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Abstract 
   Human visual system has a space-variant resolution nature. 
In the retinal receptive field, the resolution is not uniform but 
sampled finest in the central fovea and coarser in the peripheral. 
This variable resolution mapping function is born by the 
cerebral primary visual cortex V1. It has a clear visual field map 
of spatial information, and this spatial mapping structure is 
called Retinotopy. The forward mapping to visual cortex from 
retina is characterized with complex LPT (Log-Polar-
Transform) by Schwartz. The retinal receptive field image is 
reconstructed by inverse projection LPT-1 from V1. This 
reconstructed process is called Foveated Imaging. Since the 
spatial information is concentrated in the center of the visual 
field, the Foveated Imaging is applied to image compression, 
pattern recognition, robot vision, and/or computer vision. The 
retinal receptive field image is suitable for material appearance 
expression with natural blurring due to peripheral vision.  
 However, the complexity of the inverse transform LPT-1 was 
a bottleneck. This paper proposes a Double-Ring-structured 
novel Foveated Imaging method using positive and negative 
Gaussian blur masks without using the inverse transform LPT-1 
of Schwartz theory and reports the evaluation of reproduction 
errors.  

Retina to/from Visual Cortex Mapping 
 Human vision has a high resolution in the fovea of the retina 
and a lower resolution as it goes to the periphery. This variable 
resolution mapping structure is called Retinotopy. This function 
is performed in the primary visual cortex V1. Of the cerebral 
visual cortex, V1 is the most studied. From the anatomical 
structure of the striate cortex composing V1, Talbot and 
Marshall [1] predicted that V1 has a clear map of spatial 
information. Schwartz [2] clarified that the retina to V1 
mapping follows a space-variant Log-Polar Transformation 
(LPT). 
 The space-variant retinal receptive field image is reproduced 
by the inverse transformation LPT-1. This regeneration process 
is called Foveated Imaging. 
 Since the Foveated Imaging condenses spatial information 
in the center of the visual field, it has led to the developments 
such as 1-chip retinal sensor, robot vision, wide-angle camera 
for vehicle, and is going ahead towards optical Active Vision by 
a combination with DMD (Digital Micromirror Device) [3]-[13]. 
 Recently, it has also been applied to a glasses-type artificial 
reality display called Near-Eye Display [14]． 

Mapping from Retina to Visual Cortex (LPT)  
 The complex vector z pointing a pixel located at (x, y) in the 
retina is transformed to a new vector log (z) by LPT as follows.  

(1)        

The retinal image is sampled at spatially-variant resolution on 
the polar coordinate (r, q), that is, in the radial direction, fineest 
in the fovea but coarser towards peripheral according to the 
logarithm of r. While, in the angle direction, it’s sampled at a  

 
 

constant pitch Dq , and mapped to the coordinate (u, v) of the 
striate cortex in V1.  
 In the discrete LPT system, (r, q) is digitized to R number of 
rings and S number of sectors. The striate cortex image is stored 
in the new Cartesian coordinates (u, v) [15] [16] as given by 

  
(2) 

where, r0 denotes the radius of blind spot and r ≥ r0 prevents 
for the points near origin not to be mapped to the negative 
infinite-point. This regulation is called CBS (Central Blind Spot) 
model [17].  

Figure 1 illustrates how the image "sunflower" is sampled 
on an LPT grid placed virtually on the Retina and mapped to 
the coordinates (u, v) in the striate cortex of primary visual 
cortex V1.  
 The height h(u) and width w(u) of a unit cell between u+1 
and u are given by the following equations [18].  

ℎ(𝑢) = 𝛥𝜌 = 𝜌(𝑢) − 𝜌(𝑢 − 1) = 𝜌!(𝑎 − 1)𝑎"#$ 
												𝑤(𝑢) = 0.5{𝜌(𝑢) + 𝜌(𝑢 − 1)} 

		= (𝜋/𝑆)(1 + 𝑎)𝑎"#$𝜌!                  (3) 

The aspect ratio g(u) of each fan-shaped sector is kept constant 
as 

                 (4)

 Hence the area a(u) of unit sector cell increases exponentially 
with u as given by 

 (5) 

Here, the number of sectors S is given by 
𝑆 = 6𝜋7!"#!$#89		⌊ ⌋denotes	𝑓𝑙𝑜𝑜𝑟 function          (6) 

Since the maximum radius rmax in Eq. (2) is given by the half of 
short side of rectangle image size, S is determined when r0 and 
the ring number R is set and the base a is calculated. 
 Based on these parameters, if we design the sampling grid to 
satisfy g(u)@1, we can get Foveated Imaging with less 
distortion.  

 
Figure 1.  "Sunflower" sampled in Retina and mapped to Striate Cortex 

z = x + jy = ρe jθ ;  ρ = z = x2 + y2 , θ = tan−1 y / x( )
log z( ) = u+ jv = log ρ( )+ jθ ; j = −1

u Δ ρ u( ) = ρ0au ,  v Δ θ v( ) = vΔθ = 2π / S( )v
  where,  a = exp log ρmax / ρ0( ) / R⎡
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Mapping from Visual Cortex to Retina (LPT-1)  
 An optical image on the retina is sampled at variable 
resolution by LPT and mapped to the striate cortex in the 
cerebral visual cortexV1. Now, a key to Foveated Imaging is 
how to easily obtain the inverse transformation LPT-1.  
 The relation between the coordinates (x, y) in retina and 
those of (u, v) in LPT is given for a view point (x0, y0) by 
       𝑥(𝑢, 𝑣) = 𝜌!𝑎%𝑐𝑜𝑠(2𝜋𝑣/𝑆) + 𝑥!   

𝑦(𝑢, 𝑣) = 𝜌!𝑎%𝑠𝑖𝑛(2𝜋𝑣/𝑆) + 𝑦!               (7) 

 The inverse mapped image quality after LPT-1 depends on the 
lattice design parameters (r, R, S)．Here, the maximum radius 
rmax is determined from r and R by setting u=R in Eq. (3) as 
follows.  

                        (8) 

 In order that the outermost ring radius rmax does not protrude 
from the screen, it is necessary to put the viewpoint (x0, y0) 
inward by rmax from the four sides of the screen. Of course, the 
viewpoint (x0, y0) can be set freely.  
   To fit the forward mapped LPT image within the screen for 
the original image size (X, Y), conversely, rmax may be limited 
by the following equation.    

               (9) 

For example, in the case of x0＝X/2 and y0＝Y/2, the viewpoint 
is placed at the center of screen, then rmax is given by the half of 
short side of rectangle image. 
   Figure 2 outlines the process of transformation from the 
retina to the visual cortex V1 by LPT and the reverse 
transformation from the visual cortex V1 to the retina by LPT-1. 

 
Figure 2. Foveated imaging process Retina to/from visual cortex V1  

Conventional Method for Foveated Imaging 
   In practice, it is necessary to deal with blind spots and to 
suppress the mosaic artifacts in the inverse transform LPT-1. So 
far, variety of foveated imaging methods have been developed, 
such as Super Pixel [19]，Wavelet [20]，Hermite [22]，and 
Gaussian [23] [24]. Since it’s difficult to express the space-
variant blurring based on LPT-1 with a single operator, multiple 
filtering methods were introduced.   
   For example, in the Low-Pass method [21], a coefficient 
mask is prepared in advance to give a spatial blur distribution 
according to the pixel position, then continuous Gaussian blur is 
generated by a linear combination of locally blurred images with 
N sets of Gaussian functions using the coefficient in mask.  
   As another example, PSF method [24] prepares multiple 
point spread functions with different responses first. Next, a 
smooth Gaussian blur is realized as a set of convolution integrals 
with a Gaussian function with different σ depending on the pixel 
position. In practice, it’s said that the local Gaussian blurring can 
be approximated by about 8 types of PSF and the efficiency has 
been improved significantly. These have the advantage that the 
spatial blur map can be freely set. Though, it’s not intended to 

faithful reproduction of LPT-1, but is aimed at visual display 
effects. 
   More recently, a high-speed method for obtaining a pseudo 
Foveated Imaging has been proposed [25]. In this new method, 
an original image with Nx × Ny pixels sampled at regular intervals 
is resampled at the next logarithmic interval of 

𝛥& = 2𝑛&#$𝑙𝑜𝑔(𝑁&/2), 𝛥' = 2𝑛'#$𝑙𝑜𝑔7𝑁'/28   (10)  
Then, it is placed at the new coordinates (𝑥(, 𝑦() as given by 
      𝑥( = 𝑒𝑥𝑝(𝑘𝛥&)	𝑓𝑜𝑟	𝑘 = 0,⋯ , 𝑛&/2		   

𝑦( = 𝑒𝑥𝑝7𝑘𝛥'8	𝑓𝑜𝑟	𝑘 = 0,⋯ , 𝑛'/2			           (11) 
Where, the high speed operation is executed by a special 
hardware with 256 Pascal CUDA core GPUs. The foveated 
effect is realized with a simple method, and it is intended for 
application to movies. However, it has the limitation that the 
reproduced image size is reduced. 

Logarithmic Ring Model 
   The inverse transformation LPT-1 can be approximated by a 
set of R rings whose width is given by the logarithm of r and 
increases radially outward from the center [18]. 
   Figure 3 shows the image samples “Cherry shell” and 
"Baboon" reconstructed by the logarithmic ring model. 
   With the number of rings R=8, the radius r and the sigma s 
of Gaussian blur increase stepwise, but no discontinuities are 
seen in the reproduced images. The ideal Schwartz theory could 
be approximated with high fidelity at ring number R=8.  

 

(a) flower image “Cherry shell” 

 
(b) test image “Baboon” 

Figure 3.  Reconstructed samples by Logarithmic Ring model 

ρmax = ρ R( ) = ρ0aR

ρmax =Min x0 , y0 , X − x0 ,Y − y0
⎡⎣ ⎤⎦
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However, this model still has a drawback of high computation 
cost, because we must prepare Gaussian-blurred images with 
different s by the ring number R in advance. Moreover, it 
requires a troublesome logical mask operations using a donut-
shaped ring whose width expands exponentially.  
 Now, the reconstructed image by logarithmic Ring model 
with R=8 became the target for the new proposed model .   

Double Ring Model for Foveated Imaging 
   As a more simple new method to approximate spatially- 
variant retinal image, Double Ring model with high resolution in 
the fovea and low resolution in the peripheral is proposed. This 
naming may be misleading. Mathematically, a ring in geometric 
meaning not set theoretic, is a set equipped with two binary 
operations of addition and multiplication. Here, we tried the 
Foveated Imaging using only two masks composed of the 
convex and concave 2-D Gaussian functions GPosi and GNega.    

Since each mask works similar to a ring to extract the fovea 
and peripheral regions with binary-like operation, multiplication 
and addition after, as follows. We called this Double Ring model.      

	𝑮)*+, =
1

2𝜋𝜎- 	𝑒𝑥𝑝 W−
(𝑥 − 𝑥!)- + (𝑦 − 𝑦!)-

2𝜎- X	 

𝑮./01 = $
-23!

#1 − 𝑒𝑥𝑝 )− (&#&")!6('#'")!

-3!
*+ (10) 

Here, for the original image of X×Y pixels, we cut out a W×W 
square area equal to the short side W=Min [X, Y] from GPosi and 
GNega. Each area is used as the control masks MPosi and MNega 
respectively with the size adjusted by Eq. (11). 

   𝑴)*+, = 𝑀𝑎𝑠𝑘 [ , 𝑠𝑖𝑧𝑒 → 𝑊_		 

𝑴./01 = 𝑀𝑎𝑠𝑘 [	𝑮./01 , 𝑠𝑖𝑧𝑒 → 𝑊_(11) 

The high resolution fovea area is extracted by multiplying the 
original image Image by the convex control mask MPosi as  

𝑪/"7/8 = 𝑴)*+, ∙ 𝑰910/    
(12) 

On the other hand, in the low-resolution peripheral area, the 
peripheral blur outside the fovea is replaced by the local average 
in the neighborhood radius r surrounding each pixel. 
   First, the blurred image Iblur with the local average filter is 
generated as 

𝑰:;%8 = 𝑀𝑒𝑎𝑛𝐹𝑖𝑙𝑡 [𝑰910/ , 𝑎𝑟𝑒𝑎 → 𝑟_(13) 

   Next, multiplying Iblur by the concave control mask MNega 
that suppresses blurring in the fovea and leaves the peripheral as 
it is, the donut-shaped peripheral blurred image is extracted by 
the following equation. 

𝑺%88"< = 𝑀./01 ∙ 𝑰:;%8  
(14) 

Lastly the objective foveated image is obtained by synthesizing 
Center and Surrnd as follows. 

								𝑭*=/17/<  

= 𝑪/"7/8 + 𝑺%88"<
	

(15) 

   Now. changing the two parameters (σ, r), the approximation 
error between the target image by the logarithmic ring model 
(R=8) and the foveated image in Eq. (15) was evaluated and the 
2-D error map was generated. Thus we searched for the bottom 
point in error map and found out the optimum values of (σ, r) 
to give the minimum approximation error.  
   Finally, the reconstruction error is evaluated by the average 
color difference D Eab* in CIELAB space. 
   The above procedure is summarized in Figure 4. 

 
Figure 4.  Overview of Optimizing Procedure in the proposed Double-Ring Foveated Imaging model  
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Experimental Results and Evaluation 

 Approximation Accuracy 
   Figure 5 shows optimal approximation results for typical four images. Although the error images are displayed with raw data, the 
difference between the target and the optimum approximated image is so small that cannot be visually discriminated. The minimum 
point in the error map differs slightly depending on the tested image, though, sufficient approximation accuracy can be ensured even 
if the average value of a representative test image is set as the default. Therefore, in practice, if the standard parameters (σ, r) are used 
as defaults, the minimization process may be omitted and the process speed can be much increased. 

Comparison with other models 
   Figure 6 shows a comparison with the accurate & efficient model by T. Popkin et al [24], and another comparison with the LPT-
based model by R. M. Narayaman et al [26]. Since both models work excellent, the error images are compared with raw data. Although 
the differences are so small, the proposed model is even better as clearly noted in the mean CIELAB DE*ab.  

 
Figure 5. Foveated images back to Retina and approximation accuracy by the proposed model  

 
Figure 6 A Comparison with accurate & efficient model by T. Popkin et al [24] and by R. M. Narayaman et al [26] 
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Evaluation of Processing Speed  
Finally, the processing speed is evaluated. This paper focuses 

on algorithm proposal. The proposed algorithm is programmed 
in a high-level language and executed in an interpreter method. 
We measured it as a measure of the relative simplicity of the 
model, not the gain or loss or efficiency. The proposed model 
takes time for iterative optimization, but sufficient accuracy can 
be obtained even if the default parameters are used, because the 
optimum values of (σ, r) are located around smin=0.9，r min=3 ~ 
4 as shown in Figure 5. The error from the approximate target is 
0.015 or less in CIELAB average color difference, and the high 
accuracy that cannot be visually discriminated is obtained. 
On the other hand, since the fine mosaic remains in the Schwartz 
theory, the errors are slightly higher than those from the 
approximate target of logarithmic ring model. Still, since the 
CIELAB average color difference is around 0.1, similarly, it 
retains high accuracy that cannot be visually identified. 

The processing speed is comparable to that of the logarithmic 
ring mask model, which was the approximate goal. 

  

Conclusions 
   Many research results have already been reported on the 
Foveated Imaging. Applications are expanding from familiar 
surveillance cameras to intelligent robot vision, and real-time 
Foveation Sensor Chips are being developed. 
   The latest most notable application is in Foveated Rendering, 
which realizes high-end VR with ultra-low load. When viewing 
a real-time VR image on a head-mounted display (HMD), its 
peripheral visual field utilizes the visual characteristic that the 
image quality is not significantly degraded even if the drawing 
resolution is much reduced. Therefore, Foveated Imaging is 
regarded as an essential technique for the second-generation 
HMD VR. Since HMD VR is mainly applied to games, it works 
in conjunction with eye-tracking to display only a narrow area of 
the fovea with high resolution, and other areas with a fixed low 
resolution. Hence, the exact Foveation is not intended. 
 As well, in the proposed Double Ring Foveated Imaging, the 
peripheral visual field is replaced by a blurred image based on the 
neighborhood average of the radius r around the pixel. Roughly 
speaking, the processing looks similar, but the approach is 
fundamentally different in that the target image is set based on 
the Schwartz theory and optimal approximation is performed. 
   This paper proposed a simpler approach to approximate the 
spatially-variant sampling on retinal receptive fields without 
using the most troublesome inverse transform LPT-1. 
   The parameters (σ, r) that give the minimum point of the error 
map are located in the vicinity of s ≈ 0.9 and r≈3~5 for the typical 
test images. Hence, sufficient approximation accuracy can be 
obtained even if (σ, r)  are fixed to around these values as default. 
We would like to carry out additional verification for more 
different images. 
   The Foveated Imaging, which models the mapping from the 
retina to the visual cortex and its inverse, is closely related to C/S 
(Center/Surround) processing, which is the key to human visual 
perception for the outside world. 
   We hope that further elucidation of spatially-variant visual 
characteristics as well as the color appearance will lead to 
“material appearance", which is a major concern in recent years. 
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Schwartz
Theoretical

Model

Log-Ring 
(R=8, 

k=0.25)
Default

Double Ring

(σ=0.9, r�
4�

Default

Including 
Optimizatio
n Iteration

Baboon 13.6 0.33 0.31 16.9
Pink Shell 10.7 0.29 0.24 12.1

Girl with pearl 
earrings

13.9 0.33 0.38 18.6

Table 1 Processing Speed (second /frame) : 256 X 256 Pixels
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