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Abstract 
Accurate models of the electroretinogram are 
important both for understanding the multifold 
processes of light transduction to ecologically useful 
signals by the retina, but also its diagnostic 
capabilities for the identification of the array of 
retinal diseases. The present neuroanalytic model of 
the human rod ERG is elaborated from the same 
general principles as that of Hood & Birch (1992), 
but incorporates the more recent understanding of 
the early stages of ERG generation by Robson & 
Frishman (2014). As a result, it provides a 
significantly better match in six different waveform 
features of the canonical ERG flash intensity series 
than previous models of rod responses. 

 
 
Introduction 
The ERG is a powerful non-invasive assay of the 
layer-by-layer functionality of the human retina.  
In order to fully comprehend the underlying retinal 
functions, however, it is important to have a 
comprehensive model of the ERG dynamics that 
can quantify the changes in their properties beyond 
the basic measures of a-wave and b-wave 
amplitudes and peak times. The approach taken 
here is neuroanalytic, modeling based on known 
properties of the underlying neural circuitry, rather 
than purely mathematical components. All the 
modeling papers referenced in the present analysis 
have taken this approach. 

 
Fig. 1. Empirical derivation of the ERG P2 component underlying the b-wave for canonical dark-adapted flash ERG 
series (from Hood & Birch, 1992, their Fig. 6).
 
 A relatively complete model of dark-adapted rod 
ERG kinetics as a function of flash intensity was 
developed by Hood & Birch (1992, 1993), whose 
data for the dark-adapted flash response as a 
function of intensity are depicted as the solid 
curves in Fig. 1A. Both the initial negative a-wave 
and the larger positive b-wave increase gradually  

 
in amplitude and have progressively decreasing 
peak times, with the b-wave amplitude tending to 
saturate at the higher intensities (red arrow). It is 
noteworthy that the data cross over the baseline to 
become negative at long durations, even more 
negative for the smaller flash intensities than the a-
wave peaks (yellow arrow).  
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Fig. 6. The solid curves in panel A are the ERG responses for the standard series of flash intensities. The subject was the same
normal observer as in Fig. 1. The dashed curves are the theoretical rod receptor responses, P3(/). The curves in panel B are
the derived P2(t) responses.

tonic function of log flash intensity. Furthermore, for all four
observers, the P2 and fe-wave amplitudes show the largest de-
viations in the range of flash intensities from about 1.0-3.0 log
scot td-s. These two measures differ the most for the patient
from CSNB and differ the least for the patient with CRD.

For all observers, the Naka-Rushton equation [eqn. (1)] was
fitted to the peak amplitudes of the derived P2 responses and
two parameters estimated: the semisaturation constant (A^)
and the maximum P2 response (VmP2). The smooth curves
through the open symbols in Fig. 7 are the fit of eqn. (1) to the
derived P2 for each observer. The fit in every case is good. The
log of the KP2 and VmP2 values for all observers are shown in
Table 1. All three patients show elevated semisaturation con-
stants and depressed maximum responses. The patient with
CRD with the smallest change in log aP3 had a log KP2 value
within 0.1 log unit of the mean of the normal values. Both of
the other patients had log KP2 values over 1.2 log units greater
than the mean normal value. All patients showed a decrease in
log VmP2 of about 0.3 log unit.

The Naka-Rushton parameters for peak P2 can be com-
pared to the parameters usually obtained for the trough-to-peak
ft-wave amplitude. The dashed curves in Fig. 7 show the fit of
the Naka-Rushton equation to the trough-to-peak 6-wave am-
plitudes as it is commonly done by staying below about 2 log
scot td-s. The values of log Kbw and log Vmbw can be found in
Table 1. It is particularly clear in the case of the patients with
CSNB and CRVO that the fits to the trough-to-peak 6-wave do
not tell the whole story. In general, for all observers the values
of log Kbw and log Vmbw underestimate the values of log KP2

and log VmP2 (see Table 1). Although the differences are rela-
tively small for the normal observers and the patient with CRD,
they are substantial for the patients with CSNB and CRVO.

Summary of analysis 1
Our analysis differs in three ways from previous work in

which the Naka-Rushton equation was fitted to ERG data.
First, the flash intensities were higher than those generally em-
ployed. Second, by fitting a model of the receptor's response to
the leading edge of the a-wave, an estimate of the changes of
the receptors' parameters was obtained. And third, we derived

an estimate of P2 and fitted peak P2 amplitudes with a Naka-
Rushton equation instead of the traditional approach of fitting
trough-to-peak ft-wave amplitudes. The parameters (Kbw and
Vmbw) estimated from the fe-wave data are not the same as the
parameters (KP2 and VmP2) estimated here from peak P2 am-
plitudes. The implications of this finding will be considered in
the Discussion. Our focus here is on assessing the simplified
Granit model of the ERG.

Using Granit's approach of splitting the ERG into only two
components, P2 and P3, produces more orderly results than the
analysis of ft-wave amplitudes. The double limb intensity-
response function seen for 6-wave amplitudes becomes a
smooth function for P2 amplitudes; and, the irregular functions
observed for the 6-wave data from the CSNB patient, and to
a lesser extent the CRVO patient, become regular when P2 is
derived. The success of this analysis encouraged us to develop
a dynamic version of the simplified Granit model.

Analysis 2: A dynamic model of the b-wave of the ERG

Here we try to improve our understanding of the disease-
produced changes in the trough-to-peak amplitude and the im-
plicit time of the 6-wave by developing a simplified model of
the ERG. Since Arden et al. (1983) first fitted a Naka-Rushton
equation to trough-to-peak 6-wave amplitudes from patients,
hundreds of response-intensity functions have been collected in
the clinic and the parameters Kbw and Vmbw estimated (e.g.
Massof et al., 1984; Fulton & Hansen, 1985, 1988; Birch &
Fish, 1987; Birch et al., 1987; Peachey et al., 1987; Johnson et
al., 1988). The explanations offered to explain the changes in
Kbw and Vmbw with disease are often in conflict (cf. Arden et
al., 1983; Birch & Fish, 1986; Fulton & Hansen, 1988; Hood,
1988, 1990). Because of these conflicts, Johnson and Hood
(1988) suggested a simple model to relate the site of action of
a retinal disease to changes in Kbw and Vmbw (see also Arden et
al., 1983; Fulton & Hansen, 1988; Johnson & Massof, 1988;
Hood, 1988, 1990).

These previous theoretical attempts to infer disease mecha-
nisms from changes in Kbw and Vmbw have two shortcomings.
The most serious one is the static nature of the previous models.
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Fig. 2. Theoretical model of the a/b-wave complex (from Hood & Birch, 1992, their Figs. 8 & 9). 
 
The initial approach to neuroanalytic modeling of 
these ERG functions is depicted in Fig. 1, where 
Hood & Birch fitted the initial a-wave portion of 
their stack of flash responses with a set of model 
step responses (Fig. 1A). The resulting fits were 
subtracted from the whole ERG to provide an 
estimate of the prevailing b-waves at each intensity 
(Fig. 1B). Notice that this derivation suggests that 
the non-monotonic variation of the b-wave peak 
amplitude with intensity (data in Fig. 1A, red 
arrow) derives from a monotonic increase of the 
derived P2 wave (Fig. 1B) summing with the 
saturating receptor potential (P3; dashed lines). 
Thus, the results imply that both the inferred 
receptor potential and bipolar -cell response (P2) 
are non-linear, though in different ways.   
 
A key feature of their analysis is that the 
underlying model P3 component (the receptor 
potential from cat retina derived by Granit, 1933, 
as the PIII component) is much slower than the 
ERG b-wave, effectively operating as a graded step 
response for the early time period of the ERG 
analyzed here, especially when it runs into the 
saturation range at the higher intensities. A notable 
aspect of their flash ERG data is the late crossover 
of the waveforms after about 70 ms (Fig. 1A) to a 
negative-going response comparable in amplitude 
with the early negative peak of the a-wave. Notice 
also that these late-phase responses show a roll-

back towards the baseline for higher-intensity 
flashes (Fig. 1A, orange arrow). These will prove 
to be discriminative features for the present ERG 
model (see discussion of Fig. 3). 
 
The authors followed up the analysis of Fig. 1 in 
the same paper with a full model of the a/b-wave 
complex within the first 50 ms, as depicted in Fig. 
2. The basic concept is of an impulse response 
generator following by a static compressive 
nonlinearity for the receptor potential (P3), 
summing with the output of a second stage that 
takes the temporal derivative of the resulting P3 
and puts it through a second static nonlinear 
following by a second-stage filter, giving this 
second stage the appropriate dynamic nonlinearity. 
The resulting dynamic model expresses many of 
the features of the dark-adapted ERG flash series, 
but has the following shortcomings: 
 
1. The a-waves are too broad, with much larger 

amplitudes than the empirical data. 
2.  The b-wave peaks do not decrease as intensity 

is reduced. 
3. The model response does not account for the 

negative crossover seen in the empirical 
responses at long durations, which is 
comparable in magnitude to the negative peak 
of the a-wave (See Fig. 1). 

4. Other issues addressed in Results. 
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and the input to the P2 generator; (2) the static nonlinearity of
the response function of the P2 generator; and (3) a process that
delays the appearance of the response of the P2 generators.

The impulse response of the linear filter LF2 of the P2 gen-
erator was chosen to be biphasic to produce the transient P2
seen at higher intensities in Fig. 6B. [It is the difference between
two low-pass filters each described by eqn. (3).] It may repre-
sent the transfer function from rod to bipolar (e.g. Copenha-
gen et al., 1983) or perhaps in part an active uptake of K+

(Newman & Odette, 1984). The signal out of LF2 passes
through a static nonlinearity, SNL2. A nonlinear function is
needed to account for the saturation of the ft-wave and P2 at
intensities and times that do not saturate the rods. The Naka-
Rushton equation [eqn. (1)] was chosen for SNL2 as it gave a
better fit than the saturating exponential of eqn. (4). The sig-
nal P2 ' (0 out of SNL2 is delayed slightly by a linear filter LF3.
This filter has an impulse response described by eqn. (3) with

200-,

time (msec)
Fig. 9. Theoretical responses derived from the dynamic model of the
£-wave for the high-intensity flash series.

a time to peak of 15 ms. This filter slows P2 so that P3 is visi-
ble as an a-wave. It may have a physical substantiation in the
delay of the Muller cell response due to K+ ion diffusion.

Specifying the model for the data from normal observers
The time course of the receptor in its linear range is set by

LF1 which, as above, is a low-pass filter with 4 stages and a
time to peak of 189 ms. The SNL1 has two parameters—a semi-
saturation constant, aP3, and a maximum response, RmPi. The
parameters aP3 and RmP3 in the model were set equal to the
average values estimate in analysis 1 and found in Table 1.
Therefore, for the fit to the normal data none of the parameters
of the P3 generator were allowed to vary.

The values of the parameters of the impulse response of the
linear filters LF2 and LF3 and the values of aP2 and RmP2,
the parameters of SNL2, were determined by trial and error.
The particular values used are given in the caption to Fig. 8. A
more systematic attempt at fitting may improve the fit. This re-
finement awaits further developments of the model with addi-
tional procedures to, for example, remove oscillatory potentials.
The important point here is that although the model is at best
a crude description of the processes involved, it nevertheless
captures the general features of the data.

The model's responses to the eight most intense flashes are
shown in Fig. 9 on the same time scale as the responses in Fig. 5A.
As expected, there are differences between the predicted and ob-
served waveforms. The "wavelets" on the normal responses are
due to oscillatory potentials and are not represented in the
model. Furthermore, the trailing edge of the b-waves are steeper
than the model's response. But, in general the model captures
the change in b-wave amplitudes and implicit times. In fact, the
test of the model here is its ability to predict normal and abnor-
mal fe-wave implicit time and amplitude data.

The data points in Fig. 10 are the ft-wave data for the nor-
mal observers from Fig. 4. The solid curves are the model's pre-
dictions for 6-wave implicit time (left panel) and trough-to-peak
6-wave amplitudes (right panel). The vertical dashed line is the
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Fig. 10. fl-wave implicit time (left panel) and trough-to-peak 6-wave amplitude (right panel) as a function of flash energy. The
data points are for the three normal observers. The solid curves are the dynamic model's predicted trough-to-peak 6-wave func-
tions. The dashed curves are the dynamic model's predicted P2 functions.

116 D.C. Hood and D.G. Birch

A.
P3 generators

(rods)
P2 generators

(bipolars/ Muller cells)

P3'(t)-
Z=Ss»- p3.(t)_
- ~ s » - p3'(t>-

• P3 ' ( t ) -
P3'(t)-

~p2(t) _ ,
~p2(t)
-p2(t)
-P2(t)
H32(t) - I

B. P3 generator

ERG(t) = Ip3'(t) + Ep2(t)
= P3(t) + P2(t)

P2 generator

ERG(t): P2(t)]

Fig. 8. A: A schematic of the dynamic model. See text for details. B: A schematic of the dynamic model simplified by assuming
a homogeneous retina. For the fits to the data from the normal observers, the following parameters were used: The LF2 is the
difference of two LP filters each described by eqn. (3), the first has two stages and a time to peak of 1.9 ms and the second
has two stages and a time to peak of 3 ms. The peak amplitude of the second filter is about 60% of the first. The LF3 is given
by eqn. (3) with 20 stages and a time to peak of 15 ms. The values of aP2 and RmP2 were 19 and 420. See text for additional
details.

the input to an individual p2 generator is the sum, p3'(/), of the
individual rods feeding the p2 generator.

For now we assume a homogeneous retina in which all rods
and all p2 generators are identical. This allows us to represent
the model in terms of a single P2 and P3 generator as in panel
B of Fig. 8. We can rewrite eqn. (5) as

ERG(0 = (6)

where c is equal to 1.0 for the average normal retina and takes
on values between 0 and 1.0 when a disease, like retinitis pig-
mentosa (RP), destroys areas of the retina. That is, in the case
of a disease that destroyed a contiguous area corresponding to
half of the p3 and p2 generators, the value of c would equal 0.5.

In Fig. 8B, the components of the model are shown by the
boxes, where LF and SNL stand for linear filter and static non-
linearity. The output of the P3 generator is described by the
model of the rod response [see eqn. (4) in analysis 1 and Hood
& Birch, 19906]. The linear filter (LF1) and the static nonlin-
ear response function (SNL1) of the rods are given by eqns. (3)
and (4) above.

Unlike the rod receptor, retinal physiology has yet to pro-
vide a computational model of inner nuclear layer activity. The
nature and characteristics of each component of the model were
chosen based largely upon what seemed to be needed to fit the
fe-wave and P2 data of analysis 1. Our P2 generator has three
components, LF2, SNL2, and LF3. They can be thought of as
(1) the transfer function between the output of the P3 generator

A B
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A more recent modeling effort focused on the rod 
outer segment contribution to the transretinal 
macaque ERG (Robson & Frishman, 2014, their 
Fig. 5). They used a Hodgkin-Huxley style 
electronic ladder-network model to capture the 
photoreceptor current and voltage dynamics (Fig. 
3). Their simulations reproduced the well-known 
behavior from single-cell recordings that the rod 
photocurrent has an impulse response peaking at 
about 100 ms, limited by an instantaneous 
saturating nonlinearity of the form derived 
empirically by Granit (1933) for the P3 ERG 
component.  
 
Methods 
The present simulations were programmed in 
Matlab. the receptor potential is modeled as the 
simple Granit (1933) form of the cat receptor 
potential. The P2 generator is modeled as a 
transient generated by the derivative of the P3 
wave, such as in the transmission dynamics of the 

rod-bipolar synapse, as in the Hood & Birch (1992) 
model. The model P2 wave is then generated as aa 
filtered version of the generator transient, and the 
ERG is obtained as the sum of the model receptor 
potential (P3) and bipolar response (P2). 
 
Results 
Figure 3 contrasts the Hood & Birch simulation 
(Fig. 3B) of their flash intensity ERG series (Fig. 
3A) with the results of the present simulation (Fig. 
3 C-F) for the receptor potential (Fig. 3C). The 
resulting ERG waveform predictions (Fig. 3F) 
have a late crossover to a negative signal beginning 
at about 70-140 ms, depending on flash intensity, 
and remain strongly negative thereafter, as do the 
empirical ERGs over this 150 ms timecourse (Fig. 
3A).  Note that the full model replicates the feature 
in the data that, for the smaller flash intensities, the 
late crossovers become far more negative than the 
small a-waves at those intensities. 

 
 
Fig. 3 A. Dark-adapted flash ERG responses from Hood & Birch (1992). The following features are not captured by 
the Hood & Birch model: 1) sharp a-wave; 2) advance in b-wave peak time with intensity; 3) increase in b-wave 
amplitude with intensity; 4) reduction in b-wave amplitude at high intensity;and  5) crossover of post b-wave response 
to negative signal comparable in amplitude with the positive b-wave. B. Model ERGs from Hood & Birch (1992) 
scaled to the same coordinates as for (A).  C-E. Present ERG model stages: simple photoreceptor potential (C), P2 
transient pulse generator (E), monophasic P2 wave (D), and predicted overall ERG waveform (F).  
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Discussion 
The present neuroanalytic model, though based on 
the same general principles as that of Hood & 
Birch (1992) depicted in Fig. 2, provides a 
significantly better match to their canonical data 
than does their own model in relation to the five 
different features enumerated in Fig. 3A, and is 
also compatible with the more recent modeling of 
the early stages of ERG generation by Robson & 
Frishman (2014).   
 
One of the key improvements in the present model 
is in the way the intensity nonlinearity of the 
receptor potential is introduced as a gain control 
mechanism rather than a static nonlinearity, 
providing a much better match to the rise in b-wave 
amplitudes of the empirical waveform with 
intensity (Fig. 3A,F) than the fixed b-wave 
amplitude of the Hood & Birch simulation of Fig. 
2B.  
 
A second compressive gain-control was required to 
capture the empirical reduction in b-wave 
amplitude at the highest intensities (feature 4 in 
Figs. 3A,F). This compressive function had to be 
located between the two convolution stages of the 
model in order to restrict the amplitude reduction 
to the P2 wave per se. Without it, the P2 amplitude 
would continue to rise in the manner of the P2 
generator response of Fig. 3E, rather than 
saturating.  
 
A third key feature is the crossover of the later 
response to a strong negativity following the b-
wave peak, which is absent in the Hood & Birch 
model. This is evidently an important aspect of the 
empirical responses without which the model 
would be incomplete. Note that this part of the 
ERG time course is well beyond the temporal 
range that is addressed by the model of Robson & 
Frishman (2014).   
 
 
 
 
 
 
 
 
 

 
In several respects, therefore, the present model 
offers a significant advance over previous models, 
accounting for the full dark-adapted ERG flash 
response intensity series, and identifying 
discriminative features that allow some of the 
underlying neural contributions to the overall ERG 
to be quantified. 
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