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Abstract

More advanced color management systems rely on the
availability of the gamut description of a color reproduc-
tion device. The problem of calculating such a gamut de-
scription, however, has no definitive solution yet.

In this paper we explain that several kinds of surfaces
exist in colorant space, that map to the gamut boundaries in
color space. The different kinds of gamut boundaries that
should be taken into account do not only depend on the
mathematical model that describes the color mixing behav-
ior of the reproduction device, but also depend on the col-
orant domain (e.g. colorant limitation) and the number of
colorants of the printer.

The color gamut boundaries can be determined math-
ematically for any printer model and any number of inks.
For some models however, such as the Neugebauer equa-
tions, most kinds of gamut boundaries can be described an-
alytically.

Introduction

There exist two classes of methods to obtain a color gamut
description.1 According to a first approach, a large set of
samples spanning the printable range is measured and
empirical methods are used to estimate the gamut
boundaries. A second approach is based on an analytical
model of the printer that relates color values in function of
colorant values.

In this paper the second approach has been selected be-
cause we believe, provided that a good model of the print-
ing system is available, it leads to the most accurate gamut
description.

The analytical model that describes the color repro-
duction device is called the printer model. It relates color
values in function of a number of independent variables
with which the printer can be addressed. Those indepen-
dent variables are called colorants and are denoted as cy, c,,
..., ¢y A typical example is the classic CMYK offset sys-
tem where we have four colorants, i.e. the cyan (C), magen-
ta (M), yellow (Y) and black (K) ink. For purposes of
generality we assume that the colorants range from O to
100%. A color reproduction device with n colorants is
called an n-ink process.

The colorant domain is a region in an n-dimensional
space that contains all the possible colorant combinations.
In general the colorant domain is an n-dimensional cube.
The space in which the colorant domain is represented is
called the colorant space. In some cases however the num-
ber of colorant combinations have to be limited for practi-

cal reasons. A typical example is the limitation of the
maximum amount of ink in offset to 340%. In this paper we
assume that colorant limitations are given by a number of
linear inequalities of the colorant values, referred to as ink
limitations. In the previous example for the offset system,
the ink limitation would be

c1+cy +c3+ ¢y <340% (1)

Colors on the other hand are represented in a 3-dimen-
sional space. Typically a CIE based color system such as
XYZ or CIELAB can be used.” In this paper however we
allow that colors can also be specified with other non-CIE
based color spaces. A typical example would be red, green
and blue densities that are commonly used in photography.

We assume that the printer model is a continuous func-
tion from colorant space to color space. The range of colors
obtained by transforming the colorant combinations of the
colorant domain to color space is called the color gamut of
the n-ink process.

In the following paragraphs the gamut of an n-ink pro-
cess will be described by its boundaries. We will indicate
that there are several kinds of boundaries that should be
taken into account. The presence of different kinds of
boundaries depends on several factors such as the printer
model, the number of colorants and the colorant domain.

Color Gamut Boundaries

Introduction

Because the relations between color and colorant val-
ues are continuous functions and because the colorant do-
main is connected in colorant space, the resulting gamut in
color space is also connected. The transformation of the
colorants of an ink process with more than two inks results
in general in a volume in color space. Such a gamut is com-
pletely determined if its boundaries are known in color
space. In a 3-dimensional space, boundaries are 2-dimen-
sional surfaces. Due to the continuous relations between
color and colorants, colorant boundaries in colorant space
have to be searched for that map on these color boundaries
in color space.

3-Ink Process

In ref. 3 we indicated that two kinds of boundaries
have to be taken into account, i.e. physical and natural
boundaries. If no ink limitations are specified, the physical
colorant boundaries correspond to the faces of the colorant
cube in colorant space that are transformed to the physical
color boundaries in color space by the printer model. These
physical boundaries are often considered as gamut bound-
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aries because they are the border between physical realiz-
able and unrealizable colorant combinations. In reality this
is not always the case because if natural boundaries are in-
volved some physical color boundaries lie inside the color
gamut. A physical colorant boundary can be seen as a 2-ink
process because for each face of the colorant cube one col-
orant is constant.

Natural colorant boundaries on the other hand are sur-
faces in colorant space that in general do not coincide with
one of the boundaries of the colorant domain, but they may
be transformed to gamut boundaries in color space by the
printer model. An important characteristic of natural
boundaries is that if the colorant domain is intersected by a
natural colorant boundary, there will be multiple colorant
combinations inside the colorant domain to reproduce
some colors inside the color gamut. In ref. 3 an example of
a Neugebauer process is presented showing this effect. The
inversion of the Neugebauer equations to find all the possi-
ble colorant combinations to reach a given color is present-
ed in ref. 4.

A point in color space belongs to a natural color
boundary if in this point the color can be changed in less
than three independent directions for all possible infinites-
imal changes of the colorants. From a mathematical point
of view this means that the rank of the Jacobian is less than
three.Iftheprintermodelofthe3-inkprocessisgivenby

X:d)x(cl,cz,c3)
Y=CD),(CI,6‘2,C3) (2)
Z=(DZ(C1’C2’C3)

a natural boundary is reached if the determinant of the Ja-
cobianis zero,i.e.
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with X, Y, Z the color values, ¢y, ¢y, c5 the colorant values.
The occurrence and shape of natural boundaries de-
pend on the printer model, as shown in the following four
examples.
In the case of a linear relation between color values
and colorant values, no physical boundaries are present.
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with y the gamma of the display (typically 2.2), (cq,c5,c3)
the values for the red, green and blue CRT.

A natural colorant boundary is met if ¢;=0 or c,=0 or
c3=0. In this case the natural colorant boundaries coincide
with three of the physical colorant boundaries.

For the photographic process, the Lambert-Beer law
can be used as printer model.” If the color values correspond
to three multi-spectral values, measured by making use of
three delta filters, this law can be written as

R =k e 19~ =643
-

G =k e 19217200300
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with ¢y, ¢y, c5 the amounts of the cyan, magenta and yellow
dye

R, G, B the color values

ajj and k; constants

For this process the natural colorant boundaries are
planes at infinity.

If the Neugebauer equations6 are used and c; and c; are
considered as parameters, the natural boundaries can be
written as a quadratic function in c3, i.e.

2
c3 (ko + ke + kyey + k12€1C2) + (6)
2 2 2 2
6‘3(10 +hey +lef Hhacics +hey + ey +ynec + 112C102) +

2 2 2 2
(mo + My + My Cp My CrCy + My Gy + My Cy + Ny Ciey + m,zc]cz) =0

with k;, 1; and m; constants.

This indicates that for every couple (cy, ¢c,) a set of two
values c3 can be found that meet the equation. If these two
values of c; are real and at least one of the two colorant
combinations (cy, ¢, c3) belongs to the colorant domain,
the corresponding color lies on a natural boundary. The sets
of two solutions c5 that correspond to couples (¢, ¢,) form
two natural boundaries.

It may look contradictory at first that the actual color
gamut of a printing process can be larger than what is pre-
dicted by the physical color boundaries, and hence, that a
color on a physical color boundary sometimes lies inside
the color gamut. This paradox can only be explained by the
presence of at least one other colorant combination that
renders that same color and does not lie on a physical color
boundary nor on a natural color boundary. In that case col-
orant changes can be found that result in color changes in
any direction, including in a direction that goes beyond the
limits set by the first colorant combination. The above rea-
soning demonstrates that a close relationship exists be-
tween the presence of multiple colorant solutions for
certain colors and the occurrence of natural boundaries.

The gamut of the 3-ink process is obtained by taking the
envelope of both the physical and natural color boundaries.

4-Ink Process

In case of a 4-ink process the concept of natural and
physical boundaries as defined for the 3-ink process can be
extended to the 4-ink process.3 Also in this case physical
boundaries are 2-ink processes with the other two inks set
at their minimum or maximum value. On the other hand, a
natural boundary is met if colors can only be changed in at
most two independent directions for all possible infinitesi-
mal changes of the four colorants. Mathematically this
means that the rank of the Jacobian, a 3x4 matrix, is less
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than three. Apart from these two kinds of boundaries a new
kind has to be taken into account.’ We called these bound-
aries hybrid boundaries because they can be seen as a mix-
ture between natural and physical boundaries, i.e. these
hybrid boundaries correspond to the natural boundaries of
the 3-ink processes obtained by setting one of the four col-
orants in the printer model to its minimum or maximum
value. These 3-ink processes are called the extracted 3-ink
processes of the 4-ink process. In practice however, natural
boundaries are very rare, so the gamut of a 4-ink process is
obtained by taking the union of the gamuts of all the ex-
tracted 3-ink processes of the 4-ink process.

n-Ink process

In case of an n-ink process, such as the Hexachrome
process, in theory more than three kinds of boundaries have
to be taken into account. However, in practice also in this
case the gamut can be obtained by taking the union of the
gamuts of all the extracted 3-ink processes of the n-ink
process.

Color Gamut Boundaries with
Ink Limitations

The gamut of an n-ink process of which the colorant do-
main is limited by an ink limitation corresponds to the
union of the extracted 3-ink processes. The ink limitation is
inherited by the extracted 3-ink processes, i.e. in the ink
limitation the colorants that are constant to determine the
corresponding 3-ink process are replaced by their constant
value.

The gamut of a 3-ink process with an ink limitation is
obtained by taking into account not only the physical and
natural boundaries but also the extra boundary imposed by
the ink limitation, i.e. the condition for which the colorant
limitation, specified as an inequality, holds. This boundary
is called the ink limitation boundary. Also in the case of
physical colorant boundaries, seen as 2-ink processes, the
ink limitation is inherited. The envelope of all these color
boundaries constitutes the color gamut.

Analytical Calculation of
Color Gamut Cross Sections

A useful gamut descriptor is obtained by intersecting the
color gamut with parallel planes. Typically these cross sec-
tions correspond to equidistant “slices” perpendicular to
the L* axis in CIELAB space. If the printer model is spec-
ified in the XYZ space, this is equivalent with making cross
sections with constant Y-planes which are then trans-
formed to CIELAB.

In ref. 3 we indicated that it is possible to determine
these cross sections analytically in the case of the Neuge-
bauer printer model for the physical gamut boundaries. It is
possible to show that also in the case of ink limitation bound-
aries, the gamut boundary can be calculated analytically.
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Figure 1. Cross section with a constant lightness plane (L* = 30)
of the gamut of an ink jet printer, represented in CIELAB. As
printer model, the localized Neugebauer equations are used. In
this case only the physical boundaries are taken into account.
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Figure 2. Cross section of all the cells of the localized
Neugebauer process of the same printer as in Figure 1.

Examples

The Neugebauer equations are not accurate enough to mod-
el real color printers. Therefore we make use of the local-
ized Neugebauer model.” The localized Neugebauer
equations characterize the printer by dividing the colorant
domain in a number of non-overlapping cells. Per cell a set
of Neugebauer equations is used. Hence, the gamut of such
a system can be obtained by taking the union of the gamuts
of all the cells in the colorant domain.

In Figures 1 and 2 gamut cross sections are represented
of an ink jet printer, modeled with the Localized Neuge-
bauer equations. They are intersections in CIELAB with a
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constant lightness plane with L* = 30. In Figure 1 only the
physical boundaries are taken into account, in Figure 2 the
cross sections of all the cells of the Localized Neugebauer
model are represented. The cross section in Figure 2 is con-
siderably larger than the cross section in Figure 1 and hence
this process is an example of a 4-ink process for which also
hybrid boundaries should be taken into account.

Another example of the use of gamuts is the study of
the effect of printing parameters. In Figure 3-4 for example,
gamut representations are given of the offset CMYK pro-
cess printed with ABS (Agfa Balanced Screening, the con-
ventional screening technology of Agfa) 150 Ipi and CR
(Cristal Raster, the stochastic screening technology of Ag-

fa) 21 mu. In Figure 3 the number of colors per lightness
cross section is given, in Figure 4 the number of colors per
hue plane. The colors are counted in CIELAB on a grid
with a grid size of 1 CIELAB unit. Both figures show that
printing with cristal raster has a larger gamut, apart from
colors in the orange region, than printing with the conven-
tional screening method.

In Figure 5-6, similar plots are shown as in Figure 3-4
but for different ink limitations, i.e. 400 % (no limitation),
250 %, 200 %, 150 % 100 % and 50 % for the CM YK offset
process printed with ABS 150 Ipi. It is remarkable that al-
most no gamut reduction takes place for ink limitations
down to 250 %.
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Figure 3. Number of colors per lightness cross section of the gamut of a CMYK process, printed with ABS (Agfa Balanced Screening)
150 Ipi and CR (Cristal Raster) 21 mu. The colors are counted in CIELAB on a grid with grid size of 1 CIELAB unit. The localized

Neugebauer equations are used to model the process.
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Figure 4. Number of colors per hue cross section of the gamut of the same processes as in Figure 3.
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Figure 5. Number of colors per lightness cross section of the same offset CMYK (ABS 150 Ipi) process as in Figure 3 for different ink
limitations.
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Figure 6. Number of colors per hue cross section of the same offset CMYK (ABS 150 Ipi) process as in Figure 3 for different ink
limitations.
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