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Abstract
There are a number of problems for which colour-vectors

need to be ordered: vector morphology and colour-to-greyscale
conversion are two important examples. A lexicographic ordering
can perform this function, but while the luminance and saturation
components have clearly defined scales with fixed origins there
is no such scale for the hue dimension. In this paper we tackle
this problem directly using a greyscale assignment paradigm.
Observers were shown pairs of iso-luminant and iso-saturation
colours, and asked to assign greyscale values to them such that the
assigned greyscale difference matched their perceived colour dif-
ference. From the resulting magnitudes we construct a 1D scale of
hue values using multi-dimensional scaling, and the results show
a sinusoid-like ordering. We also analyse the signs of the differ-
ences (i.e. which colour was assigned a brighter greylevel), and
find that different observers reliably use the same sign-assignment
strategy. This result can be used to fix the phase of the sinusoidal
scale resulting from the magnitude experiments. This result also
supplements earlier work on the Helmholtz-Kohlrausch effect, but
is not the same as we have uniquely used colors that were set
as iso-luminant and iso-saturation individually for each observer.
Here we visualise the effect by encoding iso-luminant and iso-
saturation images with the derived greyscale ordering.

Introduction
Imagine the simple image in Figure 1(a); how might this im-

age look if it were printed in greyscale? In order to maintain the
basic content of the image the two sides should be assigned dif-
ferent greyscale values. In this case, however, the colours are iso-
luminant; thus, the standard method of computing the luminance
of the colours, and using this as a basis for the greyscale, results in
Figure 1(b), where it is not possible to discriminate between the
colours. Now, in order to assign a different grey value to each side
we must make one side brighter than the other; but which should
it be?

This is an ordering question: given a pair of colour vectors,
can they be ordered to make one “greater than” the other? In this
particular application “greater than” is synonymous with “brighter
than”. The ordering problem is also encountered in morphological
processing, where the erosion and dilation operators are defined
with relation to the greatest lower bound and lowest upper bound
of a set of pixel values; clearly these quantities have no meaning
without the notion of order. As a result, in order to apply morpho-
logical operators to colour images, some ordering principle must
be devised.

In the field of colour morphology Comer and Delp [1] have
suggested a simple reduced ordering strategy of projecting the 3D
colour values onto a single 1D value; this can be the projection
onto the first principal component of the image data, or a more
perceptually relevant variable such as luminance. The problem

(a) A simple colour image

(b) Luminance of (a)

Figure 1. A simple colour image and it’s reproduction using the standard

luminance transform.

with this approach is that there are still likely to be many bound-
aries in the image where adjacent colours have similar luminance
values, and thus correct greyscale orderings cannot be devised [2].
The same approach is also employed by Socolinsky and Wolff [3]
in colour-to greyscale conversion. Their algorithm uses a strong
mathematical definition of contrast between colours, but by using
the luminance image to perform the ordering the order becomes
undefined at isoluminant colour boundaries.

A more involved approach, used extensively by Hanbury and
Serra [4, 5], again with relation to morphological processing, is to
use a lexicographic ordering (also called a conditional ordering).
This approach is similar to that used in the dictionary to order
words: ordering is first performed on a particular 1D variable, but
if two colours are equal with respect to this variable, then they
are compared based upon a second variable. A simple example
could be to order based upon just the red-channel, but if the red
value of two colours is equal, then order them based upon the
green channel. Rather than use RGB space, Hanbury and Serra
use more perceptually motivated colour-spaces such as HSV, HSL
and CIELAB. Thus the primary ordering variable is luminance (or
value), the second is saturation, and the third is hue, although they
need not necessarily be applied in this order. The main problem
with this approach is how to deal with the hue component. Hue
is defined as an angle on the interval [0◦,360◦), or [−180◦,180◦);
thus at some hue values there is an inevitable discontinuity, where
two colours with almost identical hue values can be seen as polar
opposites in terms of their order.

The lexicographic approach of Hanbury and Serra would
also seem to be well suited to the colour-to-greyscale problem.
Using luminance and saturation as the first two ordering vari-
ables seems logical since both are naturally scalable and have
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well-defined origins. Both also have a perceptual grounding in
that increasing luminance and saturation tends to make colours
seem brighter (as described by the Helmholtz-Kohlrausch effect
[6], which states that more saturated colours will tend to appear
brighter). The hue variable, however, does not have a natural ori-
gin and it is not clear how a scale should be built to represent it.

The concept of hue ordering, while not tackled explicitly
by other colour-to-greyscale methods, is inherent in a number of
them. Gooch et al. [7] discuss the ambiguity in hue-ordering, and
employ a user-defined hue-angle parameter, where colours whose
hue angle is close to the predefined angle are deemed larger than
those far away. Grundland [8] et al.’s method, on the other hand,
will tend to give colours of a certain hue brighter values if there
are many other colours of the same hue that are relatively bright;
i.e. the ordering is done on an image dependent basis.

In this paper we use a direct approach to investigate the prob-
lem of perceptual hue ordering. We devise an experiment where
we ask observers to assign greyscale values to a pair of patches,
such that the difference between them matches the difference be-
tween a pair of colour patches. Using multi-dimensional scaling
we extract, from the magnitude data, a 1D scale of hue values.
The distance between these scale values approximates, as closely
as possible, the judged differences between the colours. In addi-
tion to this we analyse the signs assigned by observers, and find
highly significant within- and between-observer agreement. Thus
we find that colours of equal luminance and saturation can be re-
liably ordered using an approximately sinusoidal ordering, where
the phase of the sinusoid can be fixed by the observers’ responses.

Hue ordering experiment
The goal of the experiment is to derive a one-dimensional

ordering of hues which has a perceptual grounding. The scale
should, as well as possible, reflect the differences between the
colours as well as maintaining brighter colours as higher values
in the scale. To ensure that the scale is only related to the hue
component of the colours, we use stimuli that are equal to one
another in both their luminance and saturation. To generate such
colours is more challenging than it may first appear, as individual
differences between observers dictate that what may be isolumi-
nant colours to one observer may not be for another [9].

As a starting point we generated 16 colours from the same
chromaticity plane in CIEL∗u∗v∗ space, thus giving them equal
luminance values. To ensure that the colours were also iso-
saturation we sampled them from a circle of constant saturation,
where the centre of the circle is given by the chromaticity of our
monitor’s white-point. To make sure that the colours were equally
spaced in hue, we sampled them at equal angular increments from
the iso-saturation circle.

Using the CIE L∗u∗v∗ space to define the colours ensures
only that they will be approximately perceived as iso-luminant
and iso-saturation. Now, to ensure that each observer perceived
the colours to be iso-saturation and iso-luminant, we allowed each
observer to adjust the 16 colours. We did this using two care-
fully controlled preliminary experiments; the first to enforce iso-
luminance, and the second to ensure iso-saturation; see the Ap-
pendix for details of these experiments.

At the end of the preliminary adjustments each observer had
a different set of 16 colours that were, as far as possible, iso-
luminant and iso-saturation. In the main experiments that we de-

scribe here, only 8 of these colours were actually used and Figure
2 shows colours that represent one of the observer’s settings 1.

Figure 2. The 8 colours used in the experiment. These colours are referred

to elsewhere in this paper, from left-to-right, as colours 1-8.

In each trial a pair of square patches was displayed in the
centre of the screen, where each member of the pair was filled
with a different target colour. Below this pair of colours were
placed two grey patches whose luminance was variable, but
whose chromaticity was fixed at that of the monitor whitepoint;
see Figure 3 for a representation of the experimental set-up 2. The
observers’ task was then to view the pair of colour patches, and
to adjust the luminance of the two grey patches until they repre-
sented the difference between the colour pair.

Figure 3. A representation of the experimental set-up. The intensity of

the grey patches was adjusted until they represented the difference between

the colour pair. In the experiment each square patch measured 30mm along

each side, and with a viewing distance of 1000mm subtended a visual angle

of 1.7 degrees. The background filled the 270×380 mm monitor screen, and

subtended a visual angle of approximately 20 degrees.

At the start of each trial the grey patches were identical to
one another, each having a luminance of 20 cd/m2. Observers
were able to adjust the level of each of the grey patches inde-
pendently by using buttons in a response box. Adjustments were
made in steps of 0.5 lightness units. Lightness is computed as CIE
L∗ value, and the whitepoint is that of the monitor. In each exper-
imental run every pair of colours was shown twice; once for each
left-right configuration. This made a total of 56 trials for each
run. Each of our 4 observers carried out 3 experimental runs. Ob-
servers had normal colour vision and visual acuity and were naive
to the purpose of the experiment. Given that each colour pair was

1The colours displayed here will not match exactly those shown using
the calibrated colour monitor in our experiments

2The exact dimensions shown in the figure are not identical to those
actually used
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shown twice per run, this meant each pair was compared 6 times
by each observer.

The experiments were performed in a dark room, and the
stimuli were shown on a calibrated colour monitor. Prior to each
run observers were shown an adaptation screen for 1 minute and
afterimages where avoided by the presentation for 500 msec of a
mask between each trial. The mask and the adaptation screen con-
sisted of the same checkerboard pattern shown as the background
in Figure 3 with a mean luminance of 20 cd/m2 and a maximum
luminance of 27 cd/m2 and minimum of 13 cd/m2.

Results and analysis
The data resulting from the experiment are a set of signed

greyscale differences, with one greyscale difference per judge-
ment. The magnitude of the difference is measured as the CIE
L∗ between the grey values, while the sign dictates which of the
grey values was larger. First, we consider the magnitudes. From
the experimental data we obtain Table 1. The i, jth entry of this
matrix, denoted di j , gives the average difference between colour i
and colour j, pooled over all observers and repetitions.

Colour 1 2 3 4 5 6 7 8

1 0.0 2.3 3.6 3.3 3.5 4.1 3.5 2.4
2 2.3 0.0 2.3 3.1 4.0 3.9 4.0 3.1
3 3.6 2.3 0.0 2.8 3.5 4.2 3.9 3.7
4 3.3 3.1 2.8 0.0 2.5 2.9 3.3 3.5
5 3.5 4.0 3.5 2.5 0.0 1.9 3.0 3.3
6 4.1 3.9 4.2 2.9 1.9 0.0 2.7 3.6
7 3.5 4.0 3.9 3.3 3.0 2.7 0.0 2.7
8 2.4 3.1 3.7 3.5 3.3 3.6 2.7 0.0

A table representing the magnitude results. The i, jth entry in
this matrix corresponds to the average difference between the
colour in row i and that in column j judged by the observers.
The units are unsigned CIE L∗ differences.

Given this matrix of differences between the colours, is it
possible to arrange the colours into an ordered 1D scale? To
answer this question we use Multi-Dimensional Scaling (MDS).
The goal of MDS, in the context of our work, is to assign a
scale value to every colour such that the distances between the
scale values represent the recorded greyscale contrast assigned to
that colour pair. More specifically, MDS assigns scalar values ai
and a j to colours i and j, such that the difference between them,

xi j =
√

(ai −a j)2, minimises the so-called stress value, given by:

stress =

√√√√∑∑
(

f (xi j)−di j
)2

∑∑di j
. (1)

There are two major variations of MDS: metric and non-
metric scaling. Metric scaling aims to maintain the Euclidean
distance between any pair of points; i.e. the function f (·) in equa-
tion 1 is the identity function. Non-metric scaling ignores the size
of the differences and only looks at their rank order. In metric
scaling f (·) can be any monotonically increasing function.

We apply both metric and non-metric scaling to the pooled
distance matrix in Table 1. The result of metric scaling, which

gave a stress score of 0.3985, is given in Figure 4; the non-metric
results, associated with a stress score of 0.2394, are given in Fig-
ure 5. In these Figures indices 1-8 for the experimental colours
(see Figure 2) are plotted against the scale values. Superficially
the two scales seem to be very different; with the metric MDS as-
signing positive scale values to the second and third colours, while
non-metric MDS assigns negative values. This is not important
here, however, since the scales are derived from unsigned differ-
ences, reflecting the scale values in the x-axis gives an equally
good scale. We can see that the metric ordering gives a scale that
looks very similar to a sinusoid, especially when we consider that
the hue-values “wrap-around” on the x-axis. The non-metric scal-
ing, on the other hand, produces a less smooth function, whose
extrema occur at slightly different points.

A sinusoidal ordering is perhaps a natural ordering for the
colours we have used. We have sampled points on a circle in an
isoluminant plane, and then assessed the colour differences be-
tween these points (something we might have done through sim-
ulation alone, by filling the distance matrix with Euclidean dis-
tances calculated in CIEL∗u∗v∗ space). By forcing a 1D ordering
it may be that we are projecting the points around a circle onto a
line, which naturally produces scale-values that form a sinusoid.It
is not clear, however, what the phase of this sinusoid should be;
i.e. whether there is a natural origin for the hue-circle. If there is
such an origin, then it may be provided by examining the sign of
the greyscale differences established by our observers.
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Figure 4. Scale values derived using metric MDS. The x-axis represents

the 8 different experimental colours (see Figure 2), while the y-axis shows

the scale-value assigned to that colour.
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Figure 5. Scale values derived using non-metric MDS. The x-axis repre-

sents the 8 different experimental colours (see Figure 2), while the y-axis

shows the scale-value assigned to that colour.
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Sign assignment
In the second part of our analysis we look at the sign infor-

mation, i.e. which colour was made brighter and which darker.
To analyse this data we begin by tabulating the results. Specifi-
cally, each time colour i is judged brighter than colour j we incre-
ment the i jth entry of the data matrix shown in Table 2, which we
will denote p. With 4 observers, each repeating all judgements 6
times, the maximum entry in cell pi j is 24, and p ji = 24− pi j. If
the observers are assigning signs randomly, then we expect all the
entries in this matrix to be at, or close to, 12. This is clearly not
the case, and there is a considerable amount of agreement; e.g.
it is reliably agreed that colour 8 should be assigned a brighter
greylevel than colour 1.

Colour 1 2 3 4 5 6 7 8

1 0 20 20 13 5 4 2 2
2 4 0 18 4 2 2 5 2
3 4 6 0 5 3 3 5 3
4 11 20 19 0 5 2 4 8
5 19 22 21 19 0 5 12 11
6 20 22 21 22 19 0 14 18
7 22 19 19 20 12 10 0 19
8 22 22 21 16 13 6 5 0

A table representing the sign-assignment results. The entry in
cell i, j indicates how often a colour in row i is judged brighter
than a colour in row j.

It is possible to quantify the agreement between observers
using Kendall’s coefficient of agreement[10]. To describe this
statistic we firstly calculate the total number of agreements be-
tween pairs, Σ, which is given by:

Σ =
1
2 ∑

i�= j

pi j
(

pi j −1
)

(2)

Kendall’s coefficient of agreement u can now be defined as:

u =
8Σ

N(N −1)T (T −1)
−1 (3)

where N is the number of colours used and T = 24 is the number
of observations. The closer the value of u to 1, the greater the
agreement between observations. Our results show, for the pooled
data, a u value of 0.367. We test the significance of this statistic,
i.e. test the null hypothesis that observers do not agree with one
another, by applying the χ2 statistic [11]. This shows that a u
value of 0.367 is highly significant; the probability that we should
accept the null hypothesis of no agreement is less than 0.0001 (on
a probability scale of 0 to 1).

As well as agreement, we can also examine observer consis-
tency. The idea of consistency can be captured by a simple exam-
ple: if we have three colours, A, B and C, and we compare each
colour with each of the others, then the judgements are consistent
if, for example A is brighter than B, B is brighter than C and A is
brighter than C. This consistency can be violated if, for example,
C is brighter than A. Kendall and Babington-Smith [10] provide
a statistic, the coefficient of consistency Ω, to measure this prop-
erty. We omit the details here, but a value Ω of 1 indicates perfect

consistency, in which case the methods can be ordered reliably. In
our experiments we measure the average value of Ω over all ob-
servations and find a value of 0.7875, which is high, and suggests
that the colours can be ordered reliably.

An idea of the ordering that might be produced from the sign-
data is given in Figure 6. Here we plot the number of times a
colour is judged “brighter” as a proportion of all judgements; this
scale clearly shows that colour 3 tends to be judged brighter much
less often than colour 6. The similarity of this Figure to Figure 5
is clear, and the knowledge that the third colour is repeatedly as-
signed as “darker” suggests that we can accept the sign of the
ordering given by the non-metric MDS. This result supports find-
ings from earlier work on the hue-dependency of the Helmholtz-
Kohlrausch effect (see, e.g. [12]), which finds, by direct bright-
ness (or lightness matches), that some hues tend to appear brighter
than others when saturation and lightness are kept approximately
constant.
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Figure 6. A graphical representation of the sign assignments. The x-axis

shows the index for each colour (see Figure 2), while the y-axis shows the

number of times that colour was assigned a brighter greyscale value than

another colour (expressed as a percentage of all 168 judgements).

Visualising the ordering
In order to visualise the ordering we make use of syntheti-

cally generated iso-luminant and iso-saturation images, shown in
the first column of Figure 7. To generate these images we took a
set of standard RGB images and transformed them to CIE L∗u∗v∗
space by assuming the images were coded as sRGB [13]. We then
set the L∗ value to 50 for all pixels, and transformed the u∗ and v∗
components to lie on a circle centered on the D65 white-point, but
with their hue-angle unchanged. Since hue is undefined for achro-
matic colours we arbitrarily assigned them an angle of 0 degrees.
The images were then transformed to sRGB for display.

The hue-angle is measured on the range [0,360), where a
value of 0 defines the line parallel to the positive u∗ axis. In the
central column of Figure 7 the hue-angle is mapped linearly onto
the range [0,1] by simple scaling. In the right-hand column the
scale values from the non-metric MDS are used. The hue-angle
values of the 8 experimental colours are mapped directly to their
respective scale-values. Intermediate hue-angles are mapped to a
scale-value using cubic spline interpolation. All greyscale render-
ings are raised to a gamma for display.

The renderings from the MDS scale values have much lower
contrast than the hue-angle since we take the magnitude of the
contrast from the scale values directly. They are closer, however,
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to the original contrasts. In the central column we also see some
cases where similar hues are assigned polar opposite (black and
white) greyscale values; e.g. the two rightmost hats in the second
row. This is due to the discontinuity at 0/360 degrees on the hue-
angle scale. The MDS scale values are continuous, and so do not
produce these effects.

Conclusions
In this paper we have investigated a perceptual approach to

hue-ordering using a greyscale assignment paradigm, where ob-
servers make a greyscale settings for a pair of colour simultane-
ously. We have analysed both the distances between the colours,
and which colours tend to be assigned brighter greyscale values;
the results suggest that hue values can be ordered on a natural,
perceptual, scale. The ordering is not total, in that some colours
are assigned similar scale values even when the difference be-
tween them is judged to be large; this can be probed further by
using more experimental colours. However, while not total, the
ordering is not arbitrary: some hues are consistently assigned dark
greyscale values, while others are assigned bright greyscale val-
ues; a result which agrees with earlier work using a direct bright-
ness matching to assess brightness of colours using different hues.

Appendix: Methodology
Luminance adjustment

The luminance of a stimulus is not only observer-dependent,
but is also determined by an observer’s state of adaptation. In or-
der to take account of this, we adjusted colours in the Derrington-
Krauskopf-Lennie (DKL) physiological space [14], which explic-
itly incorporates the state of adaptation in its definition of lu-
minance. The DKL co-ordinates are arrived at by firstly trans-
forming the CIE L∗u∗v∗ values to an LMS based [15] cone-
contrast space, where colours are defined in terms of their contrast
from the surround. In all our experiments the background was a
checkerboard of small grey patches that had a mean luminance of
20 cd/m2 , each individual square being assigned a random de-
viation from this mean. Thus we defined the average surround as
the grey with a luminance of 20 cd/m2, and chromaticity of the
monitor white point.

From cone-contrast space, the colours are transformed to
DKL space, whose three axis represent luminance contrast, red-
green contrast (L-M) and blue-yellow contrast (S-(L+M)). Since
the state of adaptation is incorporated into DKL space, the exper-
imental colours no-longer fall on an iso-luminant plane in this
space. Thus we set the DKL luminance co-ordinates to zero.
Then, keeping the opponent-colour co-ordinates constant, we al-
low the observers to adjust the luminance of each colour. To dis-
play the colours they are converted from DKL to cone-contrast
space, then LMS ,and finally to monitor RGB using the monitor’s
calibration matrix.

We established the iso-luminant point for each colour and
each observer using a heterochromatic flicker paradigm. Each
colour was displayed at the centre of the screen and alternated
temporally with a grey patch of constant luminance (20 cd/m2);
the two patches were alternated at a frequency of 10 Hz. The lu-
minance of the target colour was then adjusted manually by the
observer until the perception of flicker was minimised. It is this
point of minimal flicker that defines the point at which the lumi-
nance of the two patches is equal for that observer [16]. The ob-

servers repeated this procedure for each colour a total of 4 times,
and there were 16 colours, making 64 judgements in all. The av-
erage of the 4 trials was used as the final isoluminant colour for a
given observer. After the adjustment procedure, each colour was
iso-luminant with the same grey patch, and by implication all the
colours were therefore isoluminant with one another for a partic-
ular observer.

Saturation adjustment
Once all the colours had been adjusted to be iso-luminant,

the observers adjusted the saturation (which we referred to as
colourfulness). It was important here to ensure that the observers
only adjust the saturation component of the colour, without adjust-
ing its luminance. However, since the luminance is defined on an
observer-by-observer basis, this is not straightforward to achieve.
We employ the assumption that if the target colour and grey back-
ground are isoluminant with one another, then any colour falling
on the line in colour-space that is defined by these two colours
will also be isoluminant. Colours along this same line will also
have approximately the same hue as the target colour. Thus,
observers changed the colour by moving it incrementally along
the line joining the iso-luminant grey, and original target colour.
These adjustments were performed in the monitor’s linear RGB
space, but could equally well be performed in any other linear
transform of this space. Due to the restricted gamut of the mon-
itor there were some colours for which the saturation could not
be increased much beyond its original value; to circumvent this,
observers were asked to only reduce the saturation in their adjust-
ments.

The 16 colours were arranged in a 16× 16 grid of squares.
The observer could then go from patch to patch adjusting the sat-
uration of the colours until all were perceptually equal. This pro-
cedure was repeated 4 times for each observer, and the average of
these four trials was used as the iso-saturation setting in the final
experiment. We also note here that observers were not aware of
the ultimate goal of the experiment when they were performing
the luminance and saturation adjustments.
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