated a simple post-processing strategy for improving
boundary vertex uniformity. Our results show that, while spherical
sampling efficiently recovers a geometrically plausible approxima-
tion of the MMB boundary, the resulting vertex distributions are
highly non-uniform. This non-uniformity persists across repeated
runs and is not resolved by increasing the number of sampled
directions in k-space.

Variability and reproducibility considerations
Repeated baseline runs using identical problem parameters but
independent random direction samples produce substantially dif-
ferent vertex sets, even though the overall hull shape remains
stable. The observed variability in Nyerices and local boundary
coverage underscores that a single spherical sampling run cannot
be assumed to provide a representative or repeatable discretization
of the MMB boundary.

This variability is not accompanied by large changes in con-
vex hull volume, suggesting that global geometric extent is rela-
tively robust to sampling variability. However, applications that
rely on local boundary properties, such as identifying regions of
maximal metamer mismatch or computing distance-based metrics,
may be sensitive to the uneven and run-dependent vertex distri-
butions produced by baseline sampling. These findings highlight
the need for explicit strategies to improve vertex placement con-
sistency when MMBs are used for comparative or quantitative
analysis.



Implications for increasing sampling density

The results presented here demonstrate that increasing N, alone is
not an effective strategy for improving boundary uniformity. Al-
though larger N values increase computational cost and modestly
increase Nyeriices, the additional vertices do not reduce clustering
or improve spacing regularity. From a practical standpoint, this
implies diminishing returns for brute-force sampling approaches
and suggests that computational effort is better spent on post-
processing strategies rather than further increasing directional sam-
pling density.

This observation also provides a useful framework for prior
empirical findings reporting large numbers of duplicate or near-
duplicate vertices in spherical sampling—based MMB constructions.
The redundancy observed in such methods is not an implemen-
tation artifact, but rather an expected outcome of the underlying
geometry where sampled directions repeatedly map to the same
vertex. This is defined by the associated normal cone.

Effectiveness of pool-and-subset selection

The pool-and-subset strategy explored in this work addresses the
limitations of baseline sampling by decoupling boundary discov-
ery from boundary discretization. Pooling vertices from multiple
independent spherical sampling runs increases the diversity of
candidate boundary points, while spacing-driven subset selection
enforces more uniform coverage of the boundary surface.

Our results show that, for matched final vertex counts, the
pool-and-subset approach yields substantially more uniform bound-
ary coverage than a single baseline run. However, naive application
of spacing-based selection methods such as farthest point sampling
can discard boundary-defining extreme vertices, potentially alter-
ing the geometric extent of the recovered MMB. Incorporating
an explicit extreme-vertex retention step mitigates this risk and
preserves critical supporting points while still improving overall
uniformity.

These findings suggest that effective MMB discretization
requires balancing two competing objectives: uniform boundary
coverage and faithful preservation of extreme boundary geometry.
The proposed workflow provides a simple and flexible mechanism
for achieving this balance.

Limitations and future directions

Several limitations of this study should be noted. First, all analyses
were restricted to three-dimensional MMB cross-sections defined
by fixing the response under the first color mechanism. While this
reflects common practical use cases, higher-dimensional properties
of the joint OCS were not examined. Second, nearest-neighbor
statistics provide a convenient and interpretable measure of bound-
ary uniformity, but other metrics, such as geodesic distances or
curvature-aware measures, may offer additional insight.

Future work could explore adaptive or geometry-aware sam-
pling strategies that directly target uniform boundary coverage
during vertex generation, rather than relying on post hoc subset
selection. Additionally, extending the analysis to other color mech-
anisms, illuminant pairs, or observer models would help assess the
generality of the observed behaviors.

Conclusions
We evaluated spherical sampling methods for constructing

metamer mismatch body (MMB) boundaries and showed that
the resulting vertex distributions are inherently non-uniform. In-

creasing the number of sampled directions in k-space increases the
number of recovered boundary vertices only modestly and does not
improve boundary uniformity, as measured by nearest-neighbor
statistics.

We showed that pooling vertices from multiple independent
sampling runs and applying spacing-driven subset selection yields
more uniform boundary representations for a fixed vertex budget.
When combined with explicit retention of boundary-critical ex-
treme vertices, this approach improves coverage while preserving
the boundry structure of the MMB.

These results clarify the distinction between k-space sam-
pling density and boundary resolution in sensor space and provide
practical guidance for constructing stable MMB discretizations.
Where boundary uniformity and repeatability are important, in-
creasing the number of sampled directions alone is insufficient,
and post-processing strategies such as pooling and subset selection
are required. The source code for the proposed method is available
at github.com/sfu-cs-vision-lab/uniform-spherical-sampling
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