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Abstract

A new method is presented that analytically describes
the surfaces of color gamuts in a closed form. Extend-
ing the method to the whole volume of the gamut, it can
be used to analytically represent the relationship between
a color space and the space of color control signals of a
reproduction device.

Introduction

A typical color reproduction process is controlled by
three color control signals at the input. These may be
RGB signals for the case of a CRT monitor or CMY
colorant concentrations in case of a print process. Con-
trolled by the three color signals at the input, colors are
reproduced at the output that can be described in any of
the well-known color spaces, e. g. CIELAB, CIELUV
or CIEXYZ. The entire range of colors that a reproduc-
tion device is able to produce defines the device’s color
gamut. The color gamuts of reproduction devices differ
from one another in most cases. Generally, the gamut of
a color image to be rendered does not match the gamut
of the supposed reproduction device. The image might
contain colors that cannot be generated by the output
device, and thus image colors somehow have to be
adapted to the color gamut of the device, a procedure
called gamut mapping.1,2,3,4,5

For that, a basic requirement is the knowledge of
the color gamuts of both image and device, and that these
gamuts have to be represented in any color space. As the
user may be confronted with several output devices like
offset print, several CRT monitors, photo-realistic print-
ers (thermal dye diffusion printers), and low budget print-
ers (ink printers), a compact gamut representation is
highly necessary. In this paper, a new method is pro-
posed that analytically represents the gamut of a color
reproduction device in a compact manner using any of
the well-known color spaces (e. g. CIELAB, CIELUV
or CIEXYZ) as basis.

Principles

Before getting into the method’s explanations, some fun-
damentals and definitions must be given. Each of the
three color control signals of an output device can be
modified independently between a minimum and a maxi-
mum, i. e. between zero and one in normalized form.
Thus all color control signals the device is capable of

processing are contained in a cube. In view of the im-
portant role of this cube for the proposed method, it is
called the kernel gamut of the color control signals and,
consequently, the respective space is called the kernel
space in the following. The eight corners of the cube
control the full- and zero-tone colors and all the integer
mixtures of them.

The color gamut normally has a strongly distorted
surface since the relationship between the color space
and the kernel space is strongly non-linear. However,
some significant characteristics of the cubic kernel gamut
remain inherent. The color gamut, being a non-linear
transform of the kernel gamut, has eight corners, twelve
edges and six planes, though edges and planes are some-
how distorted. Figure 1 shows the color gamut of a ther-
mal dye diffusion printer.

Figure 1. The color gamut of a thermal dye diffusion printer

The method is based on the characteristics of the
gamuts that appear in both spaces. The surface of the
kernel gamut is mapped onto the color gamut surface in
a manner that the eight corners of the kernel gamut come
to lie at the corners of the color gamut. Similarly the
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twelve edges and six planes of the kernel gamut are
mapped onto the corresponding edges and planes of the
color gamut. This is done by analytically distorting the
kernel gamut surface.

Since the representation of a cube (i. e. the kernel
gamut) is well-known, the color gamut of the device is
represented by these analytical distortion functions.

In the method, a cylindric coordinate system is used.
Therefore the coordinates can be interpreted as lightness,
chroma and hue if the method is applied to an adequate
color space. The method is applicable to all processes
based on three primary colors or colorants, including
CRT monitors and print processes like ink printing, off-
set printing etc. Furthermore, four-colorant print pro-
cesses can also be included if well-defined separation
algorithms are used (e. g. GCR, UCR; see for example
References 6  and 7).  In this case, these processes can
be handled like three-colorant processes.

The determination of color gamuts of electronic
images to be reproduced is still a problem today as non
trivial surface-fitting algorithms must be used. Since the
gamut representation of the image is given numerically
and therefore memory-consuming, storage or transmis-
sion of image gamuts in addition to the image data is
nowadays out of question. But if the process that gener-
ated the original image is known, then it may be helpful
to transmit the gamut of the process together with the
image, and for that, the analytical method proposed here
is well suited because the additional amount of data is
negligible. This is possible as well when color images
are commercially distributed by e. g. Photo CD from
different sources like film transparencies, computer gen-
erated images etc.

Figure 2. The color gamut of a thermal dye diffusion printer
in the two dimensional presentation

The Analytical Representation

In this paper, the color gamut surface is represented by
the maximum chroma as a function of lightness and hue:

C f L h* *, *= ( ) (1)

Thus, the gamut surface can be shown as chroma
mountains over the lightness-hue plane (see Figure 2).
Because chroma is a function of two parameters, this
presentation is called the two dimensional presentation
as opposed to the three dimensional presentation of the
gamut in the color space. If the gamut’s white point is
lying on the L*-axis, then in the two dimensional pre-
sentation it is depicted by the straight line L* = L*white
and, by analogy, the black point is depicted by L* =
L*black. The remaining six vertices possess lightness val-
ues in between, and the six edges connecting them de-
fine the middle kink-line.

The kernel gamut (a regular cube) can be presented
similarly (Figure 3).

Figure 3. The kernel gamut in the two dimensional presentation

The kernel gamut has now to be distorted in order
to match the color gamut.

The surface of a unit cube standing on its corner
with its center located at the origin of the mathematical
(x,y,z)-space is given by the following equations:
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ρ φk ( )  is the cylindric radius and zk φ( )  the z value of
the middle kink-line; φ = + = −arg( ),x iy i 1 .

The final chroma function Ĉ(L*,h*)  is derived from
the kernel function ρ(z,φ) in two steps. In the first step,
the kernel function is scaled by multiplication with the
scaling function s(z,φ) . This operation transforms into
the correct amplitudes of Ĉ , but at coordinates z and φ.
In the second step therefore, the two distortion functions
zd(L*,h*) and φd(L*,h*) are introduced to move the trans-
formed amplitude values to the right positions in the two-
dimensional (L*,h*) plane. To improve the performance
of the scaling, a further function sa(L*,h*) is added.

ρ φ ρ φ φs z z s z, , ,( ) = ( ) ( ) (5)

ˆ *, * *, * , *, * *, *C L h z L h L h s L hs d d a( ) = ( ) ( )( ) + ( )ρ φ
(6)

The color gamut is represented by the distortion
functions zd(L*,h*) and φd(L*,h*) and the scaling func-
tions s(z,φ)  and sa(L*,h*).

Limitations
Until now it was assumed that the white point and

the black point are lying on the L* axis. This is true for
the white point if colors are referred to the paper white
of the print device. This is the normal procedure if gamut
mapping is to be applied. 3,8 But in many cases, the black
point is located off the grey axis. Then, all colors having
lightnesses lower than the darkest neutral grey cannot
be considered by the method at issue. In practice, this
loss is not very meaningful. Considering that one would
like to avoid inversions when mapping colors which run
from dark neutral grey to lighter, colorful colors, one
would anyway dispense with utilizing these color regions.

Another limitation is caused by the definition of
CIELAB when bright and saturated colors are expressed
in CIELAB coordinates. Since colors of the same hue
are not located on half-planes of constant hue-angle in
CIELAB, the relation between chroma and hue-angle is
ambiguous in this area and this cannot be compensated
by the used method.

Results

For the practical application of the method, the required
distortion and scaling functions describing the gamut
surface are approximated by limited polynomials or lim-
ited series expansions to keep the number of parameters
as low as possible.

Given a pair of values (L*, h*), the task of the rep-
resentation formula is to furnish an optimal approxima-
tion of the gamut’s maximum chroma. Therefore, a visual
error is defined solely as a difference of the original and
the approximated chroma:

∆E C Cab orig= −* ˆ (7)

Given an errouness approximation Ĉ  of the gamut
hull for a given pair (L*, h*), the nearest point on the
actual gamut hull is generally not located in the radial

direction. It follows that the distance of the approximated
chroma from the gamut hull is actually less than given
by (7).

Extensive studies with several output devices (from
CRT monitor to offset proof process) have shown that
the amount of parameters to represent the gamuts is only
about one hundred if mean visual errors are kept below
2.2 ∆Eab  units. Thus, a number of about 100 to 200 Bytes
is sufficient to describe the surface of a color gamut.
These visual errors are in the range of the perceptibility
threshold of pictorial images9,10 and below the accept-
ability threshold of normal images10,11

Since the method is based on the corners and edges
of the gamut, these can be representated very accurately.
This is important as they contain the most saturated col-
ors the device can produce.

The maximum errors are below 10 ∆Eab  units and
are located in the regions of the light yellow edge ([CMY]
= [001]) and the dark blue edge ([CMY] = [110]). As
mentioned before, the visual error is only an error of
chroma which always means an error in the radial direc-
tion. If the McAdam and the Brown-McAdam ellipses
are plotted in the a*b* plane,12,13 respectively, it can be
observed that right in these yellow and blue regions the
ellipses are strongly non-uniform and that the main axes
extend exactly in the direction of the error, i. e. the ra-
dial direction. The same is true for the Wyszecky-Fielder
ellipses13 and can also be seen in the CIE 1931 chroma-
ticity diagram.14 Also Luo and Rigg15 show in a com-
pound investigation that ellipses for the yellow and blue
centers tend to point along lines of constant dominant
wavelength. In other words: Certainly is the numerical
value of the maximum error relatively high, but the er-
ror is expected to be visually much less noticeable.

Figures 4 and 5 show examples of the distortion
functions z L hd *, *( )  and φd L h*, *( ) , respectively. These
functions turn out to be relatively smooth in practical
applications.

Figure 4. Example of the distortion function zd(L*,h*) for a
thermal dye diffusion printer

Extension to the
Transformation of Color Spaces

The analytical distortion functions mentioned above can
be considered as a manner to analytically represent the
transformation between the kernel space and the color
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space. In fact they describe only the colors contained on
the surface of the gamut. The extension to the whole
space is carried out by defining subsurfaces e. g. paral-
lel to the outer surface and finding relationships between
the subsurfaces described by smooth transitions between
the parameters of the analytical representations.

Figure 5. Example of the distortion function φd(L*,h*) for a
thermal dye diffusion printer

Thus, an analytical formula of the transformation
between a color space and a kernel space of a device can
be defined to immediately specify the color control sig-
nals that lead to the demanded reproduced color. Thereby,
calibration of color output devices is greatly simplified
and the time-consuming process of inverting color maps
of output devices becomes obsolete.

Summary

An analytical method for the representation of color gam-
uts is presented. It is shown that the method can be ex-
tended to analytically represent the relationship between
a color space and a device’s space of color control sig-
nals with a low number of parameters.

The analytical method has the following advantages:
  • Representation  of  edges  and  corners is especially

accurate in opposition to traditional methods like
Fast Fourier Transform or Karhunen Loéve Transform.

  • The method contains an inherent interpolation since
it is analytical.

  • No  numerical  methods like interpolation or inver-
sion are necessary: output devices can be calibrated
analytically.

  • Any of the known color spaces (e. g. CIELAB) can
be used for the representation of color gamuts.

  • As the representation is very compact it  is excellent-
ly suited for storage and transmission of gamuts to-
gether with color images.

  • No mathematical case discrimination between adja-
cent planes is necessary as opposed to other ana-
lytical methods.

  • Gamut mapping can also be carried out analytically
in the future.

It becomes clear that the CIELAB space is not the
best suited color space for gamut mapping and device
calibrations, and the existence of a better color order
system is worthwhile.
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