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Abstract

A new spectracolou prediction modd for afluorescent
ink printed on pape is presentedit is basel on our previous
work on transparensupporf and on anew mathematickfor-
malism which generalize the Kubelka-Murk theory The
printed pape is modelizel by mears of three matricesan in-
terfa@ correction matrix, a matrix exponentib modelizing
the layer which contairs the fluorescemnink, and a reflection
matrix caracterisig the substrate The interfae correction
matrix allows to take multiple reflectiorsinto accoun by op-
eratirg the Saundersocorrection Thes matrices are related
to physica properties of ink and pape& which mug be mea-
sured the transmittane spectrathe quantum yields the ab-
sorptian band and the emissiom specta of the fluorescent
inks, and the reflection properties of the paper Our new mod-
el can predid the reflection specta of uniform sample for
differert ink concentratiosa and unde differert illuminants.
Itisapplied successfull to predid the spectaof red samples
with an averag predictionimprovememof aboutAE = 17 in
comparison with Beer’s law.

Introduction

In apreviouswork,* we propose anew predictior mod-
el for fluorescen inks printed on a transparen substrate
which was basel on the generalizatia of the idea of density.
The fluorescensubstane was modelizel by the use of aflu-
orescence density matrix.

The presemn study aims at predictirg the specta ard the
colours of uniform sample producel by printing on paper
onefluorescenink at differernt concentrationsThe methal is

basel on a“two channél modelization of the phenomenon.

This modd is used to compue the reflection specta of uni-
form colou samplesThe propose predictiaymodd requires
measurig the transmittane spectrathe quantum yields the
absorptim band and the emissim specta of the fluorescent

inks, and measuring the reflection properties of the paper.

In contras to existing fluorescene predictim meth-
o0ds?13-1%our approab enableswithout additiona measure-
ments to predid specta for differert ink concentratioaand
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differert light sourcesMoreover the mathematiclformal-
ism we hawe developé can be sea as ageneralizatia of the
Kubelka-Murk model We herely obtan accura¢ spectral
predictiors of uniform colou patchesThe study is carried
out with transparetinks printed on ahigh quality paper This
pape is mack of fibres or polymea coveral by atransparent
coatirg whichisanink-absorbimg layer. Theinksare only ab-
sorbal in this coating thus avoiding all problens related to
ink diffusion in the fibres.

The Fluorescence Phenomenon

Let usfirst recal here the bast principles of molecular
fluorescencé? We conside a theoretich molecuk having
two electronc enery states g, (grourd statg andE; (excit-
ed state) Ead electronc stak has severévibrationd states
(seeFigure1). Incidert polychromatt light (photon$ excites
the molecules which are in stateE, and makes them tempo-
rarily populae the excited vibrationd states of E; (Figure 1
(a)).

The molecuk rapidly loses its vibrationd energy and
goes down to the electront enery stateE, . This relaxation
procesisnonradiative and it iscause by the collisionswith
othe molecules to which the vibrationd enery is trans-
ferred Thisinduces aslight increag of thetemperatue of the
medium Now, there are two ways for the molecukto give up
its exces energy One of them is called internd conversion
a non radiative relaxation whose mechanim is not fully un-
derstoodThe transition occuis betweeng, ard the uppe vi-
brationd stat of E, (Figure 1 (b)), and the lost energy rises
the temperatue of the medium The othe possibé relaxation
procesisfluorescencelt takes place by emitting aphota of
energy correspondig to the transitian betweenkE,; ard avi-
brationa stak of E, (Figure 1 (c)). Theremainirg excesen-
ergy with respetto E, islost by vibrationd relaxation To
quantify the amoun of enery emitted by fluorescencethe
quantum yield is introducel as the rate of absorbd energy
which is released by radiative relaxation.

The wavelengh bard of absorbéd radiation which is re-
sponsibé for the excitatian of the moleculesis called the ex-
citation spectrum This spectrum consis$ of lines whose
wavelengtls correspod to the enery differences between
excited vibrationd states of E;, and the grourd electronic
state E,. The fluorescene emissim spectrum (or fluores-
cen@ spectrum on its part consiss of lines which corre-
spord to the enery differences betwee the electronc level
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E, ard the vibrationd states of E,. The multitude of linesin

both specta is difficult to resol\e and makes them look like

continuows spectra Note tha the fluorescene spectrun is

mack up of lines of lower energy than the absorptio spec-
trum. Thiswavelengh shift betwea the absorptio bard and
thefluorescenebard is called the Stoka shift Thereis apar-
ticular ca in which the absorbd photm has the sane ener-
gy as the one re-emittel by fluorescencgit is called the
resonance line

(b) Non radiative

(a) Absorption (c) Fluorescence

relaxation
J—< ] o 3 3
i : i 1

E i 0
E 1 0 1 E X 0
3 3 3
2 . 2 2
E 5 E L 6 E o
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Figurel. Energy levd diagramof (a) absorption (b) nonradiative
relaxation and (c) fluorescent emission. Note that for the

resonance line, absorbed and emitted photons have the same

energy.

The sha of the fluorescene emissim spectrum does
not depeml on the spectrun of the exciting light, but on the
probability of the transition betwee the excited stateE; and
the vibrationd states of E, . Often the fluorescenes ectrum
looks lik e amirror image of the excitation spectrumt? thisis
dueto the fact tha the differences betwee vibrationa states
are abou the sane in grourd and excited states We denote
by f(A) the normalizel fluorescene spectrum whose integral
equals 1.

At high concentratioa the behaviou of the fluorescent
substaneis no longe linear. The absorptim istoo large and
no light can pas throuch to cau® excitation Temperature,
dissolval oxygen ard impurities redue the quantum yield,
too, and therefoe they also redue the fluorescencgthis phe-
nomena is called quenchingIn our study we will suppose
that no quenching occurs.

Infinitely Thin Transparent Layer

Inthis section we give ashot remlnde of themathemat-
ical tools developé in our previows study Thes tools will
be extensivey usel in the next sectionsIn orde to establish
amathematiceformulathat predicsthe behaviou of atrans-
parert medium containirg fluorescehmoleculeswe consid-
er aslice of thicknessdx. We denot by g(A\) the extinction
coefficiert of thefluorescenmoleculesby ¢ theink concen-
tration and by Q their quantum yield in this medium In the
modé for transpare’nmedla only the positive direction of
propagation is taken into account (see Figure 2).

The intensiy variation de of the light emergiry in the
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positive direction has two componentsThe first, dg,(A), is

¢ +do
ﬂ

> Positive Direction

Figure 2. Absorption and emissim in an infinitely thin fluorescent
layer when irradiated by a diffuse light flux.

due to the light which has been absorbedFor diffuse light,
this absorption is twidkthe value given by Beer's law:

de, (A, x)

The secom componentdg,(A, ) , isthe light emitted by
fluorescenceThe fluorescehmolecules emit afraction Q of
the energ absorbd in the excitation spectrumaA and spread
it over the whole emissiom bard defined by the normalized
fluorescene spectrumf (). Due to the fact tha fluorescent
emissia is mack in all directiors of spaceonly one half of
the energ goes into the positive direction Hence the quan-
tum yield mug be divided by two. The secorn component
do,(A, x) is therefore given by:

= -2In10 ce(N\) @A, x)dx )

dg,(A, X) = 2In10 c% Df()\)Lle(u)(p(u, x)du]dx 2)

The integrd betwea squae brackes multiplied by dx
equasb the amoun of absorbd energy Equation (2) leads to
the following differentid form which is an extensio of
Beer's law for diffuse light and fluorescent media:

do(A, xX) = —2In10 ce(A\) @A, x)dx 3
+2In10 c% of ()\)[‘ls(u)(p(u, x)du]dx

This can be simplified due to the fact tha we work with
afinitenumbe of wavelengh bandswhoswidthsareA\ , so
tha theintegrd isreplacel by afinite sum The new relation
is given in equatiam (4) whete the index i runs throuch the
wavelength bands.

do(A;, ) = —2In10 c e(A)@(A;, X)dx (4)
Qi AP
+2In10c3 Df()\l)[ngs()\J)(p()\], x)A)\]dx

Writing equatian (4) for ead of the bandsleadsto asys-
tem of linear differentid equatiors with constancoefficients
which can be put into a matrix form. If we denote
Ki,j = —€(A))f(A)AAQ/2 we obtain equation (5).
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The fact tha an emitted phota has less energy than the
absorbd oneimpliesthatk; ; = 0 for A; 2A;; hen@thema-
trix is triangular.

The solution of equatiossuc as(5) hasalread beein-
vestigatel by mathematiciand Systens of differentid equa-
tions whose generaexpressia is dd/dx = —cM » (where
M isthe constamsquae matrix of equation (5) and @ isthe
column vecta containing @(A,, x) , ... , @(A,, x) ) admt as
solution, whenx is integrated betweerandd :

d(d) = exp(Mcd) (b(0) (6)

The vector ®(0) is the spectrun of the incidert light
(light sourcé and @(d) isthe spectrun of the light emerging
from a slice of thicknessd of the fluoresceh medium The
exponential of the matrikicd is defined as follows:

- Mcd !
exp(Med) =y (——Tl——)— (7)
i=0
where:
(8)
o 05
E( 0
; 0
0 0
g g
- -
2In10 g g
0 - - 0O
g . .0
O 0
0. . 0
B<nl ' KnJ %

We will call M the fluorescene densiy matrix. The
spectrun resultirg from the combinel action of fluorescence
ard absorptim can be computel for eat wavelength\ using
the expressiongp(A, d)/ (A, 0) where @A, d) and @\, 0) are
respectively components dfid) and ®(0).

The solution given by equatia (6) is ageneralizatia of
Beer'slaw: for apurely absorbig substanewhen nofluores-
cen@ is present the matrix M consiss of the terms
2In10 x(\;) onthediagon&ard of zercs anywheeelse This
allows usto simplify equatian (6) and leads to the absorption
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equation for diffuse light.
From a One Flux to a Two Flux Model for Paper

In the presemstudy, we conside high quality pape con-
sisting of an ink-absorbiig layer in opticd conta¢ with the
substrag which is a diffuse white reflector This reflecta is
supposd to be Lambertiarf and is neve in contad with the
inks. Lik e in the Kubelka-Murk analysiswe conside an up-
ward flux j and adownwad flux i going throuch aninfinite-
ly thin layer of the transparen coatirg which contairs a
fluorescemink at concentratiorc (seeFigure3). The positive
direction of the variablex is oriented upwards and its origin
is at the bottam of the transparenlayer. In orde to simplify
the equatios usal in this section let usintroduce the column
vectorj whos componerg are the intensities of the upward
flux at various wavelengthand the colunn vectori whose
componergaretheintensities of the downwad flux. We also
write the fluorescene densiy matrix M of theink asthe sum
of a diagon& matrix A representig the absorption and a
strictly lower triangula matrix F representig thefluorescent
emission:

M=A+F
9)
Qedh) 0 50 o 0 O
= —2In10| U+ g 0 0
O . 0 g 0
H o e B O K 0 O
0
E0) 0
_ o - 0
= —2|n10[] K 0 0
E b s()‘ng

%onsiderirg first the vecta of upwad flux j, its varia-
tion —j(x) hastwo componentsThe first one is the absorp-
tion %d fluoresceh emissian cause by the upwad flux
which is, accordirg to the resuls of the previows section,
cMj(x) . The secornl componenhisthefluorescene cause by

the downwad flux i which is emitted in the upwad direc-
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tion: cFi(x) . Hence, the change of is:

1 _d. . .
EDd_xJ (¥ = Fi(x) + Mj(x) (10)

The sanereasonig is applied to the downwad flux and
leads to a similar equation Note that the downwad orienta-
tionof i introducesachange of sign By combinirg the equa-
tions obtainal for j and i, we ge a systen of differential
equations whose matrix form is:

1 el - B Rl

(11)
¢ dXGed OF MO GO
[ | +dj
y j+dj
J
Ao s X3 * *
'*?Y\'*‘BK“’K%"‘%’& ™~ dx
i+ di j

Figure 3. Absorptiarand emissim in an infinitely thin layer of
the transparent coating containing a fluorescent ink.

Equation (11) isalinear differentid equatia of the first
ordea with constan coefficients When x is integratel be-
tween0 andd, it admits a solution" which is given by the
matrix exponential:

B(d% = exp[E_M _FElbd} EH(O)E (12)
0(dp

OF MO | g(og

wherei(d) andj(d) arerespective) the specta of the down-
ward ard of the upwaid flux at verticd location d . The matrix
exponential is defined as follows:

0 g 7
. [D_M _FD:d]
OF MO
— (13)
i=0 '
At the bottam of the transparenlayer, the spectrum of
the upwad flux j(0) islinked with the spectrum of the down-
ward fluxi(0) by the relation:

100) = Ry 00(0) (14)

whereR, isthereflection matrix of the substrateFor purere-

flectors %his matrix is diagon& and the coefficiens on the di-

agonaarethereflection coefficients If the substrag contains
fluorescemsubstance(opticd brighteners)the matrix R, is

triangular.
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Multiple Internal Reflections

The high quality pape is mace of an ink-absorbirg layer
whichisinopticd contad with the substrag of diffusereflec-
tion R, . Since the transparencoatirg has a refractive index
n different from tha of air, multiple internd reflections
occur’ as shown in Figure 4. This phenomen significantly
increassthe opticd densiy of the ink containirg layer. Tra-
ditionally, thisistaken into accout by applying the Saunder-
son correctiort to the computel spectrum In this section,
we write the Saundersio correctian in matrix form, to be ap-
plied to equation (12).

Air

Transparent coating:
ink absorbing layer
of refractive ind& n /

Substrate:
Diffuse reflector

Figure 4. Multiple internal reflections caused by the interface
between air and the ink-coating.

Let usdenot by i theincidert flux on the extern sur-
face of the pape ard by j the flux emergirg from the paper.
Let rg bethefraction of diffuselight reflected by the air-coat-
ing interfae (extern surfae of the paper) ard let r be the
fraction of diffuse light reflectal by the air-coatirg interface
(internd surfae of paper) The values of rg andr depend
only on the refractive index of the transparencoating Judd
has computel their numericdvalues for arange of refractive
indexes.

j
000000000

A s (1-n)i(d)
A
i /
Interface
A
(1-rgi} rj(d)
Coating:
Inkabsorbing COOOCOOOOOO  j(d)
layer

i(d)
Figure 5. External and internal reflections of the upward and

downward fluxes on the air-coating interface.

The balane of the fluxes at the air-coatirg interface as
shown in Figure 5, leads to the following systen of equations
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for i(d), theincidert flux below the air-coatirg interfae and
for j, the emerging flux above the air-coating interface:

i(d) = (1—rg)i +rj(d)
j=rgi+(1-r)j(d)

Assumirg that the refractive index of the coatirg is con-

(15)

start over thewholevisiblerange,rg andr arealso constant.

Hence equatian (15) can be written in the following matrix
form:

O 1 _r O
00 0iore  Iors Mg O
gg=g.° o Bl @
j Dlsl gl—r— S DJ

gl-rs l-rg’ g

wherel istheidentity matrix which has the sane dimension
asM . Hence the Saundersocorrection is madce by combin-
ing the interface correction matrix of equatian (16) ard equa-
tion (12), as will be shown in the next section.

Spectral Prediction

The high quality pape mack of a diffusely reflecting
substra¢ with an ink-absorbiy coatirg is modelizel by
mears of three matrices the interfae correction matrix
(equatian (16)), the matrix exponenti(equatia (12)) which
modelizes the transparetlayer, and the reflection matrix R
of the substrate (equation (14)).

By multiplying the interfae correction matrix with the
matrix exponential, we get the following relation:

0 Borg 1:rr| E 0
I o v L
. B

whereT, U, V andW arematrices Thanksto relation (14),
it is possible to express the vecior as a functfdn o

= (V+WIR)OT+URY O (18)

Since the multiplication of matricesis not commutative,
the orde of thetermsin equatian (18) mug berespectedThis
correspond to the fact tha superpose fluorescen layers
don’t commute.

If the pape is illuminated by a diffuse light soure of
spectrun i, the spectrun of the diffuse reflectad light isj .
The reflection spectrum is computel by dividing the compo-
nents ofj by the componentsia RQ\) = j(A)/i(A).
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Measuring the Parameters of the Model

To compue the fluorescene densiy matrix M , four el-
emens hawe to be determinedthe excitatian spectrum the
extinction coefficient (), the normalizel fluorescence
function f(A\) ard the quantum yield Q. (Note that M con-
tains discree values of the functions g(A) and f(A)). The
measurig techniqus for thee parametes are describe in
our previous wor

Sine the refractne index of the coatirg is known from
the literature? the internd ard externa reflectiors coeffi-
cientsr andrg can be compute uswg Judd’$ method The
reflection matrix of the substrateR, is measurd using the
two monochromatomethal describel by Donaldsor? using
barium sulphae (BaSO, ) as white reference Note tha this
measuremeamug be performel on anidenticd sampé with-
out ink-absorbing coating.

Results of the Spectral and Colorimetric
Predictions

The modé was applied to predid the specta of several
fluorescen sample which were mack by printing auniform
fluorescemnink layer on ahigh quality paper Orangeyellow
and magend inks from fluorescehmarkes were used They
were printed on two kinds of s {)portsawhite pape without
opticd brightenes from MPA! and a white cardboad with
optlcd brighteners Their reflection specta were measured
using the two monochromatomethod® The reflection spec-
trum of the substrae of the MPA pape is given in Figure 6.
The refractive index of the coatirg (poly vinyl alcoho) is
aboutn = 15, ard therefore accordiry to Judd® we must
taker = 0.59 and rs = 0.09. The sampls were illuminated
by atungste light source from Light Source ard their spec-
tra were measurd with a radiomete INSTASPEC |1 from
Oriel combinal with an integratirg sphere The spectrun of
the light sourcewhichisgiven in Figure 7, was measurd by
mountirg the radiomete at the position of the sampé holder.
Note tha the influence of the opticd brightenes in the white
cardboad isnegligible becausthelight soure does not emit
much energy unde 400 nm, i.e. in the excitation bard of the
optical brighteners.

R
1r

08

0.6

04

0.2t

0 L L " " n 5 nm
450 500 550 600 650 700

Figure 6. Reflectance of the MPA paper without optical
brightners.
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(continuots line), the predictel spectrum by using our meth-
od (dotted lines) and the predictal spectrun when only the
absorption is taken into account (dashed line).

Figure 9 shows similar resuls for a fluorescen yellow
sample In this caseg light is absorbd by the yellow ink and
the substrag betwea 400 ard 500 nm. The hunp observed
betwea 500 ard 600 nm correspondto the light emitted by
fluorescenceBeyord 600 nm, the ink does nat absorh and
the measured spectrum is the reflectance of the substrate.

175
151
125
1F
0.75

05
Table 1. Colour deviations AE in CIE-Lab betwean pre-

dicted and measured spectra for inks at different densities.

025

° 450 500 550 600 650 700 nm
Figure 7. Relatiwe radianae spectrum of the tungste light source. Type of AverageAE | AverageAE | Quantum
sample | usingthenew | using the yield
R model with | modé without
» fluorescence| fluorescence
Orange on 2.00 24.17 0.8
2 I/\\ cardboard
1 = Orange on 1.60 23.64 0.8
/ I MPA paper
0.8 ~=
/ ; Yellow on 2.37 13.18 0.7
e / J cardboard
o4 C e Yellow on 2.25 11.47 0.7
02 /,\ N\ MPA paper
=N ~
Magenta on 2.84 19.86 0.6
0 450 500 550 600 650 700nm Cardboard
Figure 8. Predictel spectrun of a fluorescehorange sampé using Magenta on 2.49 22.99 0.6
our mode (dotted line), predicted spectrun when only absorption MPA paper
is taken into account (dashed line) and measured spectrum of the
fluorescent orange ink printed on MPA paper (continuous line). .
Conclusions

R

1.4

1.2 X~

1
/l'l S——
] —eTT T T
1 -
0.8 77
'/
/
0.6 /I
0.4

o2 =~___J

0 nm
450 500 550 600 650 700

Figure 9. Predicted spectrum of a fluorescemnyellow sampé using
our mode (dotted line), predicted spectrun when only absorption

is taken into account (dashed line) and measured spectrum of th
fluorescent yellow ink printed on cardboard (continuous line).

For ead ink-pape& combinationthree sample of differ-
ert ink concentratia were produce and measuredThe pre-
diction resuls were compare with the measurd spectaand
their colou deviatiorswere comput@ in CIELAB. Theaver-
age predictian errors are summarizd in Table 1. Figure 8
shows the measurd spectrum of afluorescemorang sample
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The new spectréprediction methal we propo isbased
on amathematiceformalism which generalizethe Kubelka-
Munk theory. The fluorescenink printed on high quality pa-
per is modelizel by mears of three matrices the interface
correction matrix, the matrix exponentiband the reflection
matrix of the substrate This modd requires measurig the
transmittane spectra the normalizel fluorescene spectra
ard the quantum yield of the fluoresceminks. In contras to
previols methodswith our approachonce the fluorescence
densiy matrix is computed prediction can be mace for dif-
ferent illuminants and different ink concentrations.

Using this methal we predictel the reflection specta of
18 uniform samples The averag predictin errar is about
AE = 2.25 withamaximun of AE,,, = 4.37. Sinceink flu-
oresceneis also taken into account the predictian accuracy
is improved by aboutAE = 17 in compariso with Beer's
faw for diffuse light.

The methal can be extendé for two ard more inks but
severd cass mud be investigate becaus of the non-com-
mutativity of fluoresceminks. For two inks A and B, three
casesmud beconsidered(a) ink A isabowink B; (b) ink B
isabowink A; and (c) theinks A andB are mixed For each
cas the resultirg reflection spectrum is different This sub-
ject requires adeepe investigation ard shout be addressed
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in a future work.

This model does not take the whole complexity of the
fluorescence emission phenomenon into consideration. Fors.
instance, it does not include the quenching effects due to high
concentrations. However, it enables the spectra of fluorescent.
inks to be predicted qualitatively and quantitatively under dif-
ferent illumination and concentration conditions.
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