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Abstract
Limited-angle X-ray tomography reconstruction is an ill-

conditioned inverse problem in general. Especially when the
projection angles are limited and the measurements are taken in
a photon-limited condition, reconstructions from classical algo-
rithms such as filtered backprojection may lose fidelity and ac-
quire artifacts due to the missing-cone problem. To obtain sat-
isfactory reconstruction results, prior assumptions, such as total
variation minimization and nonlocal image similarity, are usually
incorporated within the reconstruction algorithm. In this work,
we introduce deep neural networks to determine and apply a prior
distribution in the reconstruction process. Our neural networks
learn the prior directly from synthetic training samples. The neu-
ral nets thus obtain a prior distribution that is specific to the class
of objects we are interested in reconstructing. In particular, we
used deep generative models with 3D convolutional layers and 3D
attention layers which are trained on 3D synthetic integrated cir-
cuit (IC) data from a model dubbed CircuitFaker. We demonstrate
that, when the projection angles and photon budgets are limited,
the priors from our deep generative models can dramatically im-
prove the IC reconstruction quality on synthetic data compared
with maximum likelihood estimation. Training the deep genera-
tive models with synthetic IC data from CircuitFaker illustrates
the capabilities of the learned prior from machine learning. We
expect that if the process were reproduced with experimental data,
the advantage of the machine learning would persist. The advan-
tages of machine learning in limited angle X-ray tomography may
further enable applications in low-photon nanoscale imaging.

Background
Limited-angle X-ray tomography has the ability to image the

interior of three-dimensional (3D) objects non-invasively without
collecting the measurements from a full set of rotation angles. It
has drawn wide attention in practical nanoscale imaging due to its
advantage in having a relatively short data acquisition time. Also,
in some cases, not all angles are physically accessible.

Typically, the tomographic imaging system consists of a
sample holder, an objective zone plate, and a CCD camera, and
the illumination is generated from the X-ray source. The mea-
surements are taken from a series of rotational angles with re-
spect to the sample of interest, where a cone-beam geometry is
generally assumed to produce the ray projection from the source
point to the sample, and then from sample to the center of each

detector pixel. After the measurements, objects subsequently can
be reconstructed based on 3D computed tomography algorithms.
Theoretically, full-angle measurement is preferred to avoid the
missing cone problem in the reconstruction process. In practice,
however, limited-angle measurement is often used due to the time
of acquiring the full angle measurement. For objects or samples
that are radiation sensitive, a low-photon budget per scan is also
preferred to minimize the total exposure and potential damage.

Limited-angle X-ray tomography is an ill-conditioned in-
verse problem [1, 2], where the goal is to find a discrete repre-
sentation of an object f based on the observations g taken on a
digital camera at limited number of angles. When limited-angle
tomography is applied where the illumination is limited to only a
few photons, the noise sensitivity of poor conditioning becomes
even more evident: not only do the collected Fourier slices cover
the Fourier space unevenly due to the limited scans, they are also
inaccurate due to the presence of shot noise in the measurements.
Limited angle X-ray tomography therefore has had limited utility
for radiation sensitive samples. To solve the limited angle X-ray
tomography with photon scarcity, regularization is required dur-
ing the reconstruction process. Some improvement can be ob-
tained by extrapolating missing data [3]. Data consistency con-
ditions, e.g., the Helgason-Ludwig consistency conditions, fur-
ther improves the quality of extrapolation [4]. Still, extrapolating
methods are struggling with complex structures and are not robust
to noise in the experimental measurements.

Iterative algorithms with constraints known a priori recon-
struct the object using multiple steps. The algorithms start with
an assumed object, simulate the measurement from the assumed
object, compare the experimental measurements and simulated
measurements, and then update the object based on the differ-
ence between measurements and simulations. The last step also
includes discrepancy in the prior terms into the computation of
the update. The process continues until a certain convergence cri-
terion is achieved. Iterative algorithms with prior constraints such
as total variation minimization and nonlocal image similarity of-
ten exhibit improved resilience to noise. Previously, we also have
shown a Bayesian approach [5] based on the Bouman-Sauer for-
mulation for the iterative reconstruction algorithm [6]. The regu-
larization constrains the iterative optimization to a subdomain in
which the object belongs, thereby effectively improving the re-
construction quality [7, 8].

Recently, machine learning has been applied successfully to
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limited-angle tomography to overcome the challenge in solving
the inverse problem. Efforts have been made in using learned
priors to provide information of missing data during reconstruc-
tion [9, 10, 11]. In particular, deep learning, a subset of machine
learning that is based on artificial neural networks with represen-
tation learning, achieved promising results [11, 12, 13].

For tomographic inverse problems, U-net-like neural net-
work architectures [14] have been widely used to produce recon-
struction pixel-by-pixel. For example, U-net has been used to
predict invisible singularities in the image object [12], to gen-
erate missing projections with a data-consistent reconstruction
method [13], and to improve the reconstruction quality from the
conventional FBP method [11]. Unlike the general priors in itera-
tive algorithms, the learned prior from a deep learning method is
conditioned on a large amount of paired training data. Therefore,
the learned prior explores the statistical property of the training
distribution.

In this work, we extend the application of limited-angle X-
ray tomography to experimental conditions of low-photon inci-
dence. To approximate the resulting ill-conditioned inverse prob-
lem and to obtain a satisfactory reconstruction quality, we apply
machine learning to determine a prior distribution for the recon-
struction process. In particular, we use deep generative models
with 3D convolution and 3D attention which are trained on 3D
synthetic integrated circuit (IC) data from a model dubbed Cir-
cuitFaker. We demonstrate that the priors from our deep genera-
tive models drastically improve the IC reconstruction quality on
synthetic data from maximum likelihood estimation when the pro-
jection angles and photon budgets are limited. Beyond existing re-
search that uses machine learning for limited angle X-ray tomog-
raphy, our generative model exhibits improvements over maxi-
mum likelihood reconstructions under low-photon conditions. We
further examine different neural network architectures to reveal
some of the important network design choices for solving the in-
verse problem.

Method
The overall pipeline of our method is organized as follows:

First, we generate synthetic integrated circuit (IC) layouts using
CircuitFaker, an in-house model. Then, we simulate the limited-
angle X-ray tomography radiographs. Next, we apply the maxi-
mum likelihood method to generate an initial IC reconstruction.
Finally, we feed the initial IC reconstruction to the (trained) deep
generative model and compare the reconstruction quality of the
test set by calculating the bit error rate.

CircuitFaker
CircuitFaker is an algorithm that generates a random set of

voxels with binary values which resembles an integrated circuit
interconnect. The synthetic circuits from CircuitFaker is the class
of artificial objects for tomographic reconstruction, and the im-
plicit correlations in their spatial features are the priors to be as-
sumed or to be learned for the inverse algorithms. A particular
draw of CircuitFaker assigns a bit in each of N = NxNyNz loca-
tions. These locations are indexed as iℓ = 1, ...,Nℓ, with ℓ = 1, 2,
3 for x, y, and z. All bits are initialized to 0. In the first round,
there are wire seed points for all locations (i1, i2, i3) with i1, ..., i3
odd. Each seed point is set by a Bernoulli draw with probability
pw of getting a 1. There are three kinds of layers, x, y, and via

Figure 1. Selected 16× 16× 8 circuit from CircuitFaker. Each image is a

slice of 2D layer in the z dimension. The value of z increases as a raster scan

of the 8 slices shown. Black indicates copper and white indicates silicon.

Here, x layers are the first and fifth layers in z, y layers are the third and

seventh layers in z. Others are via layers.

layers. The x wiring layers have index i3 = 1 mod 4. The y wiring
layers have i3 = 3 mod 4. The via layers are the others, i.e., i3
even. In the second round, a point on an x wiring layer to the im-
mediate right of a point with value 1 is set to 1 with probability
px. A point on a y wiring layer immediately above in plan view
a point with a value 1 is set to 1 with probability py. Similarly, a
point on a via layer immediately above a point with a value 1 is set
to 1 with probability pz. In this paper, we chose these parameters:
Nx = Ny = 16, Nz = 8, pw = 0.75, px = py = 0.8, and pz = 0.5.
Fig. 1 shows one of the generated circuits with size 16×16×8.

Imaging geometry for X-ray tomography
We assumed that each voxel in the circuit is in size of size

0.15 µm × 0.15 µm × 0.30 µm. Therefore, the total volume of
the circuit is 2.4 µm × 2.4 µm × 2.4 µm. The detector is assumed
to be in the x-z plane at a tilt angle of ϕ = 0◦. The rotation axis
is z. The detector is 13.44 mm × 13.44 mm with 32 × 32 pixels
of size 420 µm × 420 µm. The system operates with a geometric
magnification of 5000, with a source-sample distance of 10 µm.
There are 8 tilt angles from −30◦ to +22.5◦ with an increment of
7.5◦. There is a single source point with a cone-beam geometry.
A single ray is taken from the source point to the center of each
detector pixel. Small corrections for variations in the source-to-
detector pixel distance, the obliquity, and the source’s Heel effect
are neglected. The exact detection is written as:

g(0) =
∫

dE D(E) I(0)(E)e−α(E)A f . (1)

Here, A is the system matrix, i.e., the distance each projection
makes from the source to a detector pixel for all the angles, f
is the vector of the object, E is the photon energy, α(E) is the
absorption coefficient at energy E for copper, I(0)(E) is the source
intensity, D(E) is the detector efficiency. g(0) is the vector of
expected measurements on the camera in number of photons for
all the angles. With the consideration of Poisson statistics, the
final measurements g is:

g ∼ P(g(0)) (2)

where P(λ ) denotes Poisson sampling with parameter λ . In this
work, we do not use scatter corrections and we are restricted to a
single material, namely copper, at its bulk density of 8.960 g/cm3.

202-2
IS&T International Symposium on Electronic Imaging 2022

Machine Learning for Scientific Imaging 2022



The spectrum consists of two equally weighted lines at 9362 eV
and 9442 eV, the Pt Lα fluorescence lines. The attenuation per
voxel is about 2 % if copper is present. The exact value depends
on the details of how a ray intersects a voxel. The specific exam-
ple was chosen to support an experimental project to perform inte-
grated circuit tomography with a laboratory scale instrument [15].

Maximum likelihood estimation
Maximum likelihood estimation as applied to projective to-

mography is well-known. The method produces the maximum
log-likelihood reconstruction circuit f̃ with a given set of tomo-
graphic measurements g (in the number of photon counts for each
detector pixel) at different angles. f is the voxelized binary ma-
trix representing the 3D circuit. A voxel value of 1 indicates the
presence of copper and 0 indicates silicon. The objective is to find
an optimal f̃ given the measurements g:

f̃ (g) = argmax
f (0)

[
LML(g| f (0))+Ψ( f (0))

]
(3)

LML(g| f (0)) = ∑
i

[
lngi!−gi lng(0)i +g(0)i

]
. (4)

Here LML is the log-likelihood under the assumption of Poisson
statistics, Ψ is a regularization function or log of the Bayesian
prior, g(0) is the simulated measurement from a proposed object
f (0), ∑i sums over all individual measurements, and f̃ is the opti-
mal reconstruction based on maximizing the log likelihood [5, 6].

Bit error rate calculation
The bit error rate (BER) is introduced as an evaluation metric

to assess the performance of the algorithms. It provides a measure
of the frequency of misclassification for binary values in the vox-
els in a given circuit. That is, BER is the probability of classifying
a specific voxel in a circuit to be 1 while the ground truth value for
the corresponding voxel is actually 0 and vice versa. The proce-
dure for computing bit error rate in this paper is slightly modified
from the standard used in communication theory, and is as fol-
lows:

1. compute posterior distributions p( f = 0 | f̃ ) by multiplying
the probability density functions (PDFs) p( f̃ | f = 0) and
p( f̃ | f = 1) and their corresponding prior distributions (p0
and p1). Here, f =0 is the set of silicon voxels in the circuit,
f =1 is the set of copper voxels in the circuit;

2. apply a chosen threshold to classify 0 and 1 based on likeli-
hood functions;

3. compute the error rates for 0 and 1 (η0 and η1, respectively)
by summing over the misclassified region in the probability
density functions;

4. derive an average bit error rate: ηavg = η0 p0 +η1 p1.

Deep generative models
A deep generative model, known as a conditional generative

adversarial network (cGAN) [16], is a supervised machine learn-
ing technique that we used to improve the 3D IC reconstruction
over maximum likelihood estimation. When the projection angles
and photons per ray are limited, the reconstructions from max-
imum likelihood estimation contain artifacts due to the missing
cone problem and photon shot noise. The bit error rate of these re-
constructions would eventually drop below the acceptable thresh-

old of single error per sample when the angular range and/or pho-
ton per ray of the tomographic measurements decrease. The deep
generative model in our paper improves the Maximum Likelihood
reconstructions in these situations through inference of what the
likeliest true IC object structure is based on the (noisy) observa-
tion and, crucially, what it has learned through its training. We
denote the noisy maximum likelihood estimate f̃ as the Approxi-
mant.

In total, four variants of deep generative models have been
investigated. Those variants are: deep generative model (base-
line), generative model with axial attention, generative model
with a scattering representation, and generative axial model with
a scattering representation.

The first generative model applies the learned prior p( f ) to
the input distribution p( f̃ | f ), and estimates p( f | f̃ ) using Bayes’
theorem [17, 18], where p( f ) describes a distribution of noiseless
IC samples. That is, the generative model learns the prior using
a combination of generator and discriminator, which are trained
to compete with each other until they reach the Nash equilibrium.
We note the output of the GAN in equilibrium as f̂ . The entire
generative model is formulated as follows [16]:

argmin
G

max
D

(
E f

[
logD( f )

]
+E f̃

[
log

(
1−D(G( f̃ ))

)])
(5)

The generator in our model is a 3D autoencoder that first learns
to convert IC to latent space representation using 3D convolu-
tional encoder, and then decodes the representation back to IC.
The discriminator is a 3D convolutional classifier that tries to find
whether the output from the generator is realistic or not. Both
generator and discriminator in our model have convolutional ker-
nels that are spectrally normalized to stabilize the training pro-
cess [19]. This serves as the baseline generative model for our
paper.

Our second variant of generative model is based on axial at-
tention that harvests the contextual information in the input recon-
struction. To build such model, we replace the 3D convolution in
the encoder of the generator with full axial attention to extract or
detect global features in the input reconstructions. This technique
reduces the computational complexity of non-local attention to
O(hwzm), where h, w, z, are the height, width, and depth of the
input features, respectively, m is the local constraint constant [20].
Therefore, a network with axial attention is more efficient than
a self-attention network, enabling long-range and global feature
learning to overcome the limitation of locality in convolutional
networks.

The third and fourth variants of generative models include
the wavelet scattering transform [21, 22] of the IC reconstruction
as additional input to the model. A scattering representation can
be produced without training, and the produced representation is
capable of including features at multiple scales. When combined
with the renormalization technique, the generative model would
be further conditioned on the scattering representation in generat-
ing realistic IC layout. In particular, the wavelet representation,
after being fed to a trainable transformation of a fully connected
layer, re-scales and re-shifts the normalized feature values from
convolution. This way, the information about global features of
the IC will be embedded into the reconstruction process of the
neural network [23], which may help the network in learning the
mapping from noisy reconstruction to noiseless reconstruction.
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Figure 2. (a) Supervised training of the generative model with pairs of (f,

g). (b) Testing/operation on samples never used during training.

Network training
Our proposed networks were implemented in Python 3.7.9

using TensorFlow 2.3.1, and trained with an NVIDIA V100 tensor
core graphics processing unit on MIT Supercloud [24]. An Adam
optimizer [25] was used with parameters β1 = 0.9 and β2 = 0.999.
Two time-scale update rule (TTUR) technique is used to to stabi-
lize the training of generative network [26, 27], where the initial
learning rate was 10−4 for the generator and 4× 10−4 for dis-
criminator. In each iteration, generator would be updated four
times while discriminator would be updated once. Training sets
of 1800 reconstructions were generated independently for each
condition studied, except that the ground truth was common. An
additional 200 reconstructions per condition were used for testing.
The learning rate would be reduced by half when the validation
loss stops improving for 5 epochs. We set the maximum number
of iterations to be 200, and the training would stop early when
either the validation loss plateaus for 20 epochs, or the minimal
learning rate 10−8 is reached. This early-stop technique would
prevent the model from over-fitting. The loss function for the
autoencoder/generator consists of two parts: supervised loss and
adversarial loss. We choose supervised loss to be the negative of
the Pearson correlation coefficient −r f , f̃ , which is defined as

−r f , f̃ =−cov( f , f̃ )
σ f σ f̃

, (6)

where cov is the covariance, σ is the standard deviation. The total
objective of training is to find the optimal generator Gopt given

Figure 3. Selected Examples of IC Reconstructions for Different Methods

Figure 4. Maximum Likelihood vs. Generative Model Reconstructions with

−30◦ to 22.5◦ angular range.

the Approximant f̃ :

Gopt( f̃ ) = E f , f̃
[
− r f ,G( f̃ )

]
+λ argmin

G
max

D(
E f

[
logD( f )

]
+E f̃

[
log

(
1−D(G( f̃ ))

)]) (7)

The hyper-parameter λ that controls the degree of generation
from input noise to features.

Results
Fig. 3 shows selected examples of IC reconstructions at

limited-angle and low photon conditions. Each row represents
different reconstruction methods, and each column represents the
same location at the given IC distribution. The last row repre-
sents the IC ground truth. Drastic improvement is visible when
comparing the maximum likelihood reconstructions and genera-
tive reconstructions. The numerical result of limited angle and
low photon tomography is shown in Fig. 4. The x axis is the num-
ber of photons per ray in the tomographic projection, y axis is the
bit error rate of the reconstructed 3D IC samples. The angular
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range is fixed at −30◦ to 22.5◦ with 7.5◦ steps for all. There are
five reconstructions we are comparing: reconstruction based on
maximum likelihood estimation, and reconstruction based on four
variants of generative model. The transition from above a single-
error-per-sample to below happens between 320 to 640 photons
per ray. Each of the simulations for the generative model is done
with 1800 training sets and 200 test sets, and IC data is 16×16×8
voxels. For the transition cases between 320 and 640 photons per
ray, we repeat the simulation with a total of five independent syn-
thetic sets of IC circuits and report the means and standard er-
rors in the plot. With 640 photons per ray, all the bit error rates
from generative model reconstructions drop at least two orders of
magnitude relative to the maximum likelihood reconstructions. In
particular, the generative model with axial attention performs the
best in terms of its lower mean and standard error, reaching a sin-
gle error per sample at 400 photons per ray. We may attribute this
to the application of axial attention to capture long range interac-
tions within the input. The maximum likelihood reconstructions
reach a single error per sample when the number of photons per
ray is 5000. Therefore, in simulation, the generative model us-
ing machine learning can reduce the photon budget one order of
magnitude to reach a single error per sample.

Conclusion
In this work, we applied machine learning to limited-angle

X-ray tomography with low-photon imaging conditions. Our
deep-learning model is generative, and it is based on 3D con-
volutional layers and 3D attention layers, and then trained on
3D synthetic integrated circuit (IC) data from CircuitFaker. We
demonstrated that the prior distributions from our deep generative
models can dramatically improve the IC reconstruction quality
on synthetic data compared to a maximum likelihood estimation
algorithm when the projection angles and photon budgets are lim-
ited. Training the deep generative models with synthetic IC data
from CircuitFaker illustrates the capabilities of the prior from ma-
chine learning. We expect that if the process was reproduced with
experimental data, the advantage of the machine learning would
persist. The advantages of using machine learning in limited angle
X-ray tomography may further enable applications in low-photon
nanoscale imaging.
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[18] S. P. Nolan, L. Pezzè, and A. Smerzi, “Frequentist parameter esti-
mation with supervised learning,” arXiv:2105.12302, 2021.

[19] T. Miyato, T. Kataoka, M. Koyama, and Y. Yoshida, “Spectral nor-
malization for generative adversarial networks,” arXiv:1802.05957,
2018.

[20] H. Wang, Y. Zhu, B. Green, H. Adam, A. Yuille, and L.-C. Chen,
“Axial-DeepLab: Stand-alone axial-attention for panoptic segmen-
tation,” in European Conference on Computer Vision, pp. 108–126,
Springer, 2020.

[21] J. Andén and S. Mallat, “Deep scattering spectrum,” IEEE Transac-
tions on Signal Processing, vol. 62, no. 16, pp. 4114–4128, 2014.

[22] S. Mallat, “Group invariant scattering,” Communications on Pure
and Applied Mathematics, vol. 65, no. 10, pp. 1331–1398, 2012.

[23] H. De Vries, F. Strub, J. Mary, H. Larochelle, O. Pietquin, and
A. Courville, “Modulating early visual processing by language,”
arXiv:1707.00683, 2017.

[24] A. Reuther, J. Kepner, C. Byun, S. Samsi, W. Arcand, D. Be-
stor, B. Bergeron, V. Gadepally, M. Houle, M. Hubbell, M. Jones,
A. Klein, L. Milechin, J. Mullen, A. Prout, A. Rosa, C. Yee, and
P. Michaleas, “Interactive supercomputing on 40,000 cores for ma-
chine learning and data analysis,” in 2018 IEEE High Performance
Extreme Computing Conference (HPEC), pp. 1–6, IEEE, 2018.

[25] D. P. Kingma and J. Ba, “Adam: A method for stochastic optimiza-
tion,” arXiv:1412.6980, 2014.

[26] A. Radford, L. Metz, and S. Chintala, “Unsupervised representation
learning with deep convolutional generative adversarial networks,”
:1511.06434, 2015.

[27] M. Heusel, H. Ramsauer, T. Unterthiner, B. Nessler, and S. Hochre-
iter, “GANs trained by a two time-scale update rule converge to a
local Nash equilibrium,” Advances in Neural Information Process-
ing Systems, vol. 30, 2017.

Author Biography
ZG is a graduate student at MIT EECS, who is working on computa-

tional imaging and machine learning. GB is a fellow of Optica (formerly
known as Optical Society of America) and has been on the MIT faculty
since 1999. His interests are in the intersection of computational imag-
ing and machine learning, explicitly embedding imaging physics. ZHL is
a Fellow of the American Physical Society and has been a Physicist at
NIST since 1994. He led the first team which published a reconstruction
of an integrated circuit interconnect. MEG is physicist at Sandia Na-
tional Laboratories working on magneto-inertial fusion. He has worked

at LLNL, on advanced ICF concepts and biomedical device design, and
in the petroleum and mining industry on the use of machine learning.

202-6
IS&T International Symposium on Electronic Imaging 2022

Machine Learning for Scientific Imaging 2022




