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Abstract

Reconstructing a colour constant reflectance function under
various practical light sources is important in some of practical
applications. Linear programming method was proposed by
Takahama and Nayatani (1973), and Berns et al (1985)
respectively. Their methods were derived based on minimisation in
the tristimulus values colour space in order to avoid nonlinear
optimisation. In this paper a least-square method was derived for
reconstructing reflectance functions based upon the concept of
colour constancy. The main contributions of this method are a)
directly using colour difference as a measure of colour constancy;
b) avoiding highly nonlinear optimisation; c) generating much
smooth reflectance with very good colour inconstancy index.

Introduction
When a colour object is given in terms of tristimulus values

vector P (p'=(X,Y,Z), the transpose of the column

vector P ) under a particular light source and a CIE standard
colorimetric observer, to reconstruct the reflectance function

r' =(r,ry, -, 1,) of the object is equivalent to solve the inverse
problem:

p=M'r 40

Here the X3 (7 >3) matrix M is the weighting table
computed from the spectral power distribution of a light source
and a CIE standard colormetric observer. It is clear that there is no
unique solution with solving equation (1) for 7 . The problem can
be overcome by adding the smoothest condition [1,2,3], or using
the basis vectors [4]. Unfortunately, reconstructed reflectance
function F using either smoothest condition or basis vectors is not
necessary to have a colour constancy property, which refers to the
invariance of the perceived colour of surfaces under changes in
illuminations. This characteristic of colour constancy is important
in practical applications such as digital printing, textile and paint
industries.

Notations

In order to describe the new method and methods related,
some notations are needed to define clearly first. All vectors used
in this paper are column vectors. A row vector is the transpose of a
column vector. For example, r'is arow vector. As defined early,
p is a vector of tristimulus values. Subscripts R and T relate to
the reference and test illuminants respectively. Superscripts C
and W in bracket relate to tristimulus values of the corresponding
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colour and the relevant illuminant respectively. Thus, pp and
pr indicate the tristimulus values are computed under the

(©)

reference and test illuminant respectively. pp"° is a vector of

corresponding colour’s tristimulus values transformed from p;

using a chromatic adaptation transform (CAT). p;ew) is a vector
of tristimulus values of reference illuminant. Finally, M , and

M ; stand for the weighting tables under the reference and test

illuminants (combined with CIE 1931 standard observer)

respectively.

The Takahama and Nayatani Method

In 1973, Takahama and Nayatani [5] gave a linear
programming algorithm for reconstructing reflectance function
with colour constancy property. Their method can be described
using the following flowing chart:

Given tristimulus values pp

U

To find reflectance r via solving the following:

Min

d(pg, )

Subject to: ppr =(Mz)'r and 0<r <1

Figure 1: The flowing chart of the Takahama and Nayatani method

Note that the d(pp, pl(ec)) in the above chart is a distance
measure between the two vectors of tristimulus values. Ideally, it
should be a colour difference measure, such as CIELAB colour
difference AE =AE(py, pl(ec) ). In order to reduce the

computational complexity, they used the following distance
measure:
AP PNV X g =X O 14Y, YO 142, -2 O 1 2)
Secondly, we note that, several test illuminants can be used,
see N of them, thus, the above minimisation is to find r that
minimises:

1 N
—Yd(pg.pyi) 3)
N iz
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Here, the second subscript i relates to the i-th test illuminant. For

©)

example, pp, is the vector of tristimulus values (or

corresponding colour under the reference illuminant) transformed
from p, ,, the tristimulus values calculated under the second test

illuminant, via a CAT.
Thirdly, we note that the smooth constraint was incorporated
and defined by the following:

lry=rin<S8;, j=12,--,n—1 )

Here, Sj, j=L12,---,n—1, are some pre-specified constants.
Finally, they transformed the above problem to a linear
programming problem.

It is found that the method can generate reflectance with
lower colour inconstancy index, through the minimization is in the
tristimulus value space. However, the reflectance is too rugged, or
step-like as shown in Figure 4, where the thick dot curves were
generated using this method. This phenomena was illustrated in
their own example [5], and was noted in references [1,2] as well.

The Berns, Billmeyer, and Sacher Method

In 1985, Berns, Billmeyer, and Sacher [6] also gave a linear
programming method to reconstruct the reflectance functions for
the Munsell colour order system with colour constancy property.
The flowing chart is given in Figure 2. The reference illuminant
they used is illuminant C since Munsell colour order system was
rigorously defined under the illuminant and CIE 1931 standard
observer. The 10 chosen test illimunants were continuous spectrum
filtered incandescent type daylight plus illuminant A. The
nonlinear chromatic adaptation transform developed by Nayatani
et al [7] was used. Like Takahama and Nayatani method, the
minimisation was made is still in the tristimulus space. They also

introduced hue vector h; (the difference between p;W)and p}c)

) and allow the solution to move off and along the hue vector.
Thus, the solution is constrained by the following equation:

8
c .
pr = p(T ) +brhy + ZaT,jvT,j with ar ;20 5
Jj=1

where vz ;’s are unit vectors and orthogonal to /7, and angle
between successive vy j ’s is 45 degree. Therefore, minimization

measure they used is defined by the following:

©)y _ d
d(pr,pr ) =lbp 1+ ar ; (6)
j=

Besides, the smoothness for the reconstructed reflectance was
achieved by using
-0.03<0.5r;_; —r; +0.5r ;,,<0.03,
j=2,--,n—1 (@)

which was proposed by Ohta [8].
As noted to the Takahama and Nayatani Method, when more

test illuminants are used, the averaged d(py, p;c)) of equation

(6) is used. It is found that generated reflectance using this method
is ‘smoother’ than that generated by Takahama and Nayatani
Method, but it is oscillated too much, as shown in Figure 4. This
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phenomenon was also illustrated by their own example (Fig. 3,
reference [6]).

Given tristimulus values pp

U

To find reflectance r via solving the following:
- c
Min d(pr. py)

subject to: pr =(Mg)'r and 0<r<1

Equality constraint (5) for each test
Illuminant; and smoothness (7)

Figure 2: The flowing chart of the Berns, Billmeyer and Sacher
Method

The Estimate CIELAB Colour Difference

In order to describe the new method, we need to find an
approximation to the CIELAB colour difference. Let

qt =(L,a,b) and d' =(16,0,0), then transformation from

tristimulus space to CIELAB space can be done using

q=AF(p,p"™)-d (8)
Here, p(W) is the tristimulus vector of the illuminant, and
0 116 0
A=|500 -500 0
0 200 -200
, )
FX T Xy)
F(p,p,)=|fX1Yy)
F(ZI1Zy)
where
1/3 .
7.787t+16/116 if  h<0.008856

Let p; and p, be tristimulus values of the two colour
samples and ¢; and ¢, be the corresponding L, a, b vectors,
then

41=42 = ALF(py, p™)=F(py, p™ ]
=AF' (8. p™"))(p1 = p2)

Here, g ( gr =(X,Y,Z)) is a tristimulus vector with X

(1)

between X; and X, , Y between Y, and Y, , and Z between

Z, and Z, . The prime *’” represents derivative and

FF 0 0
F'(g,p™)=|0 F, 0 (12)
0 0 F
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=f' (X1 Xy) Xy,

Y Y 1Y) Yy Fy = f1(Z1Zy)] 2y

Thus, if we define a vector g, = (X, YO,ZO)t with

X if  X,/X,=0.1
X ! 1
o {0 0241X otherwise (13
and similarly with Y;and Z;,, we have
F'(g.p™)=F'(g0.p™) (14)
Therefore, we have
[AE(p; = po))* =l gy —q, I?

=1 AF' (g, P )(py = po) I’ (1s)
=N AF (89, 0™ )Py = P2)I?
Here |l p Il denotes the 2-norm of the vector p , i.e., the square

root of the sum of the squares of each of the components of the
vector P .

The New Method
We still let pp and p;ew) be the tristimulus vectors of the
colour sample and the reference illuminant, and pp and the
wanted reflectance function r satisfy:
Pr=Mp)'r (16)

Now we choose CATO02 [9] to transform PT! j to the

corresponding colours p}ecj)- in the reference tristimulus values

space. Then we have

) _
PRr, UiPT,i

where U
test illuminant and the matrix of the CATO02. Besides, we use the
following colour inconstancy index (CII)
1N
Cll=—Y (AE,)* (18)
N i
Now it can be shown that

=U;(M;)'r )

is a 3X3 matrix depending on the reference and i-th

1 X , 1Y o) 2
Cll=— S (AEH)?> =— Y|l Il
NZ:l( l) NE qr — th
1 X ) )y 2
=—YWAF'(g;, pR N pr— P
Nl=1
1 X W) Oy 12
=—YIAF' (g0, Py Y pr — P
Nz:l
1
N;lAF (&o-P ;W))[(MR)T—Ui(MT,i)r]rllz

Note g is chosen according to ppand p( )

(13). If we let

using equation
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AF'(g0, PR M g)" =U (M7 )']
B L | AF' (g0, PR DM g)' =U,(M 1 5)'] (19)
JN
AF' (80, P MM )" —Uy (M7 )"
CII ~Il Br I (20)

The smoothness of the reconstructed reflectance can be
achieved by introducing a smooth operator matrix G [3], and the
smoothness can be modeled by

Minimise ll Gr I 1)

The above discussion leads to the following constraint least
squares problem:

Minimise 1| Br I +s | Gr II?

Subject to: 0< r<1,and ppr=(Mpg)'r

The variable s is the weight, which balances the important
contributions from CII and smoothness.

Performance Comparison

1560 measured reflectance functions between 400nm and
700nm at 10nm interval from Munsell colour book were used for
generating tristimulus values. CIE illuminant C was used as
reference illuminant. The test illuminants were D65, A, D50, F2,
F7, and F11. CIE 1931 standard observer was used for generating
tristimulus values. Thus, for each reflectance, a tristimulus value
vector can be computed under illuminant C and CIE 1931 standard
observer. Hence a new reflectance can be generated using each of
the above methods.

For measuring the reflectance generated, the colour
inconstancy index CMCCONO2 [9] will be used. Note that when
generating reflectance, the reference illuminant is the CIE
illuminant C. However, for the performance measure, the CIE
illuminant D65 is used for the reference illuminant, and illuminant
C, D50, A, F2, F7 and F11 were used as test illuminants. Thus, for
each reflectance (original or generated), its colour inconstancy
index is measured using the following:

6
EAE(pR,pR,) (22)
i=1

CII:l

where pp is the tristimulus values computed under the reference

illuminant D65, p(c) is the corresponding tristimulus values

transformed from p;; , tristimulus values computed under each

of the test illuminants: C, D50, A, F2, F7 and F11, using the
chromatic adaptation transform CATO02.

The CII of generated reflectance functions on the vertical axis
versus the CII of the original reflectance functions on the
horizontal axis were drawn in Figure 3. The 45 degree line was
also drawn on each of the diagrams in Figure 3. If all points are on
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or around the 45 degree line, there is no improvement according to
this measure. While, all the points are located below the 45 degree
line, the generated reflectance functions have a better colour
inconsyancy index compared with its original. The left, middle and
right diagrams of Figure 3 show the performances of the proposed,
the Berns, Billmeyer, and Sacher, and Takahama and Nayatani
methods respectively. According to this measure, the proposed and
Takahama and Nayatani methods have a similar performance and
they are much better than the Berns, Billmeyer, and Sacher
method.

Figure 4 shows the original and generated reflectance
functions using each of the three methods. The thin full curves are
the original reflectance functions; the thick full curves were
generated using the proposed method; the thin dot curves were

generated using the Berns, Billmeyer, and Sacher method; and the
thick dot curves were generated using the Takahama and Nayatani
method. It can be seen that the reflectance functions generated by
Takahama and Nayatani method are stair-like, while the
reflectance functions generated by the Berns, Billmeyer, and
Sacher method are ‘smoother’ than those generated by by
Takahama and Nayatani method, but they are oscillated too much.
In general, the reflectance functions generated by the proposed
method are much smooth.

Finally, we note that all the computations were done using
MATLAB. It is found that the proposed method took the least
CPU time compared with the other two methods.
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Figure 3: The CII of generated reflectance (vertical axis) generated by the new method (Left), Berns, Billmeyer, and
Sacher (Middle), and Takahama and Nayatani method (Right) versus the CII of the original (horizontal axis).
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Figure 4: Reflectance functions: the original input (full thin curve), generated by the New method (full thick curve),
generated by Berns, Billmeyer and Sacher method, and generated by Takahama and Nayatani method (thick dot curve).

Conclusions

In this paper, a new method for generating reflectance with a
better colour inconstancy index is developed. The proposed
method is simple and leads to a constrained least squares problem.
The main contributions are: a) directly using colour difference as
measure of colour inconstancy; b) avoiding highly nonlinear
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optimisation; c¢) generating much smooth reflectance with very
good colour inconstancy index.
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