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Abstract

We present a novel anisotropic diffusion algorithm for
noise reduction in Magnetic Resonance Imaging (MRI).
The method integrates two key concepts: (1) diffusion is
explicitly constrained to avoid increases in local image gra-
dients, thereby preserving edges and fine structural details;
and (2) a sequence of filters with exponentially increas-
ing radii is applied, each maintaining a fired number of
non-zero coefficients. These filters allow the algorithm to
evaluate whether pizels distant from the target location can
contribute to smoothing without degrading local gradients.
As a result, the method aims to balance between preserving
local details and averaging global similarities.

In contrast to traditional denoising techniques based on
local filtering or total variation minimsization, the proposed
algorithm enables controlled non-local diffusion and natu-
rally extends to three-dimensional vozel arrays, making it
well-suited for volumetric MRI data. The framework also
permits the integration of additional geometric constraints,
such as curvature, further enhancing its ability to preserve
anatomical structures and surfaces.

The effectiveness of the proposed method is demon-
strated on real MRI data from a macaque monkey. The
experimental results indicate PSNR wvalues comparable to
those of our previous approach, while providing substan-
tially better suppression of low-frequency noise, absence of
visible artifacts, and faithful preservation of critical image
features.

Introduction

Magnetic Resonance Imaging (MRI) is a widely used
medical imaging technique that generates detailed im-
ages of internal body structures through the interaction
of strong magnetic fields and radio frequency pulses. In
essence, MRI operates by aligning the hydrogen protons
in water and fat molecules using a powerful magnetic field.
Subsequent radio frequency pulses temporarily disturb this
alignment, and as the protons return to their original state,
they emit signals that are captured and processed to recon-
struct an image. This simplified description underscores a
key aspect of MRI: the presence of noise in the resulting
images is intrinsic to the physical and technical processes
involved.

Image noise, and the challenge of reducing it, is a cen-
tral concern in signal processing. Textbook denoising al-
gorithms typically rely on some form of filtering, where a
pixel’s intensity is replaced by a weighted combination of
its neighbours. These weights may reflect simple statistical
measures such as the arithmetic mean or median, or incor-
porate the distance between the pixel and its neighbours.
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Advanced denoising algorithms aim to suppress noise
while preserving essential image features—an objective
that is both critical and technically challenging. Several
prominent approaches have been developed to achieve this
balance, including anisotropic diffusion [I, bilateral filter-
ing [2], total variation minimization [3], non-local means
[4], and Block-Matching and 3D Filtering (BM3D) [5],
which is regarded as one of the most effective non-deep
learning-based methods.

In recent years, the field of image denoising has been
increasingly dominated by deep learning approaches, par-
ticularly Convolutional Neural Networks (CNNs), which
have demonstrated state-of-the-art performance across a
range of denoising tasks [6]. There has also been work on
a PDE based non-local diffusion method (NLD) [7].

In this paper, we integrate two previously published
ideas [8 @] into a unified algorithm for denoising MRI im-
ages without requiring access to ground truth data. The
central principle of the proposed method is that any mod-
ification to a pixel’s value—intended to smooth the image
surface—should not result in an increase in the surround-
ing image gradients. This principle is operationalized by
imposing a constraint on diffusion from neighbouring pix-
els toward the target pixel. We show that when diffusion is
restricted to directions that decrease local gradient magni-
tudes, the result naturally preserves edges and fine struc-
tures. Furthermore, the diffusion constraint is generalized
to include non-local pixel contributions. This is imple-
mented using a series of filters that sample pixel values
at increasing distances from the target location and assess
whether their inclusion affects local gradient behaviour.
The algorithm is thus capable of allowing diffusion from
the entire image plane, provided that doing so does not
distort the local image detail.

The proposed method extends seamlessly to three-
dimensional voxel arrays, making it well-suited for volu-
metric MRI data. We evaluate the algorithm on real MRI
data of a Macaque monkey, made available through the
project of de Castro et al. [I0]. The proposed method in-
troduces no visible artifacts, improves the signal-to-noise
ratio, and preserves edges and fine image details. Unlike
traditional diffusion-based methods such as total variation,
our approach permits diffusion from non-local locations
and can be readily adapted to enforce constraints not only
on gradient magnitude but also on geometric features such
as curvature. Compared to deep learning methods, the al-
gorithm requires no training data, is independent of ground
truth images, and—perhaps most significantly—is simple
to interpret and explain. This last attribute is particularly
valuable, as technical advancements in imaging hardware

2025 Society for Imaging Science and Technology



often benefit from conceptual insights derived from trans-
parent, analytical algorithms. A detailed description of the
algorithm is presented in the next section.

Method
The diffusion condition

An arbitrary target voxel I is surrounded by 26 neigh-
bouring voxels I1,...,I26. The directional differences are
given by d; = I; — Iy, for i =1,2,...,26. Diffusion from
a source voxel I to Iy is denied if a test diffusion from
I to Ip given by Iy = (1—s)Iy+sI gives rise to a signif-
icant increase in any of the directional differences. The
constant s is a test diffusion coefficient. The directional
differences after a test diffusion are d; =1I,— 16 =d; —sd,
where d = I — Iy. More precisely, we have the following
condition.

Condition. Diffusion from I to Ij is not allowed if

’2 2
d;” —d;
S

> A

for any i =1,2,...,26, where A is a threshold parameter.

Based on this, we get the following equivalent condi-
tion.

Theorem 1. Diffusion from I to Iy is allowed if and only

if
sd—\d <
sd—\/d

2min{d;} for d > 0. (1)

\%

2max{d;} for d <0. (2)

Corollary. The diffusion condition of d to Iy is equivalent
to the inequality

maxi{di} _ JA | (maxi{di})*

S S S

<d minif{dihr §+(mm;#})2. ®3)

Remark. For A\ =0, the condition for diffusion is

IN

max;{d;} — | max;{d; }| <d< min;{d; } + | min; {d; }|

S S

When max;{d;} <0 or min;{d;} > 0, diffusion will be al-
lowed for all values of A. Therefore, the method will effec-
tively remove all salt and pepper noise.

Variable range diffusion

The unrestricted filters G, n=0,1,2,3,... are defined

‘ {24i
gn(i) = 0

, for i =—-2",0,2".

, otherwise.

(4)
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The filter Gy, is shown in Equation . Only the non-zero
coefficients are shown.

2) 0 (2
Gn = L \/@\/CJ @’U o ) (5)

The distances between each non-zero coefficient in G, are
equal to 2". The filters Go,G1,G2,Gs,... are applied suc-
cessively by taking the convolution product with the data.

Theorem 2. The convolution product Gpn—1*---*GoxG1 %
Go is equivalent to the (27T —1)*3 filter G*™(4,5,k) =
g*"(1)g™"(5)g™" (k), where

2" —|i .o
g*n(l) _ 4n|l| , for —2" < i, 5,k < 2"
0 , otherwise.

(6)

Since Gy, are separable for all n, gp—1%---*xga*g1 *go =
g*™, which is a triangular filter. To approximate a Gaus-
sian filter, we repeat the filter G*" twice. The following

figure shows the shape of g*™ and ¢*" * g*"".

The restricted diffusion process
For each target voxel position v we define the set

Av = {w|Diffusion from I(w) to I(v) is allowed.}.

We define the restricted diffusion G; y as

Gia(D(v) =1(v)+ Z Gi(v—w)(I(w) = 1(v)).

wEA,

In the iterative diffusion process, G; \ is applied to the
entire MRI image for i = 0,1,2,3,.... The sets Ay need to
be recalculated in each iteration.

The new proposed iterative diffusion process is de-
noted by

*N
G)\ :Gn,17AO~~~OG1’)\OGO7)\.

In this framework, the old method [9] consists of repeatedly
applying Gg ». We denote n iterations of the old method
by

(Gox)™.
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Experiment

The sample used in this paper is an MRI image of a
macaque monkey from a project by de Castro et al. [10].
‘We normalize the data by dividing by the largest value out-
side the top 0.1% of the data. We apply reflection padding
at the boundaries.

For all experiments, we used the test diffusion constant
s =0.1. In our experiments, we applied the filter G, for 8
iterations, cycling through the values n =0,1,2,3 in order,
two times (i.e. n=0,1,2,3,0,1,2,3). Effectively, this is
the filter G** % G**, which unrestrictedly smooths the im-
age with a Gaussian filter with o = 9.22. The filtering was
performed for A =1.0x1073,5.0 x 107%,2.0 x 10™%,1.0 x
107%,5.0 x 107°2,2.0 x 1072,1.0 x 107°,5.0 x 107%,2.0 x
107%,1.0x107%,5.0x1077,2.0x 107 7,1.0 x 10~ 7.

Results
Quantitive results

We begin with a statistical analysis of the difference
images produced by subtracting. As was shown in [9], the
method effectively removes salt-and-pepper noise, and this
holds true for any non-negative diffusion threshold A > 0.
In particular, when A\ =0, the filter only removes salt-and-
pepper artifacts, leaving other types of noise untouched.

This observation gives a natural method to study how
the method removes the remaining noise: We compare the
filter output at A =0 with its output at a higher diffusion
threshold. Let Z, denote the result image obtained by
filtering with threshold A. The difference image

Ay=TIo-1I) (7)

captures the change in residual noise as a function of the
diffusion threshold.

Figure [1] displays the standard deviation o of Ay for
different values of A\. We used 4 and 8 iterations in both
the present method and the old method [9]. The model
A= (%)2 gives a good least squares approximation of
A as a function of o. These curves are also plotted in
Figure Table (1] shows that the old and new methods
perform equally well with respect to PSNR.

A old new
1.0x 1073 | 29.6 | 29.4
5.0x107% | 30.6 | 30.4
20x107% | 31.4 | 31.2
1.0x107* | 31.8 | 31.6
5.0x107° | 32.0 | 31.8
2.0x107° | 32.2 | 31.9
1.0x107° | 32.2 | 31.9

0 32.3 | 32.0

Table 1: The table shows the PSNR of the noise removed
by the new and old methods. Seven iterations were per-
formed for each method, and the top 0.1% of values in the
MRI image were removed.
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Figure 1: Semi-log plot showing the standard deviation o
of the difference images Ay as a function of the diffusion

threshold A.

Qualitative results

Figure |4] shows the result of applying G§\4 twice to
an MRI image, using two different values of the diffusion
threshold A. In the green-circled region, several bright vox-
els are noticeably suppressed, indicating the filter’s effec-
tiveness in damping outliers. In contrast, the yellow-circled
area reveals an important trade-off: for A =0.001, some fine
structural details are lost, but for A = 2.0 x 10_5, these fea-
tures are preserved. Outside these highlighted regions, the
overall anatomical structure remains intact for both thresh-
old settings, demonstrating the filter’s ability to preserve
global image content while varying its sensitivity to local
features.

Figureuses gamma adjustment (v =0.3) to highlight
low-level noise smoothing. We compare the new and old
methods using 4 and 8 iterations and two values of A\. The
new method more effectively removes low-frequency noise,
due to its long-range diffusion and higher variance. This
difference is further illustrated in Figure

Figure |5| (with v = 0.3) highlights how low-frequency
noise is smoothed. The new method, compared to the
old [9] at 4 and 8 iterations and two A values, achieves
better noise reduction thanks to its longer-range diffusion
and higher variance—clearly visible in Figure [3] Figure
shows two absolute-difference images between the original
and the processed MRI image. Noise is effectively removed
when A = 0.001, whereas for A = 2.0 x 1072, noise is re-
moved only in areas with very little change.

Conclusion

The proposed method preserves structural detail while
effectively removing both high- and low-frequency noise.
By adjusting the diffusion threshold A, the method allows
control over the trade-off between smoothing and detail re-
tention. The method provides a flexible tool for denoising,
with minimal loss of critical image features. The efficiency
of the new method in terms of PSNR is indistinguishable
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from that of the old method; however, the new method per-
forms better at removing low-frequency noise, which often
occurs in MRI images.

Future work

In addition to basing diffusion on gradient control,
many other geometric properties could be explored in fu-
ture investigations. An MRI image can be modelled as a
three-dimensional submanifold of R4, and therefore, exam-
ining the curvature tensor as a metric may be an interesting
direction for further investigation.
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(a) A=2.0x1075.

100 150 200 250 300 0 50 100 150

(b) A=0.001.

Figure 2: The figures (a) and (b) show the absolute dif-
ference between the original image and the results after
applying the filter G§\40G§4 with different values for A.
We have used a gamma adjustment with v = 0.3 to visual-
ize the differences.
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Figure 3: The result of the (a) unrestricted filter G** « G**
and (b) the unrestricted filter G applied 8 times.
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Figure 4: Figure (a) shows the original MRI image. The figures (b) and (c) show the result after applying the filter
G5t o G with different values for A.
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(b) A =2.0x 10~%, new method, 4 iterations (c) A=2.0x 1072, old method, 4 iterations
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(d) A =2.0x107%, new method, 8 iterations (e) A =2.0x 1075, old method, 8 iterations

100 150 0 50 100 150 200 250 300 0 150 0 50 100 150 200 250 300 0

(f) A =10.001, new method, 4 iterations (g) A =0.001, old method, 4 iterations

(h) A =0.001, new method, 8 iterations (i) A=0.001, old method, 8 iterations

Figure 5: We have used a gamma adjustment with v = 0.3 in order to visualise the noise. Figure (a) shows the original
MRI image. The figures (b) to (f) show the result after applying the filter G3* 0 G3?, G3* or the filter G, repeated 4 or
8 times with different values for .
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