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Abstract

In this paper we present a novel fast method to find a
specific colorant value (eg. CMYK) that has to be sent
to a printer in order to obtain a required color appear-
ance. Due to the general approach, the creation of ICC-
profiles is also possible for printers using more than 4 ink
types (eg. CcMmYK). The proposed method minimizes
a prescribed cost function that can be used for example
for GCR or UCR, in the region of the valid colorant val-
ues. At first, we construct a printer model based on a set
of printed color patches, using the multilinear or ”Parti-
tion of Unity”-method interpolation. In the second step,
the space of the colorant values is cut into parallelepipeds
which have to contain the desired colorant value. The par-
allelepipeds are sorted with the aid of the cost function
and then step by step adaptively tested for valid colorant
values. On a Athlon 1,2 GHz the colorant calculation in
the CMYK color space takes about 3 ms. Measurement
results are given in the text.

Introduction and Task

With the availability of printers using more than 3 ink
types (e.g. CMYK, CcMmYK) the construction of pre-
cise printer models and their fast inversion has become an
increasing research area. Therefore a typical problem is
on the one hand to find the amount of possible colorant
values that reproduce a given color appearance and on the
other hand to select the best of them in a specific manner
(e.g. for GCR or UCR).
In recent years different models (e.g. Neugebauer [6],
Yule-Nielson [10] and their derivatives) was used to char-
acterizing printers. This models were developed for the 3
ink printing process but can be adjusted in some cases to
printers using more colorants. To invert the models differ-
ent methods have been developed: Cholewo [2] also used
constraint optimization but solved the problem with la-
grange multiplier algorithm, which is numerically difficult
to handle (calculating Jacobian, positive definiteness of
Hessian, etc.) and poses problems like trapping into local
minimums [3]. Tominaga [8] used neural networks, but
this method does not allow specific black generation. In
this paper we construct two general printer models based

on multilinear or ”Partition of Unity”-method [1] inter-
polation, and a novel fast method based on adaptive con-
straint optimization to invert this models considering hu-
man visual thresholds and printer tolerances. The paper is
organized as follows: At first we will give a mathemati-
cal formulation of the task that has to be solved. In the
next section the possible printer models for our method
will be described. Then we present the algorithm which
is based on a theorem that we will prove before. Finally,
some measurement results and conclusions will be given.
In the following we describe any printer P with the func-
tion FP : Ωink −→ CIELab ( Ωink specifies the col-
orant values of the printer, eg. CMYK). The task is the
calculation of a specific colorant value χ ∈ Ωink that has
to be sent to the printer to obtain a required color appear-
ance ϑ ∈ CIELab. This means that we must find the
inverse function F−1

P : CIELab −→ Ωink of FP . But in
general FP is neither surjective (FP (Ωink) �= CIELab)
nor injective (∃ϑ ∈ CIELab,∃χ1, χ2 ∈ Ωink, χ1 �= χ2 :
FP (χ1) = FP (χ2) = ϑ). The inverse function F−1

P does
not exist. In the following we explore the case that any
required color appearance ϑ ∈ CIELab is in the printer
gamut ϑ ∈ FP (Ωink) ⊂ CIELab. The gamut mapping
method to achieve this case is not part of the paper.
The algorithm that we explain solves the following

Task : A color appearance ϑ ∈ FP (Ωink) ∈ CIELab
and a continuous cost function Fcost : Ωink −→ R are
given. We want to find a colorant value χ ∈ Ωϑ

ink :=
{ω ∈ Ωink| ‖FP (ω) − ϑ‖2 < ∆Evisible} that minimizes
the cost function Fcost(χ) = minψ∈Ωϑ

ink
Fcost(ψ).

1. Fcost can be used for GCR or UCR.
2. ∆Evisible is the human visual threshold where color

differences are not recognized below.

Printer Model

Since generally FP is not known, we construct a printer
model based on a set of printed color patches with known
colorant values Ωtest

ink ∈ Ωink (eg. IT8.7/3 for Ωink ∈
CMYK), using the multilinear or ”partition of unity”-
method interpolation. FP will be replaced below by the

interpolation function FΩtest
ink

P : Ωink −→ CIELab.
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Definitions and Terminology
Definition 1 We define the multiplication of two vectors
ξ ∈ {0, 1}n, a ∈ Rn by ξ∗a := (ξ1a1, . . . , ξnan)T ∈ Rn.

Definition 2 Let a, b ∈ Rn, a < b :⇐⇒ ai < bi, i =
1, . . . , n. Then we denote with a�b := {ξ ∈ Rn | ai ≤
ξi ≤ bi, i = 1, . . . , n} a parallelepiped in Rn, that is
spanned by a and b. E(a�b) := {a + I ∗ (b − a) | I ∈
{0, 1}n} is the set of 2n corner points of a�b.

Definition 3 For I = (λ1, . . . , λn)T ∈ {0, 1}n we define:

1. Ij := λj

2. k :=

{
0 for k = 1
1 for k = 0 , k ∈ {0, 1}

3. Ij := (λ1, . . . , λj−1, λj , λj+1, . . . , λn)T ∈ {0, 1}n

4. I := (λ1, . . . , λn)T ∈ {0, 1}n

Definition 4 We subdivide a not degenerated parallelepiped
a�b ⊂ Rn, a, b ∈ Rn, into 2n parallelepipeds which have
equivalent volume. The set of parallelepipeds a�b can be
written as follows

a�b :=
{

a+ 1
2 (I∗(b−a))�

b− 1
2 (I∗(b−a)) | ∀I ∈ {0, 1}n

}
.

Definition 5 Let P := {p1, . . . , pk} ⊂ Rn be a point set
and F : Rn −→ Rm a function. Then we denote with
CF (P ) the convex hull of the mapped point set P with
respect to F . That means

CF (P ) :={
ξ ∈ Rm | ξ =

k∑
i=1

λiF(pi), λi ∈ [0, 1],

k∑
i=1

λi = 1

}
.

Definition 6 With QF (P ) ∈ Rn we denote the smallest
parallelepiped a�b ∈ Rn that contains the convex hull of
the mapped point set P with respect to F . That means

QF (P ) := min
a,b∈Rn

{
a�b | CF (P ) ⊂ a�b

}
.

Definition 7 With the continuous function F : Rn −→ R
we define a reflexive quasiorder ≤�

F on the finite set of
parallelepipeds M = {ai

�bi ⊂ Rn | i = 1, . . . ,m} as
follows

�1, �2 ∈ M : �1 ≤�
F �2 :⇐⇒ min

ξ∈�1
F(ξ) ≤ min

ξ∈�2
F(ξ).

Definition 8 Let R be an orthogonal grid, that is spanned
over Ω = a�b ⊂ Rn. We say R has an open disjunct
mesh set GR

Ω := {ai
�bi ⊂ Ω | E(ai

�bi) ⊂ R, i =
1, . . . ,m}, if

⋃
a�b∈GR

Ω

a�b = Ω

⋂
a�b∈GR

Ω

◦
a�b = ∅, with

◦
a�b:= {ξ ∈ Ω | ai < ξi < bi}.

Multilinear Interpolation
We span an orthogonal grid on Ωink with nodal points in
Ωtest

ink . Every mesh Qm ⊂ Ωink is a closed parallelepiped
with dimension Dim(Ωink) and corner points cm

I ∈ Ωtest
ink ,

I ∈ {0, 1}Dim(Ωink). The corner points are ordered in that
way, that they fulfill the condition (reminding Definition
3): cm

I − cm
Ij =(0, . . . , 0,

∥∥cm
I − cm

Ij

∥∥
2

↓
, 0, . . . , 0)T

position j

. The

interpolation function will be defined for every point χ ∈
Qm as follows

FΩtest
ink

P (χ) =
∑

I∈{0,1}Dim(Ωink)

(
Dim(Ωink)∏

j=1

|(cm
I )j − χj |Ij∥∥cm
I − cm

Ij

∥∥
2

(1 − |(cm
I )j − χj |∥∥cm
I − cm

Ij

∥∥
2

)1−Ij

)
FP (cm

I ) (1)

It can be seen that the interpolation function FΩtest
ink

P ∈
C0(Ωink, CIELab) is only continuous.
If Dim(Ωink) = 3 this interpolation is the well known
trilinear interpolation.

”Partition of Unity”-Method Interpolation
With this method the interpolation function can be n-times
continuously differentiable by construction, n ∈ N0 ∪
{∞}. Below we denote with N = #(Ωtest

ink ) the num-
ber of test color patches and {ξ1, . . . , ξN} = Ωtest

ink . We
construct an open cover Ψm ⊂ Ωink, m = 1, . . . , N of
Ωink with the properties

N⋃
m=1

Ψm = Ωink

∀Ψm, ∃ξm ∈ Ωtest
ink : ξm ∈ Ψm

Ψm �= Ψn, �ξ ∈ Ωtest
ink : ξ ∈ Ψm ∩ Ψn

Additionally we define functions ϕm ∈ Cn(Ωink, [0, 1]),
m = 1, . . . , N , n ∈ {1, . . . ,∞} with compact support as
follows

ϕm(χ) =

{
1 , χ ∈ Ψm ∩ Ωtest

ink�= 0 , χ ∈ Ψm

0 , χ /∈ Ψm

Then we can define an n-times continuously differen-
tiable interpolation function

FΩtest
ink

P (χ) =
N∑

m=1

ϕm(χ)∑N
i=1 ϕi(χ)

FP (ξm) (2)

Remarks

1. FΩtest
ink

P fulfils the data consistency condition, i.e. ∀ξk ∈
Ωtest

ink :

FΩtest
ink

P (ξk) =

N∑
m=1

=1 for m=k, otherwise 0︷ ︸︸ ︷
ϕm(ξk)∑N

i=1 ϕi(ξk)︸ ︷︷ ︸
=1 for i=k, otherwise 0

FP (ξm)

= FP (ξk) (3)
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2. If we choose the test color patches Ωtest
ink forming

an equidistant orthogonal grid, (nodal point distance is q)
then we can choose Ψm as an open sphere Ψm = {χ ∈
Ωink | ‖ξm − χ‖2 < q}. Now we can define the ϕm as
radial symmetric functions, e.g as C∞-functions

ϕm =




Ωink −→ [0, 1]

χ →
{

e
− ‖ξm−χ‖2

2
q2−‖ξm−χ‖2

2 ,χ ∈ Ψm

0 ,otherwise

In this case FΩtest
ink

P is also a C∞-function which is easy to
evaluate, because in every mesh the sum (2) resolves into
maximal 2Dim(Ωink) addends.

Algorithm

Mathematical Background
Now we have a closer look to the multilinear interpola-
tion (equation 1) and to the interpolation using ”Partition
of unity”-method (equation 2) , considering the remarks
given above. The weighting factors (λ1, . . . , λn) ∈ Rn

in every grid mesh ai
�bi fulfill the following conditions:

λj ∈ [0, 1], j = 1, . . . , n,
∑n

j=1 λj = 1. Therefore
both interpolation methods are convex combinations of the
function values of the mesh corner points. That means

FΩtest
ink

P (ai�bi) ⊂ C
FΩtest

ink
P

(E(ai�bi)) ⊂ Q
FΩtest

ink
P

(E(ai�bi)).

The outcome of this is the following theorem about the
existence of a solution χ ∈ Ωink.

Theorem 1 Let FΩtest
ink

P : Ωink −→ CIELab be an inter-
polation function of the above form on an orthogonal grid

with an open disjunct mesh set GΩtest
ink

Ωink
:= {ai

�bi ⊂ Ωink

| i = 1, . . . ,m} and ϑ ∈ FΩtest
ink

P (Ωink) arbitrarily given.

If Λϑ :=
{

a�b ∈ GΩtest
ink

Ωink
| ϑ ∈ Q

FΩtest
ink

P

(E(a�b))
}

then

we gain

1. Necessary condition

If there exists χ ∈ Ωink with FΩtest
ink

P (χ) = ϑ then

∃a�b ∈ Λϑ : χ ∈ a�b (4)

2. Sufficient condition

Λϑ �= ∅ ⇒ ∃χ ∈
⋃

a�b∈Λϑ

a�b : FΩtest
ink

P (χ) = ϑ (5)

Proof: First we proof the sufficient condition: Since

GΩtest
ink

Ωink
is open disjunct and ϑ ∈ FΩtest

ink

P (Ωink) is given,

there exists a mesh a�b ∈ GΩtest
ink

Ωink
with ϑ ∈ FΩtest

ink

P (a�b).

This means ∃χ ∈ a�b : FΩtest
ink

P (χ) = ϑ. Since we permit
only interpolation functions of the above form, it follows

FΩtest
ink

P (a�b) ⊂ C
FΩtest

ink
P

(E(a�b)) ⊂ Q
FΩtest

ink
P

(E(a�b)) ⇒
a�b ∈ Λϑ ⇒ χ ∈ ⋃

a�b∈Λϑ a�b .

Now we step to the necessary condition: If FΩtest
ink

P (χ) =

ϑ, χ ∈ Ωink then χ ∈ a�b ∈ GΩtest
ink

Ωink
(GΩtest

ink

Ωink
is open

disjunct) and ϑ ∈ FΩtest
ink

P (a�b) ⊂ Q
FΩtest

ink
P

(E(a�b)), so

a�b ∈ Λϑ �= ∅. ✷

Thus with Λϑ we get all meshes with a possible solution
of the problem. Such we can reduce our search area in the
colorant space Ωink significantly. To get Λϑ rapidly the
algorithm deals with look-up tables, which are required to
get the mesh set Λϑ for a special subspace of theCIELab-
space. On Λϑ the research for the optimal colorant value
can be continued.
The algorithm to solve the task will be decomposed into
the following parts

1. Constructing of look-up tables (once)
2. Calculation of the wanted colorant value for a given

color appearance (figure 1)
(a) Reduction of the search area
(b) Adaptive mesh search

Constructing Look-Up Tables
1. We divide Ωink into an open disjunct mesh set (Definition

8) GΩtest
ink

Ωink
:= {ai

�bi ⊂ Ωink | i = 1, . . . ,m} based on an
orthogonal grid with the reference color patches as nodal
points.

2. We also divide FΩtest
ink

P (Ωink) ⊂ CIELab into an open
disjunct mesh set Gk

QFP
(Ωtest

ink ) := {ai
�bi ⊂ QFP

(Ωtest
ink )

| i = 1, . . . , k} based on an orthogonal grid.
3. Then we associate to every mesh a�b

i ∈ Gk
QFP

(Ωtest
ink ),

i = 1, . . . , k all meshes in α�β ∈ GΩtest
ink

Ωink
with

Q
FΩtest

ink
P

(E(α�β)) ∩ a�b
i �= ∅.

For i = 1, . . . , k we get the following sets

Λi :={
α�β ∈ GΩtest

ink
Ωink

| Q
FΩtest

ink
P

(E(α�β)) ∩ a�b
i �= ∅

}
(6)

Reduction of the Search Area
The colorant ϑ ∈ FΩtest

ink

P (Ωink) is given. Since the mesh

set Gk
QFP

(Ωtest
ink ) is open disjunct and ϑ ∈ FΩtest

ink

P (Ωink) ⊂
QFP

(Ωtest
ink ) there exists at least one i ∈ {1, . . . , k} with

ϑ ∈ a�b
i ∈ Gk

QFP
(Ωtest

ink ) (If ϑ lies on a grid line there

exist more then one i ). We are searching for a mesh
a�b

i ∈ Gk
QFP

(Ωtest
ink ) that contains ϑ and look up the ap-

propriate mesh set Λi in the table. According Theorem
1 (necessary condition) all meshes αm

�βm ∈ Λi with
ϑ /∈ Q

FΩtest
ink

P

(E(αm
�βm)) do not need to be taken into ac-

count. Therefore we only investigate the following subset
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Find with

Input

Get subset from with

Sort respective ,

we get

Yes

No
Yes

No

Output

AdaptiveMeshSearch( , , )

Initialization

# 2 F
test
ink

P ( ink) ½ CIELab

i 2 f1; : : : ; kg

# 2 a¤
b
i 2 G

k
QFP

( test
ink

)

¤i 2 G
test
ink

ink

¤# :=
n
®
¤
¯ 2 ¤i j # 2 Q

F
test
ink

P

(E(®¤
¯))

o

¤# 2 G
test
ink

ink
·Fcost

¤

®1¤
¯1 ·Fcost

¢ ¢ ¢ ·Fcost®l
¤
¯l 2 ¤#

j = 1

j = j + 1

Â

# ®j
¤
¯j

Fcost(Â) min
»2®j

¯j

Fcost(»)>

Â = arg
¡
max

»2®l

¯l

Fcost(»)
¢
2 ink

Â=
Â

j < l

Figure 1: Flow chart of the search algorithm

Λϑ :=
{

α
�β ∈ Λi | ϑ ∈ Q

FΩtest
ink

P

(E(α�β))
}

of Λi. Ac-

cording Theorem 1 (sufficient condition) and the precon-

dition ϑ ∈ FΩtest
ink

P (Ωink) we know that there is at least one
mesh in Λϑ which contains the wanted colorant value χ ∈
Ωink. To accelerate the search, we have to assort Λϑ with
respect to the reflexive quasiorder ≤�

Fcost
. If we inves-

tigate this series of meshes (adaptive mesh search) in an
ascending order, we can stop after finding a colorant value

χ ∈ αj
�βj with

∥∥∥FΩtest
ink

P (χ) − ϑ
∥∥∥

2
< ∆Evisible and

Fcost(χ) ≤ minξ∈αj+1�βj+1 Fcost(ξ), since in the other

meshes αj+1�βj+1 , . . . , αl
�βl the cost function values

cannot be diminished. χ is then the desired colorant value.

Adaptive Mesh Search
The search is an adaptive recursive process, in which the
mesh α�β ⊂ Ωink, that forms a parallelepiped is sepa-
rated into sub-parallelepipeds. These sub-parallelepipeds
are tested for validity and, if necessary, separated again or
discarded. If no further improvement of the cost function

Yes

No

and Yes

No

Yes

Sort respective , we get

,

and
No

No

Yes

Input , ,

Output

AdaptiveMeshSearch

# 2 F
test
ink

P ( ink) ®¤
¯ ½ ink Â 2 ink

Â®
¯

:= arg

µ
min

»2E(® ¯)

°°°F test
ink

P (»)¡ #
°°°
2

¶
| {z }

=d®
¯

best

d®
¯

best < ¢Evisible

Fcost(Â®
¯

)Fcost(Â)>

Â®
¯

:= arg

µ
min

»2E(® ¯)

°°°F test
ink

P (»)¡ #
°°°
2

¶
| {z }

=d®
¯

best

Â := Â®
¯

max
i2f1;:::;Dim( ink)g

(®i ¡ ¯i) > ¢Ink

°k
¤
±k 2 ®¢

¯
°1¤

±1·Fcost
¢ ¢ ¢ ·Fcost °

2Dim( ink)
¤
±
2Dim( ink)

®¢
¯ ·Fcost

k = 1
k = k + 1

k <2Dim( ink)

# 2 Q
F

test
ink

P

(E(°k
¤
±k ))

Fcost(Â) min Fcost(»)>
»2 °k

±k

°k
¤
±kAdaptiveMeshSearch( , , )#

=
Â

Â

Â

Figure 2: Flow chart of the adaptive mesh search

values is possible, the process has to be terminated . In
the following we describe a recursion step for the paral-
lelepiped α�β ⊂ Ωink (figure 2). Here χ ∈ Ωink is a
solution in a previous recursion step.
At first we look for the corner point χα�β ∈ E(α�β) with

χα�β

:= arg

(
min

ξ∈E(α�β)

∥∥∥FΩtest
ink

P (ξ) − ϑ
∥∥∥

2

)
︸ ︷︷ ︸

dα�β

best

(7)

and get the minimal distance dα�β

best . If dα�β

best is smaller

than the visual threshold ∆Evisible and Fcost(χα�β

) <
Fcost(χ), then a valid colorant value is found, that also
minimizes the cost function. Then we set χ := χα�β

.
If the parallelepiped is already small enough, that means
the biggest side maxi∈{1,...,Dim(Ωink)}(αi − βi) falls be-
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Figure 3: Adaptive mesh search

low a threshold ∆Ink dependent on the printer, then the
recursion step is terminated, because a further refinement
would not lead to better results. If this is not the case,
we consider the amount of sub-parallelepipeds α�β from
α�β . For performance reasons we assort α�β with re-
spect to the reflexive quasiorder ≤�

Fcost
(Definition 7) and

get an assurgent series

γ1�δ1 ≤�
Fcost

· · · ≤�
Fcost γ

2Dim(Ωink) �
δ
2Dim(Ωink) (8)

of sub-parallelepipeds γk
�δk ∈ α�β . In order to re-

duce the search-space, we only need to examine the sub-
parallelepipeds γk

�δk ∈ α�β (with the shown here re-
cursion) for which the following both conditions are valid

ϑ ∈ Q
FΩtest

ink
P

(E(γk�δk )) (9)

xbest
Fcost

> min
ξ∈ γk

�δk

Fcost(ξ). (10)

Results

We have reviewed the algorithm on a HP-DesignJet 1055
CMCMYK-printer printing at first 6561 test color patches
on normal and on coated paper. We have selected the set
of color patches as follows

Ωtest
ink := {0, 10, 20, 30, 40, 50, 60, 80, 100}4 ⊂ CMY K. (11)

To calculate the printer model we have chosen the multi-
linear interpolation (equation 1). Measurements of color
patches have been made with an X-Rite DTP41 spectropho-
tometer, which used D50 illuminant, a 0◦/45◦ measuring
geometry and the 2◦ standard observer. We have chosen

the color appearances ϑi ∈ FΩtest
ink

P (Ωink) ⊂ CIELab
which have to be reproduced, that way that they are uni-
formly distributed to the whole printer gamut. Therefore
we have divided each coordinate of the CIELab space as

Table 1: Results for normal paper

Min K Max K
# of color patches in Ωtest

ink 6561 6561
# of tested color appearances 5062 5062
Mean error ∆E 1.67 1.59
Standard deviation of error ∆E 0.85 0.89
Mean black ink coverage 1.9% 18.0%
Mean calculation time for a col-
orant value (Athlon 1.2 GHz)

3.4ms 3.6ms

follows

Ltest =

{
i · 100

51
| i = 0, . . . , 51

}

atest = btest =

{
−128 + i · 255

51
| i = 0, . . . , 51

}

and have selected the reproducible color appearances from
the set

Tval := FΩtest
ink

P (Ωink)
⋂

(Ltest × atest × btest) .(12)

For the normal paper we have had to review 5062 and
for the coated paper 7288 received color appearances. For
both paper types we have checked the algorithm using two
different cost functions

F1
cost(C, M, Y, K) = K (13)

F2
cost(C, M, Y, K) = −K (14)

Function (13) minimizes, function (14) maximizes the
black ink coverage. The required thresholds we have cho-
sen as follows

∆Evisible = 1 (15)
∆Ink = 0.625 (16)

The test of both paper types has been executed as follows

1. Calculating the colorant values for the color appear-
ances from Tval using both cost functions (13, 14).

2. Printing the resulted colorant values.
3. Measuring the printed color patches using the spec-

trophotometer.
4. Comparing the measured color appearances with the

wanted color appearances from Tval.

The results are listed in tables 1 and 2. Error curves and
mean black ink coverage curves for both paper types can
be seen in figure 4.

Conclusions

We have presented a fast method to invert the two printer
models that have been developed. Due to the general ap-
proach printers using more than 4 ink types can be char-
acterized. The method has been reviewed on a CMYK-
printer using the multilinear printer model and two paper
types each with two different cost functions. The test has
achieved good error rates of mean error ∆E < 2. In future
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Figure 4: a) Frequency of occurrence error function for normal paper b) average black ink coverage function for normal paper
c) frequency of occurrence error function for coated paper d) average black ink coverage function for coated paper

Table 2: Results for coated paper

Min K Max K
# of color patches in Ωtest

ink 6561 6561
# of tested color appearances 7288 7288
Mean error ∆E 1.97 1.60
Standard deviation of error ∆E 0.94 0.81
Mean black ink coverage 1.0% 21.0%
Mean calculation time for a col-
orant value (Athlon 1.2 GHz)

3.2ms 3.3ms

work the printer models and the inversion method must
be reviewed on printers using 6 colorants respective the
influence of the human visual threshold and printer toler-
ances.
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