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Abstract
The linear masking equations, inspired by continuous tone

photographic color, were applied by Murray, et al., to halftone
printing. This model is considerably simpler than models cus-
tomarily used for halftone color hardcopy, such as those based on
Neugebauer. Despite unrealistic assumptions regarding the image
microstructure, the masking equations often perform reasonably
well.

In this paper, the differences between the linear masking
model and the model of Yule and Colt (Neugebauer with wide-
band Yule-Nielsen correction applied) are parsed. It is shown
that, under conditions for which the Yule-Nielsen parameter n
grows without bound (or its reciprocal, u, approaches zero), the
differences can be attributed to sub-additivity of densities. An
approximation is offered to model the sub-additivities.

The largest difference between the two models can be ex-
pected to occur under normal circumstances when all colorants
are printed solid.

Symbols and Notation
Reflectance vector
We shall adopt the notation R for a vector of wideband re-
flectances. Normally, this vector will have three components,
which shall be denoted R, G, and B. We further assume that
the tristimulus values X , Y , and Z , may be approximated (if
not computed exactly) by a linear combination of the compo-
nents of the vector R. That is,







X
Y
Z






≈A ·R (1)

The transformation may be exact, relative to an illuminant
with spectral power distribution S, if the spectral products are
independent linear combinations of x̄(λ)S(λ), ȳ(λ)S(λ), and
z̄(λ)S(λ); the matrix A will then be inverse of the matrix that
defines these linear combinations.

Density vector
We shall adopt the notation D for a vector of densities. Ab-
solute densities may be computed as the negative of the com-
mon logarithm of the corresponding reflectance. Relative den-
sities are computed by subtracting the absolute density vector
of the printing substrate from the absolute density vector of the
printed area of interest.

Unless otherwise noted, relative density vectors will be
used in this paper.

Metric and Parametric Colorant Amounts
Binary inking levels are assumed in this paper. Within a
halftoned patch of visually uniform fill, the fraction of area
for which a cyan ink is printed will be denoted c′. This shall
be referred to as the metric colorant amount for cyan. A cor-
responding parametric colorant amount, c, may be estimated
using photometric measurements and an appropriate formula.
For example, when using the masking equations, as we shall in
the next section, the parametric colorant amount for cyan may
be computed as the red-filter density of a cyan tint relative to
the paper, divided by the relative red-filter density of a solid
cyan print.

Two apparently very different models
The Yule-Colt model [1] is a multi-ink generalization of
the Yule-Nielsen model, and is analogous to the Neuge-
bauer model. For three colorants using conventionally-angled
halftones:
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(2)

Considerably less complicated is the linear masking model
for three inks. Using densities relative to the substrate, these
are:[2, 3]

D= cDc+mDm+ yDy (3)

Even though a different set of linearization functions may be
necessary, it seems remarkable that both equations (2) and
(3) can both provide approximations to the same set of ac-
tual print conditions accurate enough for sensitivity analysis,
black generation, and other applications. This paper asks, and
aims to answer, how can two equations that have such differ-
ent forms and complexity both model the same set of printing
conditions?

Reconciliation of Eqs 2 and 3
Pollack’s Limit
Pollack [4] pointed out that the limit of Ru, as u→ 0, is essen-
tially the corresponding density. In addition to the continuous
tone scenario mentioned by Pollack, conditions under which u
becomes close to zero, and even becomes negative, have been
discussed by Lewandowski, Ludl, Byrne, and Dorffner [5], as
well as this author. [6, 7] Using relative densities as in Eq (3),
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and noting that the first term then cancels, Eq (2) becomes:

D=

cmyDcmy
+c(1−m)(1− y)Dc+my(1− c)Dmy
+m(1− c)(1− y)Dm+ c y(1−m)Dc y
+y(1− c)(1−m)Dy + cm(1− y)Dcm

(4)

While a power function of the reflectances has been replaced
by the corresponding densities, this is still rather different from
the linear masking equation.

Gathering terms in c, m, y , and their products
Further similarity may be gleaned by expanding the coeffi-
cients of the density vectors in the previous equation, and gath-
ering the terms with the same coefficients. This yields:

D=

cDc+mDm+ yDy + cm
�

Dcm−Dc−Dm
�

+c y
�

Dc y −Dc−Dy
�

+my
�

Dmy −Dm−Dy
�

+cmy
�

Dcmy −Dcm−Dc y
−Dmy +Dc+Dm+Dy

� (5)

The first three terms on the right hand side of Eq (5) corre-
spond to the linear masking formula in Eq (3); the remaining
terms are difference between the two formulas. The next sec-
tions will be devoted to further parsing of these components of
the residual.

Parsing the cm residual term
Clearly, this term will be zero when either c, m, or both are
zero. We now examine the more common (and interesting)
case for which cm� 0. Under additivity of density, the first
residual term, cm

�

Dcm−Dc−Dm
�

, will be zero, because the
density (relative to the paper) of the cyan-magenta overprint
will equal the sum of the relative densities of the cyan and ma-
genta solids. This term may be attributed to additivity failure
alone.

However, it is possible to further parse this term, in partic-
ular, the multiplier of the cm factor. Such closer examination,
using a less aggressive assumption than additivity of densities,
will permit assessment of the magnitude of this term’s contri-
bution to error. The appendix contains a model for approxi-
mating the density vector of overprinted solid inks. Substitut-
ing this into the residual term yields:

cm
�

(αcm−1)Dc+(Tv,cm−1)Dm
�

(6)

where the parameters αcm and Tv,cm are described in the ap-
pendix. A reasonable value for α is 0.75, and a reasonable
value for Tv is 0.90. This implies that this term can be ex-
pected to contribute approximately cm(0.25Dc +0.10Dm) to
the difference between the linear masking and Yule-Colt mod-
els.

Approximating the c y and my terms
In a similar vein, the term in (5) with the leading factor c y
may be approximated as:

c y
�

(αc y −1)Dc+(Tv,c y −1)Dy
�

(7)

In analog, the residual term with the leading factor my may be
approximated using:

my
�

(αmy −1)Dm+(Tv,my −1)Dy
�

(8)

Approximating the cmy term
The final component of the residual may be arranged as:

cmy
�

[Dcmy −Dcm−Dy]−[Dc y −Dc−Dy]
−[Dmy −Dm−Dy]

�

(9)

Each bracketed term may approximated using the methodol-
ogy described in the appendix:

Dcmy −Dcm−Dy ≈ (αcmy −1)Dcm+(Tv,cmy −1)Dy

Dc y −Dc−Dy ≈ (αc y −1)Dc+(Tv,c y −1)Dy (10)

Dmy −Dm−Dy ≈ (αmy −1)Dm+(Tv,my −1)Dy

While the first approximation in (10) could be parsed further
by approximating the density vector of the cyan-magenta over-
print, this is peripheral to the discussion in the present paper.

Discussion
Each of the residual terms is multiplied by the product

of either two or all three of the parametric colorant amounts.
Therefore, the difference between the two formulas is expected
to be small when c, m, and y are all small. Indeed, both equa-
tions agree when all three colorant amounts are zero. On the
other hand, a large difference can be expected when all col-
orants are solid, that is, c=m= y = 1.

Appendix
Predicting density vectors of overprinted solid inks
Models for predicting a two ink overprint have recently been
investigated by this author in conjunction with other re-
searchers. [8, 9] Among these is the following two-colorant
overprint prediction formula, cast here in terms of relative
spectral densities:

Dλ,12 = D1,λ+Tv D2,λ−Tv
D1,λD2,λ

D∞2,λ
(11)

where D1,λ is the spectral density above the substrate of the
first (bottom) ink printed; D2,λ is the spectral density above
the substrate of the second (top) ink printed; Tv is a so-called
trapping factor that accounts for the incomplete transfer of the
second-down ink on top of the first-down ink; D∞2,λ is the
spectral relative saturation density (or relative masstone den-
sity) of the top ink; and D12,λ is the spectral density above
the substrate of the two ink overprint. For inks printed in the
correct (high to low) tack sequence, the trapping factor Tv is
approximately 0.9.

In these citations, it is further suggested that the relative
density masstone spectrum of the second-down ink may be ap-
proximated as a multiple of the second-down ink’s relative den-
sity spectrum, i.e., D∞2,λ ≈ k ·D2,λ. (The parameter k will be
unity when the second-down ink is opaque, infinity when it is
perfectly transparent; for a real ink, the value will of course be
between these two extremes.) Substituting this into Eq (11)
yields a two-parameter approximation to the spectrum of the

248 © 2013 Society for Imaging Science and Technology



overprint:

Dλ,12 ≈ D1,λ+Tv D2,λ−Tv
D1,λD2,λ

k ·D2,λ

≈ D1,λ+Tv D2,λ−Tv
D1,λ

k
(11a)

≈αD1,λ+Tv D2,λ

where α= k−Tv
k . We complete the approximation for the wide-

band density vector of two overprinted inks by substituting the
wideband relative density components for their spectral coun-
terparts:

D12 ≈αD1+TvD2 (12)

More than two inks
When more than two inks are sequentially printed, there

will of course be a first-down ink, a second-down ink, and a
third-down ink. For lithographic printing, magenta is usually
printed after (i.e., on top of) cyan, and yellow after magenta.

Clearly, Eq (12) may be used to approximate the magenta
over cyan overprint, allowing the relative density vector for
the cyan solid to play the role of D1, and using the relative
density vector of the magenta solid for D2. The result will be
an approximation for the relative density vector of the cyan-
magenta overprint.

Similarly, the relative density vector for the green or cyan-
yellow overprint may be approximated similarly, substituting
the density vector of the yellow solid for D2. Because the yel-
low ink will, in general, have different tack than the magenta,
the value of Tv will be different. Because the magenta and yel-
low inks will exhibit different optical scatter, it is prudent to
admit a different value of k. Together, these indicate the desir-
ability for a different value of α. If values of Tv and α specific
to this overprint are used, we may attach the subscript “c y ”
to them, and denote their counterparts for the cyan-magenta
overprint using instead the subscript “cm.”

The density vector of the yellow-over magenta overprint
may be estimated analogously, permitting yet different values
for Tv and α. Finally, the three-color overprint’s relative den-
sity vector may be approximated by allowing the role of the
first-down ink to be played by the cyan-magenta overprint, and
the role of the second-down ink by the yellow. As always, val-
ues of Tv and α specific to this overprint may be used, attach-
ing, as necessary, the appropriate subscript.
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