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I ntroduction

In characterizing acolor hardcopy device, it isnecessary to
establish the relationship between the input signals that
drivethedeviceand the col orimetric response of thedevice
tothesesignals. Most printing devices are not adequately
characterized by asimple linear transformation; hence one
is left with the choice of either measuring the printer’s
colorimetric response at numerous points throughout the
input signal space, or deriving a model to predict the
printer’ sresponse. Inthispaper, weexamineamodel based
approachtodevicecharacterization. Inparticular, wefocus
on a model developed by Hans Neugebauer! for binary
color printers employing arotated halftone dot screen. In
their ssmplest form, the so called “Neugebauer equations’

are used to predict the broadband reflectance of a halftone
pattern printed on paper. In this paper, we investigate the
accuracy of the basic Neugebauer equations and several of
its modifications. These equations involve some basic
constraints? which we will assume to be fulfilled through-
out the discussion.

An important application of the Neugebauer model
is the calibration of binary color printers. Calibration,
which requiresamapping from col orimetric signal space
to the printer signal space, is the inverse problem of
device characterization. Hence, calibration requires that
the Neugebauer model beinverted. Sincethe Neugebauer
equations are nonlinear, the inversion is not trivial, and
requires numerical or statistical approaches (see [3] for
examples). Inthispaper, we do not deal with theinverse
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calibration problem; rather, wefocusonly ontheforward
characterization problem. Weevaluate and compare the
use of various Neugebauer models to predict the
colorimetric response of aXerox 5775 color printer.
This printer uses xerographic technology with four
colorants, and has a resolution of 406 x 1624 dpi.

2. Use of Neugebauer Equations
to Model a Printer

A wide range of colors are produced by placing the
printer colorants on paper in varying amounts. The
Neugebauer equations can be used to predict these colors
by interpolating over asmall set of known samples. In
the case of afour color printer (oraCMYK printer), this
known set of samples consists of combinations of the
four colorants; cyan (C), magenta (M), yellow (Y), black
(K), andthewhite paper (W). The set of known samples
is limited to the colors produced when these colorants
are combined in amounts of 0% or 100% area coverage.
That is, only the sixteen colors which are produced by
placing the minimum and maximum amounts of C, M,
Y, and K onthe paper are used to predict all other colors.

According to the Neugebauer model, the color pro-
duced by aparticular set of C, M, Y, K printer valuesis
predicted by alinear combination of the sixteen known
(i.e. measured) colors. This linear combination is

expressed as:
16

Xemyk =
)
where Xcmyk i s the broadband reflectance of the unknown
color, and X; are the broadband reflectances of the 16
known colors. We will refer to X; as the i-th element of
the set S;:
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where Xyy is the broadband reflectance of the white paper,
Xc isthe broadband reflectance of the 100% cyan sample,
Xcwm isthe broadband reflectance of the sample with 100%
cyan and 100% magenta, etc. In most casesacolor will be
described by aset of three broadband reflectance measure-
ments, X, Y, Z. Thetwo additional color values, Yand Z, are
defined by replacing X with Y and Z respectively in Equa-
tions (2.1) and (2.2). The broadband reflectances X;, Y,
Z;, can be the reflectances measured through a set of red,
green, and blue filters, or a set of cyan, magenta, and
yellow filters, or any cal culated set of responses, including
the XY Z tristimulus values used here. Theresulting triplet
of values, in this case the XY Z tristimulus values, define a
colorimetric specification of the printed sample. Finally,
the corresponding weightsw; in (2.1) are given by:

wi 1 Sy = {(1-0)(1-m)(1-y)(1-K), c(1-m)(1-y)(1-K), m(1-0)(1-Y)(1-K), y(1-C)(1-m)(1-K),

K(L-0)(L-m)(L-y), cm(1-y)(1-K), cy(1-m)(1-K), ck(1-m)(L-y), my(1-C)(1-K),
mk(1-0)(1+y), Yk(1-c)(21-m), cmy(1-k), cmk(1-y), cyk(1-m), myk(1-c), cmyk},
(2.3)

where ¢, m, y, and k are the relative dot areas of the four
colorantsthat produce the unknown color. Wenotefrom
(2.1) and (2.3) that the basic Neugebauer equations are
mathematically equivalent to performing alinear inter-
polation in four dimensional colorant space.

Due to nonlinearitiesin the printer, the dot areas ¢, m,
y, k arenot necessarily linearly related to the digital values
C, M, Y, K input to the printer. Various empirical tech-
niques have been devel oped to estimate dot areas.* > With
our approach, the dot areas were obtained by measuring
the colorimetric response of the printer to samples of pure
colorants, and choosing the dot areas that minimized the
perceived colorimetric difference between the measured
and predicted colors. Sixteen samples were printed and
measured of each of the cyan, magenta, yellow, and
black colorants, with area coverages ranging from 0%
(i.e. plain paper) to 100% (i.e. solid areacoverage). The
Neugebauer equations (2.1) werethen used to predict the
color of each of the measured patches. When using the
Neugebauer equations along aline of pure colorant, the
prediction reduces to a simple one dimensional linear
interpolation as a function of the colorant dot area. The
cyan dot area c(i) for the i-th sample was chosen to
minimize a color error metric AE, between the mea-
sured color and predicted color of that sample. In order
for the error metric to be perceptually meaningful, we
chose AEg;) to be the CIE L*a*b* AE error. This error
minimization process was repeated for all samples, 1 <i
<16, and for all colorantsc, m, y, k.

To test the accuracy of the models described in this
paper, 1000 test patches randomly distributed in CMYK
spacewere printed and measured. Each of themodelswere
then used to predict the colorimetric values of each of the
1000 samples. The performance of amodel was quantified
by the mean, maximum value, and standard deviation of the
CIE L*a*b* AE errors between predicted and measured
colors. For ease of comparison, these results are tabul ated
inSec. 6. Theaverageerror incurredinmodelingtheprinter
response with the basic Neugebauer equations (2.1) and
(2.3), was AE = 7.4, whichis an unacceptable result.

3. Yule-Nielsen M odified
Neugebauer Equations

One of the first modifications made to the Neugebauer
equations was an attempt to account for the scattering of
light within the paper substrate.® Due to such scattering
effects, light which entersthe paper through an areawith no
colorant, may leave the paper through an area which is
covered with colorant, and light which enters the paper
through an areawhichis covered by colorant may leavethe
paper through an area which is not covered by colorant.
This scattering has the result of producing a nonlinear
relationship between the relative area covered with
colorant, andtherelativereflectance of thesamearea. For
example; a halftone pattern with a 50% dot area coverage
will produce a relative reflectance less than the average of
the 0% and 100% coverage reflectances.

A simple way to model the nonlinear relationship
between area coverage and reflectance is with the use of
apower law,5 7 though other more sophisticated charac-
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terizations of light scattering have also been proposed.®
With the power law model, the Neugebauer equations
discussed abovein Section 2, can be modified to operate
in a nonlinear reflectance space. The predicted broad-
band reflectance is now given by:

16
Xér/r;k =) wxtn
1=1
where n is often referred to as the Y ule-Nielsen factor.
The measured broadband reflectances X; are the same
asgiven above, but note that they are raised to the power
of 1/n before performing the weighted sum.
Theincorporation of the nonlinear relationship adds
another parameter n into the Neugebauer equations. The
Y ule-Nielsenfactor can be chosen to correlate with some
known physical properties of the paper® or it can be used
as a free parameter to minimize some cost function.10
For all the examples in this paper, the value of n was
chosen to minimize an error function in the following
manner. For a fixed n, the optimal dot areas were
obtained using the procedure described in Sec. 2. This
procedureyielded CIE L*a*b* AE valuesfor each of the
pure tone samples. The average of these AE’'s gave a
composite error metric  AE(N) for the given n. This
process was repeated for a sweep of valuesof n, 1.0<n
< 8.0, and the n was picked that minimized AE(n).
With the addition of the Y ule-Nielsen modification,
the evaluation of the Neugebauer equations becomes
equivalent to doing alinear interpolation in a nonlinear
space. Whilethis modification to the Neugebauer Equa-
tions noticeably reduces the errors, this model is still a
poor predictor of printer response. In our experimenta-
tion, the average error from this model was AE = 4.5.

(3.1)

4. Spectral Yule-Nielsen Modified
Neugebauer Equations

Because colored inks do not have constant reflectances
throughout the visible spectrum, it has been argued that
broadband reflectance measurements are inappropriate
for a Neugebauer equation model of acolor printer.11 12
Dealing with the full set of spectral data for the printer
model adds considerable computational complexity to
the problem. Both the models discussed above are
computationally quitefast. Thefirst requiresonly afour
space linear interpolation for X, Y, and Z. The second
requiresapower law evaluation to map each of thethree
color values back into alinear colorimetric space. The
power law evaluation of the measured color values is
done once during the calibration process.

Inthisinvestigation, the spectral datawas measured
over the range of 400 nm-700 nm at 10 nm increments.
With this type of spectral resolution, operating with
spectral data requires on the order of 30 data values
(instead of the three broadband reflectance color values
discussed above) for each of the measured samplepoints.
Evaluation of a predicted spectral reflectance curve will
therefore involve on the order of 30 four space linear
interpolations. In addition, there will be some type of
summation over the spectral datato obtain acolorimetric
triplet of values.

The use of a spectral data does not change the
weights of the Neugebauer Equations, but the three
broadband color values (referredtoas X, Y, and Z above)
are now replaced with awavelength dependent sampling
of thereflectance curves. Thelinear combination usedto
predict the spectral reflectance is given by:

16
R(A Yo = ) WR(A)™" (4.1)
=1

wherethe weightsw; arethe sameasin (2.3). The spectral
samples R(A) are the i-th member of the set Sg given by

R(1) O Sr={Ru1), Re(l) , Ru(1) , Rr{l) , Rc(1) , Rem(1) , Rev(!) s Rex (1) , Rull),
Ruik(1) , Re(1) s Remvll) » Remi(l) s Revk(1) » Ruvk(l) » Remvk(l)

4.2)

}

where Ry(A) is the spectral reflectance of the white paper,
Rc(A) isthebroadband refl ectance of the 100% cyan sampl e,
Rcm(A) is the broadband reflectance of the sample with
100% cyan and 100% magenta, etc. After this predicted
spectral reflectance curve is calculated, three different
weighted sums of the reflectance are calculated to yield a
colorimetric triplet specification of the color. Inthiscase
the three weighted sums use the color-matching functions
of the 1931 CIE Standard Colorimetric Observer to obtain
tristimulus values X, Y, and Z.

Using spectral informationintheY ule-Nielsen modi-
fied Neugebauer Equationsled to asignificant improve-
ment in accuracy. Inthiscasetheaverageerror was AE
= 2.7, an error that may be considered to be within the
noise level of the system.

5. Cellular Neugebauer Equations

Up to this point the Neugebauer equations have been
limitedto using only the set of 16 samplesobtainedfrom the
various combinations of 0% and 100% colorant. With the
addition of partial dot area coverages, the Neugebauer
equations can be modified to make use of more than the
small set of 16 sample prints. The addition of these partial
overprint samplesis eguivalent to partitioning the CMYK
spaceinto rectangular cellsand employing the Neugebauer
equationswithin each cell. Hence, thismodel isreferredto
as the cellular Neugebauer model .13

Using only 0% and 100% dot area coverageswith four
colorants resulted in 24 (=16) known sample points in the
model. In this section we will discuss the effects of using
the 0%, 50%, and 100% colorant signals and their combi-
nations, which will require the use of 3* (= 81) known
sample points, and the effects of using 0%, 25%, 50%,
75%, and 100% colorant signals and their combinations,
which will require the use of 5% (= 625) known sample
points. As before, the cellular Neugebauer equations will
have the geometric interpretation of linear interpolationin
4-space, but now the interpolation is within smaller
subcells, rather than within the entire CMYK space. It
should be noted that theintermediate col orant level sare not
limited to those chosen here. Itisalso not required that the
same cellular division occur along each of thefour colorant
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axis; rather itispossibleto choosethecellular divisiontolie
on anon-cubic (but rectangular) lattice.

While Heuberger et al. 13 extended the basic broad-
band Neugebauer model to the cellular case, to our
knowledge, there has been no attempt to incorporate the
Y ule-Nielsen correction or spectral measurementsinto a
cellular framework. In the following subsections, we
will describe the cellular approach asintroduced in[13],
and alsoinvestigatetheeffect of employing Y ule-Nielsen
correction, and spectral measurements.

5.1 Cellular Broadband Neugebauer Equations
Suppose aset of C, M, Y, K digital valuesresultina
set of dot areas ¢, m, y, k, which may be represented as a
point in 4 space. This point will fall in a rectangular cell
which isbounded by thelower and upper extrema, denoted
C, Cu, M}, My, Y, Yy, K|, Ky, aong each of the 4 axes.
Mathematically, we may specify C; and C, asbeing thetwo
points along the cyan axis that satisfy the constraints:

X OSy. =

CIMuYuKI ! XCIMuYIKu ! XCIMIYuKu ! XCuMuYuKI ! XCuMuYIKu ! XCuMIYuKu ! XCIMuYuKu ! XCuMuYuKu E

0<C =sc<(C,<1; C,Cy0lg (5.1)
where |. is the set of points along the cyan axis that
specify thecellular division. Analogousdefinitionshold
for the magenta, yellow and black coordinates. In order
to perform the interpolation within agiven cell, we need
to normalize the dot area values ¢, m, y, k to occupy the
interval [0, 1] within that cell. The normalized cyan

valueis given by:
¢=—- G
G -G

with analogous expressionsform', y', andk’. TheYule-

Nielsen modified Neugebauer equation (3.1) for the X

component then becomes:
16

: (5.2)

_ @XC|M|Y|K| ’XCuM|Y|K| ’XC|MuY|K| ’XC|M|YuK| 'XC|M|Y|Ku 'XCuMuYIKI 'XCuMIYuKI 'XCuMlYlKu ! E

Xk = 3 W' O™ (5.3)
1=1
where
, (5.4)

are the set of broadband X reflectances of the 16
cornerpoints of the cell in 4 space that contains the point
cmyk. Theweightsw;’ are given by (2.3) withc, m,y, k
being replaced respectively by ¢’, m', y', k', asgivenin
(5.2). Definitions analogous to (5.3) and (5.4) hold for
the remaining two broadband reflectances Y and Z.
There is a noticeable improvement in performance
when using acellular model. Theimprovement is propor-
tional to the number of cellular divisions (or equivalently,
inversely proportional to the size of the cells). Thisis not
surprising, as the cellular Neugebauer model is geometri-
cally equivalent to linear interpolation between the
cornerpointsof thecells, and smaller cellsyield asmaller
interpolation error. With Yule-Nielsen correction, the

where

average error in the model’s prediction_dropped from
AE = 4.5 in the non cellular case to AE = 3.1 in the
cellular case with 34 nodes, and AE =2.6inthecellular
case with 5% nodes.

5.2 Cellular Spectral Neugebauer Equations

If we use spectral, rather than broadband, measure-
ments to predict a color, then we have the cellular
spectral Neugebauer equation:

16
R(A)(l:/n — \Nil _-(A)lln,
PR (55

EPC|M|Y,K| (A): Remvii, (A)s Ry, () Remv, (A) Remvik, (A)s Remyyii, (A ).0

R'(A)0& = %%UM.YUKI (A), Reymvik, (A)s Remyvk, (A) Remyvik, (A) Remyvyk, (A
%CUMUYUKI (A), Reymyvik, (A) Remyvk, () Reomyyyk, (A) Reymyv,k, (A)

/(5.6)

O Oam

are the set of spectral reflectance functions of the 16
cornerpoints of the cell containing the point cmyk, and
w;’ isas defined in Sec. 5.1.

For spectral models, there is no great improvement
when using the cellular approach, provided the optimum
Y ule-Nielsen factor is chosen in each case. The choice
of Yule-Nielsen value is more critical for the non-cellular
model. The average AE error for 16, 81, and 625 sample
pointswas similar, and waslessthan 3.1. Thisisprobably

the most interesting result of the paper, and implies that
the accuracy of the spectral Yule-Nielsen Neugebauer
models (whether noncellular or cellular) is within the
noise level of the system.

6. Experimental Results

We divide our results into 12 cases as follows:
Casel: Basic Neugebauer Equations;
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Case 2: Yule-Nielsen modified Neugebauer Equations (n
=2.5);

Case 3: Spectral Neugebauer Equations;

Case4: Spectral, Yule-Nielsen modified Neugebauer

Equations (n = 5.5);

Cellular Neugebauer Equations, 3% cellular divi-

sion;

Cdlular Y ule-Nielsenmodified Neugebauer Equa-

tions, 34 cellular division (n = 7.0);

Cellular Neugebauer Equations, 54 cellular divi-

sion;

Cellular Y ule-Nielsenmodified Neugebauer Equa-

tions, 5% cellular division (n = 6.0);

Cellular spectral Neugebauer Equations, 34 cellu-

lar division;

Case 10:Cellular spectral Y ule-Nielsen modified Neuge-
bauer Equations, 3 cellular division (n = 7.0);

Case 11: Cellular spectral Neugebauer Equations, 5% cellu-
lar division;

Case 12:Cellular spectral Y ule-Nielsen modified Neuge-
bauer Equations, 54 cellular division (n = 6.0).

Case 5:
Case 6:
Case 7:
Case 8:

Case 9:

For each of the above 12 models, the average, maxi-
mum, and standard deviation of the CIE L*a*b* AE values
for the 1000 random samples were calculated, and are
showninTable6.1. Weremark that Case 1 and Case3 are
in fact equival ent, because the former involves integrating
a spectral reflectance function to 3 tristimulus values and
then performing a linear interpolation; while the latter
involvesalinear interpolationinreflectance spacefollowed
by integration to tristimulus values. Since integration and
linear interpolation are both linear operators, they are com-
mutable, and the net results are identical.

Figure 6.1 shows plots of the average AE for the same
1000 samples asafunction of Yule-Nielsen valuen for the
broadband Neugebauer models. Figure 6.2 shows similar
plots for the spectral Neugebauer models. From Fig. 6.1,
we see that for the non cellular case, there is a strong
dependence of AE on n. Asthe number of cellsincreases,
AE decreases asawhole, and the dependence on n becomes
weak. From Fig. 6.2, we see that for the spectral models,
again the dependence on n decreases as the number of cells
increases. However, unlike the broadband case, the non
cellular spectral model, with an appropriate choice of
Y ule-Nielsen value, yieldsaperformance equivalent to the
cellular spectral models. 1t must be emphasized that in the
spectral case, the choice of Yule-Nielsen valueis crucial
to the success of the non-cellular model.

7. Conclusions

We have investigated the use of the Neugebauer model in
predicting the colorimetric response of a printer. Several
variationsof the basic model that have been proposedinthe
literature were evaluated and compared. In addition, the
cellular model was extended to include Y ule-Nielsen cor-
rection and spectral measurements. Asisseenintheexperi-
mental results, introduction of a Y ule-Nielsen correction
always improves model performance. If broadband mea-
surements are used to perform the Neugebauer interpola-
tion, considerable improvement may be obtained by using
acellular model. If spectral measurements are used, how-
ever, there is little to be gained by going to a cellular

framework. This showsthat afairly accurate printer model
can be generated with only afew spectral measurements.

Table 6.1 Average, maximum, and standard deviation of
CIELAB L*a*b* AE errors for the 12 cases.

case AE_, AE o
1 7.414 15.52 2.644
2 4528 11.47 1.901
3 7.414 15.52 2.644
4 2.700 9.709 1.341
5 4,194 11.16 1771
6 3.059 9.493 1513
7 2.845 8.764 1.372
8 2.600 8.395 1.309
9 4.194 11.16 1771
10 3.065 10.05 1544
11 2.845 8.764 1.372
12 2.615 8.708 1.339

8
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Figure 6.1 Average AE as a function of Yule-Nielsen correc-
tion nfor broadband Neugebauer modelswith 24= 16, 3*= 81,
and 54 = 625 samples.
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Average Delta E
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Figure 6.2 Average AE as a function of Yule-Nielsen correc-
tion n for spectral Neugebauer models with 24 = 16, 34 = 81,
and 5% = 625 samples.
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